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ABSTRACT

This thesis studies the sample complexity and data efficiency of statistical learning across
three foundational settings: Estimation, Prediction, and Decision Making.

In the first part, we investigate density estimation for Gaussian models. We characterize
the exact convergence rates of smoothed Wasserstein distances for empirical measures of
Gaussian mixture distributions with subgaussian components, completely closing the gap
between the parametric and non-parametric regimes. We then establish a Kullback—Leibler
versus squared Hellinger comparison for Gaussian mixtures that shows minimax density
estimation is tightly governed by Hellinger entropy, resolving a longstanding open problem.
Finally, we study the relationship between goodness-of-fit testing and density estimation in
the Gaussian sequence model, obtaining tight sample complexity reductions between the two
tasks, and extend our analysis to likelihood-free hypothesis testing over ¢, bodies.

In the second part, we study sequential prediction and regression. For sequential probability
assignment under logarithmic loss, we develop new techniques for controlling Rademacher
processes with unbounded increments and introduce a notion of sequential square-root entropy
that tightly captures the complexity of general function classes. We also study structural
lower bounds for online regression by formulating a “gapped” scale-sensitive dimension, which
yields non-vacuous lower bounds on offset Rademacher complexity for any bounded function
class.

In the third part, we address reinforcement learning with outcome-based feedback. We
first show, via a change of trajectory measure argument, that offline reinforcement learning
from trajectory-level rewards can achieve the same statistical efficiency as step-by-step process
supervision, providing theoretical justification for using advantage functions as optimal process
reward models. We then study online exploration under general function approximation with
only outcome-level feedback, establishing matching upper and lower bounds on the sample
complexity of active exploration in this challenging setting.
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Chapter 1

Introduction

Statistical learning theory seeks to understand the fundamental limits of how much information
can be extracted from finite data, establishing mathematical guarantees for modern algorithms.
This thesis explores the sample complexity and data efficiency of three foundational pillars in
the field: Estimation, Prediction, and Decision Making.

The first pillar, Estimation, examines the classical statistical problem of recovering an
underlying probability distribution or signal from noisy observational data [1, 2|. The second
pillar, Prediction, shifts focus to sequential environments where an algorithm must process
streaming data and make accurate forecasts on the fly, typically aiming to minimize regret
against optimal hindsight strategies |3, 4]. The final pillar, Decision Making, addresses the
interactive learning paradigm where an agent actively explores its environment to maximize
rewards, a hallmark of modern reinforcement learning [5|. Across these three settings, we
leverage structured tools from information theory, empirical process theory, and concentration
inequalities to establish tight characterizations of minimax rates of convergence, algorithmic
sample efficiency, and the fundamental capacity limits of learning models.

1.1 Density Estimation for Gaussian Models

The first part of this thesis focuses on Density Estimation for Gaussian Models. We start
with the fundamental problem of how fast empirical measures converge for Gaussian mixture
models, and analyze the convergence under the Wasserstein distance after smoothing. While
optimal transport metrics like the Wasserstein distance are deeply important for modern
statistics and machine learning [6], un-smoothed empirical measures typically suffer from the
severe curse of dimensionality [7]. Recent work has shown that smoothing with Gaussian noise
can drastically improve these rates [8]. In Chapter 2, we completely close the theoretical gap
between parametric and non-parametric regimes, characterizing the exact convergence rates
for Gaussian mixture distributions with subgaussian components under smoothed Wasserstein
distances.

Next, we explore density estimation through the lens of metric entropy for Gaussian
mixture models. A massive literature has sought to characterize minimax density estimation
rates via local or global metric entropy bounds, originating from classical nonparametric
theories [1, 9-11|. For Gaussian mixtures, we prove an upper bound to the Kullback-Leibler
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divergence by the squared Hellinger distance up to polynomial factors in the dimension.
This result implies that minimax estimation risks for Gaussian mixtures with bounded or
subgaussian components are tightly governed by the Hellinger entropy, effectively resolving a
longstanding bottleneck in the density estimation literature (Chapter 3).

Finally, we study the interplay between the sample complexities of goodness-of-fit testing
and density estimation in the Gaussian sequence model. Historically, nonparametric statistics
has treated estimation |2, 12| and testing [13, 14] as largely separate problems. In this work,
we establish upper and lower bounds on the minimax sample complexity of goodness-of-fit
testing in terms of the sample complexity of density estimation over convex, compact, and
orthosymmetric sets. We further extend this analysis to the likelihood-free hypothesis testing
setting [15|, where we characterize the optimal testing region for ¢, bodies (Chapter 4).

1.2 Sequential Prediction and Regression

The second part of this thesis turns to the sequential prediction and regression framework,
focusing on the problem of optimizing predictions over time. We begin with sequential
probability assignment under logarithmic loss, a setting that has been widely studied in
online learning, sequence compression, and modern next-token prediction [4|. Prior work has
struggled with the unbounded nature of the logarithmic loss [16-18]. In contrast, we develop
new techniques for controlling the expectation of Rademacher processes with unbounded
coefficients and analyze the minimax regret via a novel notion of sequential square-root
entropy. We show that this quantity succinctly captures the intrinsic complexity of function
classes, leading to tight upper bounds for contextual prediction tasks (Chapter 5).

Next, we shift our focus to proving structural lower bounds for both classical and sequential
regression. The classical scale-sensitive dimension and its sequential analogues are central to
the study of uniform martingale laws and online prediction [3, 19, 20]. However, standard
definitions often fail to reliably control offset Rademacher averages. To resolve this, we
formulate a “gapped” version of the scale-sensitive dimension, building upon older multi-class
variants [21]. We demonstrate the utility of this gapped dimension in proving non-vacuous,
stronger lower bounds for offset Rademacher complexity for any bounded class, establishing
tighter performance limits for online regression and transductive learning (Chapter 6).

1.3 Reinforcement Learning with Outcome-Based Feed-
back

We next move to the part of the thesis that addresses Decision Making through the study of
Reinforcement Learning with Outcome-Based Feedback. Traditionally, reinforcement learning
relies on granular, step-by-step reward signals to facilitate credit assignment [5]. However,
in modern AI applications, most notably in training large language models (LLMs) to
perform complex reasoning tasks [22-24], collecting detailed step-by-step human evaluations
(process supervision) is often prohibitively expensive [e.g., 25, 26]. Instead, supervision is
predominantly outcome-based, where feedback or preferences are only provided over the
entire generated response. While outcome supervision offers clear practical advantages for
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scalable data collection, it presents a significantly harder temporal credit assignment problem,
raising fundamental questions about its baseline statistical efficiency. First, we investigate
the statistical guarantees of offline reinforcement learning from total trajectory-level rewards
versus step-by-step process supervision. By developing a novel change of trajectory measure
analysis, we demonstrate the surprising result that outcome-based feedback can often achieve
equivalent statistical efficiency to process supervision without suffering an exponential blow-up
in sample complexity. Furthermore, we provide a theoretical justification for using advantage
functions as optimal process reward models to impute missing rewards, fundamentally
challenging the conventional wisdom that explicit step-by-step verification is strictly necessary
(Chapter 7).

While outcome-based feedback is sufficient for offline learning in certain conditions, the
feasibility of efficient online exploration with only trajectory-level feedback presents a unique
challenge. Online learning, where an agent actively explores to gather new data, is central to
adaptive systems that must continually navigate dynamic environments without relying solely
on pre-collected datasets. Previous studies on online exploration with outcome or preference
feedback have primarily assumed well-structured, linear reward functions [27-31] or focused
narrowly on specific RLHF paradigms [32-35]. In Chapter 8, we generalize beyond these
constraints by establishing the fundamental statistical limits and developing sample-efficient
algorithms for active online RL exploration under general function approximation when only
outcome rewards are available.

1.4 Bibliographical Remarks

This thesis is based on the following works. Chapter 2 is based on Block, Jia, Polyanskiy,
and Rakhlin. Chapter 3 is based on Jia, Polyanskiy, and Wu. Chapter 4 is based on Jia and
Polyanskiy. Chapter 5 is based on Jia, Polyanskiy, and Rakhlin. Chapter 6 is based on Jia,
Polyanskiy, and Rakhlin. Chapter 7 is based on Jia, Rakhlin, and Xie. Chapter 8 is based on
Chen, Jia, Rakhlin, and Xie.
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Chapter 2

Rate of convergence of the smoothed
empirical Wasserstein distance

This chapter is based on the paper “Rate of convergence of the smoothed empirical
Wasserstein distance” by Adam Block, Zeyu Jia, Yury Polyanskiy, and Alexander
Rakhlin, published at the Annales de 'Institut Henri Poincaré (ATHP).

2.1 Introduction and main results

Given n iid samples Xi,..., X, from a probability measure P on R? let us denote by
P, = %Z?:l dx, the empirical distribution. As n — oo it is well known that P, — P
according to many different notions of convergence. The literature on the topic is voluminous.
Here we are interested in convergence in Wasserstein WW,-distances, cf. Villani [6], defined for
p>1as

W,(P,Q)? = Fi)nf {E[||X = Y|]P] : Px =P, Py = Q},
X, Y
where || - || is Euclidean norm. Already in Dudley |7] it was shown that
Wi (P, P) = ©(n~1/7)

for d > 3 and compactly supported P absolutely continuous with respect to Lebesgue measure.
Dudley’s technique relied on the characterization (special to p = 1) of W; as the supremum
over expectations of Lipschitz functions. His idea of recursive partitioning was cleverly adapted
to the realm of couplings in Boissard and Le Gouic [36], recovering Dudley’s convergence rate
of n~/? also for p > 1. For standard Gaussian distributions, Bobkov and Ledoux [37] settles
the rate of ©(2%1%™) for one-dimensional distributions, Berthet and Fort [38] proves that the

constant in the © is 1, i.e. % =1+ 0(1). Ledoux [39] and Talagrand [40] settles the

rate of @(%) for two-dimensional distributions, and Bobkov and Ledoux [37| settles the
rate of @(W) for d dimensional distributions with d > 3. See Dereich, Scheutzow, and
Schottstedt [41], Fournier and Guillin [42], and Weed and Bach [43| for more on this line of
work, and also for a thorough survey of the recent literature.

Somewhat surprisingly, it was discovered in Goldfeld et al. [§] that the rate of convergence

improves all the way to (dimension-independent) n~1/2 if one merely regularizes both P,, and

21



=)
PP by convolving with the Gaussian density.! More precisely, let @,2(x) = (2r02)~%2¢™ 207 be

the density of A(0,021,), and for any probability measure P on R? we define the convolved
measure via

P* N(0,0%1,)(E) = /EdzE [0r2(X —2)], X ~P,

where F is any Borel set. Then Goldfeld et al. [8, Prop. 6] shows

E[W2(P, « N'(0,0%L,), P+ N'(0,0%I,))] < M (2.1)

whenever P is K-subgaussian and K < §. We recall that X ~ [P is K-subgaussian if
E[eWMXERXD] < 21N VA e R%. (2.2)

Note that in (2.1) constant C' does not depend on P. Estimate (2.1) is most exciting for large
d, but even for d = 1 and P = N(0,1) it is non-trivial as E[WZ(P,,P)] = O(*E1E") (see
Bobkov and Ledoux [37] and Berthet and Fort [38]). Another surprising feature is Goldfeld
et al. [8, Corollary 2|: for K > V20 there exists a K -subgaussian distribution P in R! such
that

lim nE[W3 (P, x N'(0,0%1,), P * N(0,0%1,))] = oo, (2.3)

n—oo

where the expectation is with respect to n samples according to P. We say that the rate of
convergence is “parametric” if (2.1) holds and otherwise call it “non-parametric”. Thus, the
results of Goldfeld et al. [8] show that parametric rate for smoothed-W, is only attained by
sufficiently light-tailed distributions PP, e.g. the subgaussian constant of distribution P is less
than the scale of noise over two.

In this chapter we prove three principal results:

1. Theorem 2.1 resolves the gap between the location of the parametric and non-parametric
region: it turns out that for K < ¢ we always have (2.1), while for K > ¢ we have (2.3)
for some K-subgaussian distribution P in R!. (We remark that for W, we always have
parametric rate n=/2 for all K, o > 0, cf Goldfeld et al. [, Proposition 1].)

2. In the region of non-parametric rates (K > o) a natural question arises: what rates of
convergence are possible? In other words, what is the value of

log E|W5(P, 1 0.02I).P 0.02]
o—aKod)®  mf lm — BBl # N (O,0%a), P+ N(0, 071))]
P— K-subgaussian n—o00 10g n
(2.4)

Previously, it was only known that i <a< % for all K > o. The lower bound 1/4 of
«a follows from Goldfeld et al. [8]. Theorem 2.4 shows that for d = 1 we have

(02 + K?)?
4ot + K1)

1Of course, the price to pay for this fast rate is a constant in front of n~/2, which can be exponential in
d for certain P, cf Goldfeld et al. [§].

a(K,0,d=1) =
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3. We can see that for a class of K-subgaussian distributions, the convergence rate of
Wy (P, * N(0,0%1;), P+ N'(0,0%1,)) changes from n~'/4 to n~/2 as ¢ increases from 0
to K, after which the rate remains n~'/2. Our final result (Theorem 2.5) shows that,
despite being intimately related to Wy, the Kullback-Leibler (KL) divergence behaves
rather differently: For all K-subgaussian P we have

C(o,K,d)logn K>co
E[Dr (P N(0,0°I3) [P+ N(0,0°1,))] < Clo, K, d) ’

n Y

, 2.5
K<o ( )

where Dy, (ul|v) = [dvf(x)log f(z), f = ‘;—’lf whenever £ is absolutely continuous with
respect to v.

2.1.1 Main results and proof ideas

Our first result is the following:

Theorem 2.1. If K < o, then for any K-subgaussian distribution P, we have

E [W3 (B, x N(0,0%1,),P x N(0,0%1;))] = O (%) ,

where P, is the empirical measure of P with n samples, and the expectation is over these n
samples. If K > o, then there ezists a K-subgaussian distribution P such that

E [W2(B, « N(0,0° 1), P+ N(0,0°,))] = w (l) |

n

Previous results. Goldfeld et al. [8] shows when K < /2, E [WZ(P, * N (0,0%1,), P x N(0,021,))]
converges with rate O (1); when K > 20, E [W(P, * N'(0,021,), P * N'(0, 621,))] converges
with rate w (%) Here is an obvious gap between K < ¢/2 and K > V20, and our results
close this gap.
Proof Idea. Let us introduce the y*-mutual information for a pair of random variables S, Y
as
La(S;Y) £ X*(Psy || Ps ® Py),

2
where x2(P)|Q) = [ (%) dQ — 1.
We will consider the case where S ~ P, Y =S+ Z with Z ~ N (0, 0?) independent to S.

According to Goldfeld et al. [8], the convergence rate of smoothed empirical measure under
Ws, KL-divergence and the x*-divergence is closely related to I,2(S;Y):

e (Prop. 6 in Goldfeld et al. [8]): If P is K-subgaussian with K" < o and 1,2(S;Y") < oo,
then E [W2(P, * N'(0,021,),Px N(0,0%1,))] = O(%).

n

e (Corr. 2in Goldfeld et al. [8]): If I,2(S;Y) = oo, then for any 7 < o, E [WZ(P,, « N'(0,7%1;), P « N'(0, 7

23



Hence our results follow from the main technical propositions 2.2 and 2.3. O

Proposition 2.2. When K < o, for any K-subgaussian d-dimensional distribution P, we
have I,2(S;Y) < oo, where S ~ P, Z ~ N(0,0%1,),S 1L Z andY = S + Z.

Proposition 2.3. When K > o, there exists some 1-dimensional K -subgaussian distribution
P such that [,2(S;Y) = oo for S ~P,Z ~N(0,6%),S L Z andY =S + Z.

Next, we give a tight characterization on the Ws-convergence rate in dimension d = 1.
Theorem 2.4. [Improved bounds for dimension-1] Fix K > o > 0 and let

(02 + K?)?
=— 2.6
CT 40t KY (26)
1. (Lower Bound) There ezist a K -subgaussian distribution P over R and 0 < d,, — 0 such
that
lim sup n® " E [Wa (P, * N'(0,0° 1), P N(0,0°1))] > 0.
n—oo
2. (Upper Bound) There exists a sequence 0 < &, — 0 such that for any 1-dimensional
K-subgaussian P over R and n > 2, we have

E [WZ(P+N(0,0%),P, * N'(0,0%))] < n 2o (2.7)

Finally we provide an upper bound on the convergence of smoothed empirical measures
under KL divergence:

Theorem 2.5. Suppose P is a d-dimensional K -subgaussian distribution, then for any o > 0,
we have

E [Dxp (Pn * N(0,6° 1) [P« N(0,0°1,))] = O (M) .

n

2.2 Proof of Proposition 2.2

In this section, we provide a proof of Proposition 2.2. Detailed technical lemmas used in the
following proof are provided in appendix A.

Proof. By decomposing R? into cubes ¢; of unit diameter and using the K-subgaussianity
of S, we show that for K < o, the y?-divergence remains bounded. Specifically, we use the
property that for such distributions, E[exp()||S||?)] < oo for sufficiently small A. The proof
proceeds by bounding the density ratio p(y) = Elexp(—||ly — S||?/(2¢?%))] and demonstrating
that the integral [ ¢,2(y —S)?/p(y)dy is finite when averaged over S. O
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2.3 Proof of Proposition 2.3

The main idea of this proof is to construct a hard example P = »".°  pyd,, where points
are spaced far apart. Specifically, we choose 1, as a geometric sequence. This construction
ensures that the smoothed empirical measure converges slower than the parametric rate.

Proof Sketch. We construct P = Y pid,, with p ~ exp(—ri/2K?). By ensuring ryy1/7% is
sufficiently large, we show that the 1,2(S;Y’) term diverges, which by Goldfeld et al. [8]
implies the non-parametric rate. O

2.4 Summary of Non-Parametric Rates

In the regime where K > o, we establish that the convergence rate is precisely given by n=¢

(up to log factors) where « is defined in (2.6). The proof involves a novel conditioning and
truncation argument for the 2-Wasserstein distance, leveraging the explicit transport map
formula in 1D. Detailed proofs for the lower and upper bounds of Theorem 2.4 can be found
in appendix A.1.
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Chapter 3

Entropic characterization of optimal rates
for learning Gaussian mixtures

This chapter is based on the paper “Entropic characterization of optimal rates for
learning Gaussian mixtures” by Zeyu Jia, Yury Polyanskiy, and Yihong Wu, published
at the Conference on Learning Theory (COLT) 2023.

3.1 Introduction

Gaussian mixtures are among the most popular and useful classes of distributions for modeling
real data with heterogeneity. Specifically, each d-dimensional mizing distribution 7 induces a
Gaussian mixture f,, which is the convolution of 7 with the d-dimensional standard Gaussian
distribution N (0, ;), namely

fola) = (mx 9)(o) = [ olo = 2)m(a:),

1

\/27rd
There is a vast literature in statistics and machine learning on various aspects of mixture

models such as parameter estimation and clustering. In this chapter we focus on learning
the mixture model in the sense of density estimation. To this end, it is necessary to impose
tail conditions on the mixing distribution. Specifically, we consider two classes of Gaussian
mixtures classes, wherein the mixing distribution is either compactly supported or subgaussian.

To measure the density estimation error, it is common to use f-divergences, notably,
Kullback-Leibler (KL) divergence Dky(f|lg) = [ flogg, the squared Hellinger distance

H2(f,9) = [(V/J — \/9)% and the total variation distance Dyv(f,g) =3 [|f — g|. In this
chapter, we are chiefly concerned with the estimation rates under the KL-divergence and
the squared Hellinger distance, as opposed to the L, distance due to its lack of operational
meaning.

Estimating Gaussian mixture densities is a classical topic in nonparametric statistics.
Under the squared Hellinger loss, the minimax lower bound Q((logn)¢/n) was proved in [44,
45] for subgaussian mixing distributions. On the constructive side, nonparametric maximum
likelihood estimator (NPMLE) and sieve MLE have been analyzed in [46-52|. In particular,

exp (—||z]|3/2) is the standard normal density.

where p(z) =
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the NPMLE, which offers a practical algorithm for properly learning the mixture model,
is shown to achieve a near-parametric rate of O((logn)?/n) for the subgaussian case [52],
which is subsequently generalized to O(log*™ n/n) in d dimensions [53]. Similar results for
compactly supported mixing distribution are also obtained in [54, Theorem 20|. Despite
these advances, determining the optimal rate remains a long-standing open question even in
one dimension.

Departing from maximum likelihood, there is a long line of work that aims at characterizing
density estimation rates in terms of metric entropy of the class. These general entropic upper
bounds originate from the seminal work of [1, 9, 10] for the Hellinger loss, [55] for the Drv
loss, and [56] for the KL loss. On the other hand, entropic lower bounds for KI. and Hellinger
losses were established for both the batch [57] and sequential estimation [56]. However, these
entropy-based upper and lower bounds in general do not match unless extra conditions are
imposed on the behavior on the model class. Notably, a simple condition that ensures a
sharp entropic determination of the minimax rate is the comparability of the Hellinger and
KL divergence, namely, for any density f and ¢ in the model class:

Dxw(fllg) < H*(f,9) (3.1)

where < denotes equality within constant multiplicative factors. Note that the one-sided
inequality Dxr(fllg) > H?(f,g) is always true cf. e.g. [58]. As such, whenever Dy, is
dominated by H?, the sharp minimax rate is determined by the local Hellinger entropy of
the model class.

Indeed, this entropy-based approach has been successfully taken in [59] to determine the
sharp rate for the special case of finite-component Gaussian mixtures in general dimensions.
Specifically, for the class of k-component GMs, [59, Theorem 4.2] shows that

DKL(fWHf?]) =k H2(f7r7f77)7 (32)

where 7 and 7 are k-atomic distributions supported on a Euclidean ball of bounded radius
in R?. The crucial part of (3.2) is that it does not depend on the ambient dimension d. As
such, this allows the optimal squared Hellinger rate to be determined by the local entropy,
which, in turn, can be tightly estimated via the low rank of the moment tensor, leading to
the sharp rate of ©4(£) that holds even in high dimensions.

In this chapter we resolve the question of KL to Hellinger comparison and show that with
a constant factor that depends (at most linearly) on the dimension, by proving that

DKL(wafn) =d H2(f7rafn)7 (33)

where 7 and 7 are arbitrary distributions supported on a bounded ball in R¢; furthermore,
this result can be made dimension-free with an extra logarithmic factor. In addition, we show
that (3.3) holds for (1 — ¢)-subgaussian mixing distributions but fails for (1 + €)-subgaussian
distributions.

The new comparison result has various statistical consequences, of which we report here
one (see Corollary 3.9). To estimate the GM density with compactly supported or (1 — ¢)-
subgaussian mixing distributions based on an iid sample of size n, the minimax proper or
improper density estimation risks under KL divergence or squared Hellinger distance are
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tightly characterized by the local Hellinger entropy of the density class. Furthermore, the
minimax risks in the sequential version (as opposed to the batch setting above) of this problem
are tightly characterized by the global Hellinger entropy of the class.

Notation Let By(r) = {x € R?: ||x|]s < r} denote the Euclidean ball of radius r centered
at 0. Denote by supp(7) the support of a probability measure . We say a distribution 7 on
R? is K-subgaussian if for X ~ ,

t2

P[|| X2 > t] <exp (—m

), vt > 0.

3.2 Main Results

Before discussing their statistical consequences, we first state the main comparison results
that control the KL divergence between Gaussian mixtures using their Hellinger distance.
For compactly supported mixing distributions, our main result is as follows:

Theorem 3.1. Let m and n be supported on By(M) in R? where M > 2. Then

Dt (follfy) < 5154(M> V Q) H*(fr, f,).

Complementing Theorem 3.1, we also have the following dimension-free upper bound at
the price of a mere logarithmic factor.

Theorem 3.2. Let m and n be supported on By(M) in R® where M > 1. Then

1
H2(fr, )

Next we consider the class of subgaussian mixing distributions. When K < 1, the KL
divergence is indeed proportional to the squared Hellinger distance. When K > 1, such upper
bound does not exist.

DKL(fWHf’I]) S 200M2H2(.f7ra fn) + 16H2(f7r7f77) IOg

Theorem 3.3. Let m,n be two d-dimensional K-subgaussian distributions where K < 1.
Then

Dict(£l,) < 1660056 (ﬁ v 8d3> H2(fz, 1)

Theorem 3.4. Fix K > 1. For any C > 0, there exists a 1-dimensional K-subgaussian
distribution m such that

Dxr(fxIN(0,1)) = C - H?(f2, N(0,1)).
We further have the following dimension-free upper bound that holds for all K > 0.

Theorem 3.5. Let m and n be K -subgaussian distributions on R?. Then

Dxw(frllfy) < (10240K* + 652) H?( fr, f,) log m-
T Jn
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Definition 3.6 (Covering Number and Local Covering Number). Let P be a set of distribu-
tions over some measurable space X. The Hellinger covering number of P s

Ng(P,e¢) émin{N 23Q1, -, Qn € A(X), sup inf H(P,Q;) < 5},

Pep 1isN

where A(X) denotes the collection of all probability distributions on X. The local Hellinger
covering number of P is

MOC,H(P7€) é sup NH<BH(P7 77) ﬂp7n/2)7

PePn>e
where By (P,n) is the Hellinger ball of radius n centered at P.

Definition 3.7 (Proper and Improper Density Estimation Minimax Risk). For a given class
P of distributions over X, we define the improper minimaz risk Ryz,,, Rxrn and the proper
minimaz risk Rycp , with sample size n as follows: for d € {H?, Dk}, we define

Rd,n(’])) £ H}f sup IE:f |:d<f7 fn):| 5
fn f€EP
and also 5 R
Ricn(P) 2 inf supEs | Diw(fIIf2)]
fn€P feP

where fn() = fn(, Xi,...,X,) is a density estimator based on X, ..., X, drawn iid from P.

Definition 3.8 (Sequential Density Estimation Minimax Risk). For a given class P of
distributions over X, the sequential minimax risks Cy2, and Ckr, are defined as: for
de {Hz, DKL};

Cin(P) = inf sup Y E[d(f, fi(|X1, -+, X;21))]
Jifn fEP T

where f, @ X1 - A(X) denotes the density estimator at time t based on observations
Xla"' 7Xt71'

Corollary 3.9. Let Peom(M) and Pyup(K) denote the collection of d-dimensional Gaussian
miztures where the mizing distribution is supported on By(M) and K -subgaussian, respectively.
Then for any compact (under Hellinger) subset P where P C Peom(M) or P C Psup(K) with
K < 1, we have the following characterization on the proper or improper minimax risk:

5 1
RHQ,”(P) = RKL,TL(P) = RKL,TZ(P) = lgg 52 + ﬁ IOgMoc,H(Paf‘:)v
and also for sequential minimazx risk:
CH2771(7D) = CKL,n(P) = lgg ne? + log_/\/‘H(P’ £).

Here < hides constants that may depend on M, K, or d but not on n.
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3.3 Proof of Theorem 3.1 in one dimension

Theorem 3.10 (One-dimensional version of Theorem 3.1). Let m and n be supported on
By(M) in R where M > 2. Then

Dycv(fxll fa) < 1563M*H*(fr, f,).

For simplicity we abbreviate fr(-) and f,(-) as p(-), ¢(-). Then we have

B N W SO O 7
DKL(pHQ)—/_OOQ() @) % gt A Pa) /_Ooq() ( @) >
Lemma 3.11. Let p = 7w *x N'(0,1) where supp(n) C [-M, M]. Then we have Yy > r > x >
M7

p(y)exp((y_M) ;(T_M))Sp(r)ép(x)-

Lemma 3.12. Let p = w * N'(0, 1) where supp(w) C [-M, M]. Then
|Viegp(r)| < 3|r|+4M, VreR.

Lemma 3.13. For every 0 <t < exp (8]\/[2) with M > 1, we have
2
tlogt —t+1 < 9M? <\/¥—1) .

Proof of Theorem 3.10. 1t is easy to see that for every x € [-2M,2M], we have

jQ_Wexp (—8M2) < p(x), q(z) < %27

Let r be the smallest positive number (possibly infinite) such that log E

g > 8M?, then we
have r > 2M. Without loss of generality we assume r < oco. Since log q8 is a continuous

function, we have log % = 8M?. According to Lemma 3.11, we have for every z > r,

<_(1’—M)2;(7“—M)2> (_(m—M)2;(T—M)2)

p(z) < p(r)exp qlz) < q(r)exp

and according to Lemma 3.12 we have

Srelis

Therefore, we obtain that

S'log +/(3|t|—|—4M)dt:8M2—|—(x—r)(3x+3r+8M), Ve >r > 0.

T

/ " () 1og 2 _pa) + q(a)dz < / " () 1og P 4 g(2)da

q(z) q(z)
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< p(r) exp (T) / T (SM? + (x — 1)(32 + 3 + 8M)) exp (_M) da

+q(r) exp (ﬂ) /TOO P (Jx_TW) o
6 6r +8M  8M?2 >+ g(r) _ 36M? )

< .

< p(r) ((T—M)3+(T—M)2+T—M T—M_T—Mp<r> r—M
37M?

<

—r—-M

p(r),

where the last inequality uses the fact M > 1 and log @ = 8M? > 0 hence p(r) > q(r).

q(r)
Moreover, according to Lemma 3.12 we also notice that for 0 < z < r we have )V log % <

6x + 8M < 6r + 8M. Hence noticing that log % = 8M? and also r > 2M, we have for every

M2
r—igr ST

p(m) 2 M? 2
log —= >8M* — —— - M)>M
qu(m)_S Y. (6r + 8M) >

and also p(z) > p(r) according to Lemma 3.11. Therefore, noticing M > 1, we have

: g @ \ ., ) 1\ pr)M?
o0 [, p"’“’)'( %‘Q w2 e (1= ) 2 fan

r+M

Since r > 2M, we obtain that

/ N p(x) log % — p(z) + q(x)dx < TTTH?(p, q).

Similarly, if we let s to be the largest negative number (possibly negative infinite) such that
log % > 8M?, then we will also have

/_ " p(e)log % — (@) + qle)de < TTTH(p.q).
(x)

Next we consider those s < o < r. For those x we have log % < 8M?. Hence according
to Lemma 3.13, we have

p(z). plx) plz) o [p(@)
)log ) ()—|—1§9M< 1)

q(z q(z) q(x q(z)
Therefore,
(:r:) (s Y R 0 1CO  IC y C) .
| peion 5 pta) +atoe = [ ) (q<x>1gq<x> q(m)H)d
<9M2 < zi —1) dx§9M2H2(p,q).
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Overall, we have shown that
Dxu.(pllg) < (777 + 777 + IM?) H?(p, q) < 1563M*H*(p, q),

which finishes the proof of Theorem 3.10.
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Chapter 4

Testing and Estimation in

Orthosymmetric Gaussian Sequence
Model

This chapter is based on the paper “Testing and estimation in orthosymmetric Gaussian
sequence model” by Zeyu Jia and Yury Polyanskiy.

4.1 Introduction

Two flagship problems in non-parametric statistics are establishing minimax rates (or, equiva-
lently, minimax sample complexities) of density estimation and testing. In the case of density
estimation, statistician is given an apriori fixed large class I' of probability distributions and
n iid samples Xi,..., X, from P € I' and is tasked with producing an estimate P of the
distribution such that E[d(P, P)] < e, where d is a distance and ¢ is the target accuracy. The
minimal number n of samples required for the worst-case choice of P is the sample complexity
nest(I', €). For example, if I consists of all S-smooth densities on a compact set in R? and
if accuracy metric is d = || - ||2 (the ¢; distance), then the classical work of Ibragimov and
Khasminskii [2] showed that neg (T, €) < e~#+9/5 upto universal constants, cf. [12].

In the case of testing (or goodness-of-fit), statistician is given an apriori fixed large class
I' of probability distributions, a member P, € I' and n iid samples X,..., X, from some
P €T, and is tasked with testing hypothesis P = P, against d(P, Py) > ¢ with a fixed small
probability of error under either of the alternatives. The minimal number of samples needed
for accomplishing this task (worst case over P and Fp) is the complexity of testing ng.(I', ).
This way of looking at non-parametric testing, as well as many foundational results, was
proposed by Ingster [13, 14, 60]. In particular, for the Lipschitz class and Dy metric his
result shows that ng(T,€) < e~ (@/2+2) The fact that testing can be done with significantly
fewer samples was both surprising and impactful for the development of theoretical statistics
in 20th century.

Despite the similarities of two problems, our level of understanding of ney and nger is
dramatically different. Specifically, the work of LeCam [61], Birge [9, 10|, Yatracos [55],
Yang and Barron [56] established a direct characterization of ney in terms of metric entropy
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of the class I', thus reducing the problem to that of approximation theory. At the same
time, while several powerful tools [62] were developed for bounding ngt, its evaluation for
each class I' is largely still ad hoc. Thus, our longer term goal is to obtain metric entropy
type characterization of ng.¢. This work is a step in this direction: by establishing general
inequalities relating ngor and nes, implicitly we also obtain entropic bounds on 74.s.

The origin of these kind of relations is the work [15], which studied yet another statistical
problem of likelihood-free hypothesis testing (LFHT), see (4.10) below, which “interpolates”
between estimation and testing. By inspecting the minimax region for LFHT at two end-
points [15] observed that for rather different non-parametric types of models (smooth densities,
discrete distributions, Gaussian sequence model over ellipsoids) one has a general relationship

nest<ra g) — n2 ;
52 g0

(T e). (4.1)
This relation can informally be “derived” as follows. Up to precision ¢ the non-parametric
model I can be thought of as a model of finite dimension D(T,¢), rigorously defined below
as a Kolmogorov dimension. Then, classical parametric estimation and testing rates allow us
to guess

D(T,¢)

e2

D(T,¢)

c2

Mo (T, £) = . nger(D,e) < , (4.2)

which clearly imply (4.1). In addition to examples from [15], the relationship (4.1) also
holds for a special class of Gaussian sequence models with a QCO (compact , convex,
quadratically convex and orthosymmetric) constraint set, as follows from [63] and [64] (see
Prop. Theorem 4.14 below).

While these considerations support the validity of (4.1), unfortunately neither (4.2)
nor (4.1) hold in general. Indeed, a counter-example is implicitly contained in [65], see (4.4)
below. Nevertheless, in this work we show that the < direction of (4.1) holds under the mere
assumption of orthosymmetry, see (4.3).

This paper is written solely in the context of Gaussian sequence model, for which I' consists
of infinite-dimensional Gaussian densities N (6, I,) with mean 6 constrained to belong to
a compact convex set in f5. We will abuse notation and simply write 6 € I identifying
densities with their means. Such models are both simplest to study and are universal: any
non-parametric class I' of densities can be shown to be Le Cam equivalent (in the limit of
n — 00) to a certain Gaussian sequence model, cf. [66, 67|.

4.1.1 Our Contribution

Our contributions are two-fold. First, we derive a collection of results bounding ng. in terms
of negt. Second, we also completely characterize LEHT region of general £,-bodies.

More specifically, for any convex, compact and orthosymmetric set I' (see definitions below),
we show in Theorem 4.8 that the minimax sample complexity ng.(I', ) of goodness-of-fit
testing and the minimax sample complexity nes (I, €) of density estimation satisfy

< ngof(r7 5)
neSt<F7 g) ~ T ’ pOlleg(D(F, 5)) ) (43)

36



where D(I', €) is the Kolmogorov dimension of I' (see also Prop. Theorem C.2). Hence, under
rather general conditions half of the relationship (4.1) holds up to polylog factors. The
unusual aspect of our proof is that a lower bound on testing is shown by extracting a hard to
test mixture distribution from the analysis of a soft-thresholding estimator.

As we mentioned above, if in addition to orthosymmetry one also assumes quadratic-
convexity of I' (i.e. if I" is QCO), then results of [63] on estimation and [64] on testing together
imply validity of (4.1) for such sets (see Prop. Theorem 4.14), thus showing that our lower
bound is generally tight. We recall that £,-bodies [63, 65] with p > 2 are QCO sets.

Are there any counter-examples to (4.1)7 The answer is positive as in fact already
implicitly shown in [65]|. Specifically, let us define the following

r:{o:(elm):zy;-wiyg}, (4.4)

i>1

which is an example of a more general class of an £,-body with p = 1. For this specific class,
we find out in Theorem 4.5 and Theorem 4.6 that

ngot(I', €) = &} (8’%> and  negy (I, e) = &} <5’%> ,

thus clearly violating (4.1) and showing that one can indeed have neg < 1./

Our second contribution is in establishing minimax rates (regions) for the LFHT problem
defined in (4.10). Recall that in [15], it was shown that the optimal testing region of LFHT
for Gaussian sequence model over an ellipsoid I' satisfies

{m > 5_12’ n 2 ngt(l',e), and mn 2 nzof(l“,e)} ) (4.5)
It is natural to ask whether this relation is in some sense universal. In this work, we show
that for I', which are orthosymmetric, convex and quadratically convex (e.g. ¢,-bodies with
p > 2), the LFHT region remains the same. In particular, this is true for £, bodies with p > 2.
For p < 2, the general form of the LFHT region is given in terms of an “effective dimension”
d(I',n,e) depending on n. Specifically, we show that the testing region is given by

1 a(r a(r

g2’ ~ g2 gt

For example, for the set eq. (4.4), we have d(T',n,e) < ﬁ and the LFHT region is given by

_ _12 3
{ngz,nzg 5, and m-n2286}.

In particular, this shows that the “regular LFHT” region, where the boundary is defined in

terms of the product mn as in (4.5), is specific to ¢,-bodies with p > 2, while for p < 2 the
region is rather different.
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4.1.2 Related Works

We review some related literatures in this section.

Non-parametric Density FEstimation:  As we already discussed in the introduction,
there has been a long line of work studying the density estimation. For fairly general non-
parametric classes and distances between distributions Le Cam [61] (also in [68]) and Birge
[9, 10] characterized the minimax rate in terms of the (local) Hellinger metric entropy. Other
general estimators were proposed by Yang-Barron [56], Yatracos [55] and others. In the
context of estimating smooth densities, the study of kernel density estimators is a rich subject
[12, Chapter 1], as is the method of wavelet-based techniques [69]. In the context of Gaussian
sequence models, density estimation corresponds to parameter (mean) estimation, with state
of the art beautifully summarized in [70].

Gaussian sequence model: In the context of Gaussian sequence model density estimation
is equivalent to parameter (6) estimation. This question received significant attention, see |71,
Chapter 4]. We specifically mention pioneering work of Pinsker [72], who demonstrated
optimality of linear estimators for the case of certain ellipsoids, and [63], who significantly
extended this idea by showing optimality (upto a universal factor) of projection estimators for
all quadratically convex sets — a notion which also found application in stochastic optimization
[73].

Goodness-of-Fit Testing: 'The sample complexity of goodness-of-fit testing has been
pioneered by the already mentioned works of Ingster, whose book [74] surveys many of the
classical developments. Subsequently, [75] obtained tight goodness-of-fit testing rate for Besov
bodies B;,,4(R) where p € (0,2).

For Gaussian sequence model, we mention results of [76] and, very relevant for our work,
a comprehensive paper of Baraud [65]. Specifically, for £, bodies {f1.p : 3.2, |6:|P/a? < 1}
where a1 > ay > -+ - > ap, they proposed the following dimension

p(n) = sup [(Vd/n* A al[Vd]'"27)],

de[D]

and they show that the minimax sample complexity of goodness-of-fit testing is the smallest
n such that p(n) < e. More recently, [77] refined sample complexity to make it depend on a
specific (rather than worst-case) choice of the mean in the null-hypothesis. In the special
case of QCO sets I' Neykov [64] characterizes (within a constant factor) the goodness-of-fit
testing sample complexity in terms ofcritical radius, which in turn is derived from Kolmogorov
widths. The case of ' being a d-dimensional convex cone was studied in 78], in particular
demonstrating that in the case of “ice-cream cones” one can get nger =< 8% but neg =< 3%, due
to null-case being at the apex of the cone.

A large amount of work has also been done on the topic in computer science literature
under different names of identity testing or uniformity testing, see [79-85]. A recent lower
bound for robust testing was proposed in [86]. [87, 88] proposed minimax optimal testing
scheme for cases with unknown variances. An excellent monograph [89] surveys this line of
work.

Likelihood Free Hypothesis Testing: The form of likelihood free hypothesis testing was
firstly introduced in [90, 91|. They studied the problem in fixed finite alphabet. [92] showed
that the testing scheme introduced in [90] is second-order optimal. This problem is extended

38



into sequential and distributional setting in [93-96]. In this work, we will focus on the setting
introduced in [15].

4.1.3 Organization

In section 4.2 we review the basic concepts of goodness-of-fit testing, density estimation
and likelihood-free hypothesis testing. In section 4.3, we study the relationship between
goodness-of-fit testing and density estimation. In section 4.4 we study the feasible region
of likelihood-free hypothesis testing. Specifically, in section 4.4.1 we build up relationship
between the LFHT feasible region and density estimation, and in section 4.4.2 we calculate
the LFHT feasible region for ¢, bodies with p < 2.

4.1.4 Notations

For § € R?, we use N(0,1;) to denote the multivariate Gaussian distribution with mean
and variance matrix to be the identity matrix. We use 0 to denote the all-zero vector. We
use a, = O(b,) or a, < b, (a, = Q(b,) or a, 2 b,) to denote the inequality a, < c- b,

(an, > ¢~ b,) for all n for some fixed positive constant c.

4.2 Preliminaries and notation

We review some basic concepts of the Gaussian sequence model [74], goodness-of-fit testing
[74], density estimation [70] and likelihood-free hypothesis testing [15] in this section.

Gaussian Sequence Model. We focus on unit-variance multivariate Gaussian location
model, which is specified by an integer D € [1, 00] and a subset I' C R”, so that the model
consists of all distributions P(I') £ {N(8,Ip) : 6 € T'}. When D = oo we also refer to this
model as Gaussian sequence model. In the following, we often use subset I' to denote the
model P(I") itself.

Goodness of Fit Testing. Given an integer D € [1, 00], we conduct the goodness of
fit testing in RP. In this task, the statistician is given an class of parameters I' C R”, and
has the knowledge that the true parameter of the model 8 € I". However, 0 is unknown and
the statistician can only obtain information of 8 through n samples X = (X;.,) ~ P{" where
Py = N(0, Ip). The statistician conducts the following hypothesis testing problem

Hy:0=0 versus H;: |02 > ¢, (4.6)

i.e., based on the samples in X, the statistician makes choice ¥(X) € {0, 1}, where ¢(X) =0
denotes the statistician accepts hypothesis Hy and ¢(X) = 1 denotes the statistician rejects
Hy. We focus on the smallest number of n such that

max sup P(4(X) # 1) <

i€{0,1} peH;

, (4.7)

|

where suppcpy, denotes the case @ = 0, and supp.y, denotes the supreme over 8 with [|0||; > €.
We let ngo(I', €) to denote the smallest number of samples such that eq. (4.7) holds.
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Density Estimation. Given an integer D € [1, 00|, we conduct the density estimation
task in RP. In this task, the statistician is given an class of parameters I' C R”, and has the
knowledge that the parameter of the groundtruth distribution § € I'. However, € is unknown
and the statistician can only obtain information of # through n samples X = (X;.,) ~ P¢"
where Py = N (0, Ip). Based on the samples in X, the statistician proposes an estimator
a(X) € RP. We focus on the smallest number of samples n such that there exists an estimator
which achieves expected f, estimation error no more than £ for any distribution in the
distribution class, i.e.

inf sup E {HE(X) - «9“2} < €2 (4.8)
6 el 2

We use nest (I, €) to denote the smallest number of samples such that eq. (4.8) holds.

Likelihood Free Hypothesis Testing. The task of likelihood free hypothesis testing
was first introduced in [15]. The statistician conducts the testing in RP and the statistician
is given the class I' of the Gaussian sequence model. Suppose there are two artificial densities
Py = N(OI,ID), Py = (02,ID) and a true density P, = N (0, Ip) where 0'.0°.0 ¢ T are
unknown to the statistician. After collecting n samples from Py and Py each to form artificial
datasets X ~ PY" and Y ~ Py, and collecting m samples from P; to form the ground truth
dataset Z ~ P$™, the statistician conducts the following hypothesis testing problem:

Hy:0=0" versus H;:0=6". (4.9)

To characterize the minimax sample complexity of the above hypothesis testing problem,
we suppose 8" and 8” satisfies ||@' — 67|, > ¢ for some € > 0, and this piece of information
is given to the statistician. After receiving data (X,Y,Z) € (RP)" x (RP)" x (RP)™, the
statistician makes choice ¥(X,Y,Z) € {0, 1}, where ¢)(X,Y,Z) = 0 denotes the statistician
accepts hypothesis Hy and ¢(X,Y,Z) = 1 denotes the statistician rejects Hy. We focus on
the conditions of (m,n) such that

max sup P(¢(X,Y,Z) #1) <

i€{0,1} peH;

: (4.10)

A

where suppcy, denotes the supreme over ' and 6° with |0 — 6*||, > ¢ and § = 8", and
Suppepy, denotes the supreme over ' and 6 with [|6' — 67|, > € and § = 6°.

For any pair (m,n), we say that (m,n) lies in the feasible region of the likelihood-free
hypothesis test if and only if there exists some test scheme 1 such that eq. (4.10) holds.

¢, Bodies. Given an integer D € [1,00], the ¢, bodies in R is characterized by a
non-increasing nonnegative sequence a; > as > --- > ap > 0. The ¢, body (also appears in
[65]) characterized by a;.p is given by

t

D p
F:{e:(el,eg,m,eD)( Z@gl}gRD. (4.11)
a
t=1

When D = oo, in order to guarantee the compactness of this infinite-dimensional set, we only
consider the ¢, bodies characterized by sequence a; goes to zero, i.e. lim;_,o, a; = 0.
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Orthosymmetric Sets. We recall the definition of orthosymmetric sets, first introduced
in [63]: Given an integer D € [1,00], we say ' C R is an orthosymmetric set if for any
element @ = (01,0,,--- ,0p) € T and € = (g1,69,+ - ,ep) € {—1,1}P, we have

0. = (101, 205,--- ,eplp) € T.

We notice that many sets satisfy the orthosymmetric property. It is easy to verify that the £,
bodies introduced in eq. (4.11) are orthosymmetric. Additionally, if there exists a function
f: (R, U{0})” — R such that T' can be represented as

I'= {0 = (817927 T 79D> : f(|91|7 |92|7 T 7|0D|) > 0}7 (4'12)

then I' is an orthosymmetric set. It is easy to see that all £, bodies can be written in the
above form for some function f.

Kolmogorov Dimension and Coordinate-wise Kolmogorov Dimension. Given
an integer D € [1, 00|, the Kolmogorov dimension of a set I' C R” is a notion to measure the
minimal dimension of an affine space so that the distance between any point in I' and the
affine space is bounded by some tolerance. This notion is given formally as in the following
definition.

Definition 4.1 (Kolmogorov Dimension). Suppose I' C RY. For any e > 0, we define the
Kolmogorov dimension D(I',e) of I' at scale € to be the largest integer d < D such that

infsup ||§ — I1,0||2 < ¢,
Ia ger

where Iy denotes a d-dimensional linear projection, and the infimum is over all possible
d-dimensional linear projections.

Notice that in the above definition, the projection operator can be chosen to be any linear
projections. However, in some cases, we have to restrict ourselves to project only along the
coordinates. In this way, we define the following coordinate-wise Kolmogorov dimension.

Definition 4.2 (Coordinate-wise Kolmogorov Dimension). Suppose I' C RY. For any e > 0,
we define the coordinate-wise Kolmogorov dimension D.(I',€) of I' at scale € to be the largest
integer d < D such that

inf sup (0;) < &% where § = (01,605, ,0p),
Aldl=d ger £,

where the infimum is over all size-d subsets A of {1,2,---,D}.

It is clear that for any set I' and € > 0, D.(I',e) > D(I',¢). However, it is possible to
have D. > D. Fortunately, our bounds depend on D. only logarithmically, and hence the
following pair of results can be used to roughly relate D. to D and ¢.

Proposition 4.3. For any orthosymmetric, convex, compact set I, we have

p(r pg) 2 5

Corollary 4.4. Suppose orthosymmetric, convex, compact set I' satisfies D(I',e) < e7? for
some 0 < p < 1. Then the coordinate-wise Kolmogorov dimension satisfies

D(T,e) < c—P/(1=p)

— 2.
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4.3 Goodness-of-Fit and Density Estimation

We return to the testing-estimation relation (4.1) that was shown in [15] to hold for a variety
of models, including Gaussian sequence models with I being an ellipsoid. Our first goal
(section 4.3.1) is to exhibit a natural Gaussian sequence model with convex I', for which
the sample complexity of goodness-of-fit testing is (:)(5*12/ %), while the sample complexity
of density estimation is ©(e~#/3), thus showing that (4.1) fails. Next, in section 4.3.2 we
show that nevertheless, for orthosymmetric convex I' a one-sided comparison always holds:
e2n? ; 2 nes. Finally, in appendix C.4 we show that two-sided relationship (4.1) in fact holds

gof
for all orthosymmetric, compact, convex and quadratically-convex I.

4.3.1 A Counter Example
We consider the set defined in eq. (4.4): for D = oo, and

[ = {0: (01:00) Zi-|9i| < 1} C RP.

i>1

Then we have the following characterization in the goodness-of-fit testing sample complexity
and density estimation sample complexity.

Proposition 4.5. For set I' defined in eq. (4.4), the minimazx density estimation sample
complezity nes; (L, €) satisfies 3
nest(Ty€) = © (78/3).

Proposition 4.6. For set T' defined in eq. (4.4), the minimaz goodness-of-fit testing sample
complexity ngor(I', €) satisfies .
Ngot (L', €) = © (5_12/5) )

The proof of Theorem 4.5 and Theorem 4.6 are deferred to appendix C.1. From Theo-
rem 4.5 and Theorem 4.6, we learn that for this specific set I'; eq. (4.1) cannot hold when &
goes to zero, even up to log factors this conjecture still fails.

4.3.2 One-side inequality for Orthosymmetric Convex Sets

Even though there exists a set I' such that eq. (4.1) fails, we show that a one-side inequality
between the minimax sample complexity of goodness-of-fit testing and the minimax sample
complexity of density estimation holds up to log factors, if we assume orthosymmetric property,
compactness and convexity of the set I'. This result is summarized in the following theorem.

Theorem 4.7. For positive integer D, suppose I' € RP is an orthosymmetric, compact and
convex set (orthosymmetric sets defined in section 4.2). Then we have

2
19 1 nest<ra 5)
(o} F) = Z : .
et ( \/5) 64log (2D) <2
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The proof of Theorem 4.7 is deferred to appendix C.2. Theorem 4.7 has the following
implication on the infinite-dimensional orthosymmetric convex sets. Then we have the
following corollary, which generalize Theorem 4.7 into infinite dimensional sets. The following
corollary lower bounds ng.¢ in terms of the coordinate-wise Kolmogorov dimension of the set
I’ (defined in Theorem 4.2).

Corollary 4.8. Suppose the coordinate-wise Kolmogorov dimension of I' at scale € to be
D.(T,e). Then if T is compact, convex and orthosymmetric, we have for any e > 0,

2
Ngof Fai Z ! neSt(F \/_€>
V2 641log(2Dc(T, €)) g2

The proof of Theorem 4.8 is deferred to appendix C.2.

Remark 4.9. It is easy to see that all {,, bodies defined in section 4.2 are orthosymmetric,
compact and convez sets. Hence Theorem 4.7 (for finite dimensional sets), and Theorem 4.8
(for infinite dimensional sets) holds for all ¢, bodies.

Remark 4.10. The notion of coordinate-wise Kolmogorov dimension D (T, e) (defined
in Theorem 4.2) differs from the traditional Kolmogorov dimension D(I',e) (defined in
Theorem 4.1), as the projection spaces in D. are restricted to be parallel or perpendicular to
the coordinate azxes. It is clear that D.(T',e) > D(T',€). However, in some cases, Dc(I',€) can
also be upper-bounded in terms of D(I',e). For further discussion, see appendiz C.3.

Remark 4.11. We notice that without assuming the orthosymmetric property, Theorem 4.7
can fail. For example, [78] shows that for the d-dimensional circular cone with null-hypothesis
at the apex of the cone the goodness-of-fit testing complexity is ngor < 1/* (independent to
the dimension d), while the estimation complezity is the usual nes, < d/e*. Based on this idea,
a non-orthosymmetric counter-ezample to the lower bound in the Theorem can be constructed
by taking

{0_ (61,02, - - 292<9 9120} {9_ (61,065, Zz 92<1}

Indeed, it can be shown similarly to [78] that nges < €2, while neg, 2 7.

4.3.3 Testing-Estimation Equivalence for Quadratically Convex Set

In the above, we already verify that the lower bound side of eq. (4.1) holds, if we assume
orthosymmetric property, compactness and also convexity of the set I'. We wonder in what
circumstances can the opposite side of inequality eq. (4.1) hold. In the following, we show
that if we additionally assume that quadratically convexity of set I', then the opposite side
of eq. (4.1) also holds. This result, together with Theorem 4.7 (or Theorem 4.8), shows
that the equivalence relation eq. (4.1) holds up to log factors, if assuming that the set is
orthosymmetric, compact, convex and quadratically convex. Before presenting this result, we
first recap the definition of quadratically convex sets (first introduced in [63]).
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Definition 4.12 (Quadratically Convex Set). We say a set I' C RP is quadratically convez,
if the following set is convez:

{02 :QGF},
where 8° = (02, ,6%) for@ = (0y,--- ,0p) €T.

Remark 4.13. The main result in [63] was the proof of optimality (upto a universal constant
factor 1.25) of linear estimators (also known as projection estimators) for the minimazx
estimation rate in the Gaussian location model over an orthosymmetric, compact, convex and
quadratically convex class.

We have the following theorem for quadratically convex sets.

Proposition 4.14 (|63, 64]). There exists universal constants ¢,C > 0 such that for any
QCO (compact, convex, quadratically conver and orthosymmetric) set T,

nest<ra 6)

ngot (I, ce)? < >

< ngot(T, Ce)?, Ve > 0.

Proof. Seminal work [63] shows that for QCO sets, D(T, cg)/e? < net (T, e) S D(T, Ce) /2.
In [64] it is shown that ng (T, ce) S /D(T,€)/e? < ngot(T, Ce) for QCO sets. These results
together imply the proposition. O]

In appendix C.4 we also include a slightly more general result showing that the second
inequality in the Proposition holds under the weaker assumption on I' (namely, only requiring
that projection estimators be order-optimal).

Remark 4.15. As shown in [63], {,-bodies with p > 2 are quadratically convez sets.

4.4 Likelihood Free Hypothesis Testing

In this section, we study the feasible region of likelihood free hypothesis testing (LFHT)
problems, which is introduced in [15]. We already reviewed the basic of LFHT in section 4.2.

Earlier in section 4.3.2 we established a lower bound for the goodness-of-fit testing sample
complexity in terms of the density estimation sample complexity (for compact, convex and
orthosymmetric sets). Under additional assumption of quadratic convexity (Theorem 4.12),
we have shown (section 4.3.3) an upper bound matching the lower bound up to log factors.

4.4.1 LFHT and Density Estimation

In this section we generalize both of these bounds to the setting of LFHT. Theorem 4.16 es-
tablishes the lower bound (for compact, convex and orthosymmetric sets), while Theorem 4.17
shows a matching upper bound (under additional assumption of quadratic convexity). As a
corollary, this resolves (up to log factors) characterization of the LEHT region of ¢, bodies
with p > 2.
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Theorem 4.16. Suppose I' C RP is an orthosymmetric, compact and convex set. Then
if a pair of integers (m,n) lies in the LFHT region, i.e. there exists testing scheme 1) :
(RP)™ x (RP)™ x (RP)™ such that eq. (4.10), then (m,n) satisfies

1 > nest(ra \/55)
o n =
g? 8¢ - 1/log(4D)

nest(F7 \/§5> - 1
3072¢2 - log(4D)

m >

and mn >

The proof of Theorem 4.16 can be found in appendix C.5.1. Next, we provide an upper
bound to the feasible region of LFHT, in terms of the Kolmogorov dimension. We introduce
the following testing scheme: For ¢ > 0, let II; to be the d-dimensional linear projection
satisfying

sup |0 — T8> < =, (4.13)
ger 3
where d = D(I',e/3) denotes the Kolmogorov dimension of set I' at scale £/3 (Theo-
rem 4.1). Consider samples X = (Xy,---,X,,) LR Px, Y = (Yy,---,Y,) B Py and

Z=(Zy, - ,Z,) "~ Py Letting

. 1 n ) 1 n . 1 n
GXZE;XZ', ey:;;Yl and GZ:E;ZH

we define the testing function

2

Tie(X, Y, 2) = || Mff — 0 o |t — 2| (4.14)

and consider the testing scheme: ¥(X,Y,Z) = [[Tir > 0]. The following theorem indicates
that that this testing scheme satisfies eq. (4.10), as long as m,n lower bounded by some
functions of the Kolmogorov dimension D(I",¢/3).

Theorem 4.17. If the pair of integers (m,n) satisfies

96/ D(T",e/3
m>%, n (I’ e/3) and mn

768D(T",£/3)
g2 =

E (4.15)

the testing scheme (X, Y, Z) = I{1ir > 0} with Tiz defined in eq. (4.14) satisfies eq. (4.10).

The proof of Theorem 4.17 is deferred to appendix C.5.2. The above upper bound
characterization is with respect to the Kolmogorov dimension. We wonder the relationship
between the feasible region of the above testing scheme and the minimax sample complexity
of goodness-of-fit testing or density estimation with I'. With the help of the relations in [63]
between the minimax density estimation sample complexity, and the Kolmogorov dimension,
we have the following direct corollary.

45



Corollary 4.18. Suppose I is an uncondintional, compact, conver and quadratically convex
set, then there exists a universal positive constant co such that if the pair of integers (m,n)

satisfies
V es F? 9
A A (I, €/9) and mn > c§ - ne(T,/9)%,

g2’ - £
the testing scheme (X, Y, Z) = I{1ir > 0} with Tiz defined in eq. (4.14) satisfies eq. (4.10).

m >

This corollary directly follows from Theorem 4.17 and the lower bound of the minimax
density estimation sample complexity from the Kolmogorov dimension for sets which are
orthosymmetric, compact, convex and quadratically convex. We next apply Theorem 4.16 and
Theorem 4.18 to ¢, bodies with p > 2 (recall eq. (4.11)), which are orthosymmetric, compact,
convex and quadratically convex from [63]. Hence we have the following characterization.

Corollary 4.19 (LFHT for ¢,-body with p > 2). For ¢, bodies given in eq. (4.11), we define

_ ' 1
D(e)=min<neZ,:¥V0el, Z<6j)2/\ﬁ<52

J€(D]

Then if there ezists a testing scheme 1 such that eq. (4.10) holds, then (m,n) satisfies

1 D(v/2 D(v/2
g2 e2log(4D) e2log(4D)
and if (m,n) satisfies
1 D(e/3 D(e/3
m2—, n —(5/ ) and mn 2 —(5/ ),
g2 € g2

then there exists a testing scheme 1 such that eq. (4.10) holds.
The proof amounts to applying Theorem 4.16 and Theorem 4.18 after noticing that

Nest(€) < D(e) for all all £,-bodies, cf. |70, Chapter 4].

4.4.2 Tight characterization of LFHT for £, Bodies with p < 2

From the last section, we have both sufficient and necessary conditions of the feasible region
of LFHT, in terms of the density estimation rate. These characterization are tight for ¢,
bodies where p > 2. However, when p < 2, the set I' is no longer quadratically convex, hence
Theorem 4.18 fails. In this section, we provide tight characterization for ¢, bodies where
p <2

Firstly, we recall the form of the testing region in [15]:

1
{(m, n): mz =, N2 Ngt(e) and mn 2 ngof(s)Q} :
€
and this work proposed a conjecture that for any set the testing region is always in the above
form. While the results in the previous section does not violates this conjecture, we wonder
whether this conjecture holds for ¢, bodies where p < 2. Surprisingly, it turns out the testing
region for ¢, bodies is not in the above form. This can be seen from the following theorem.
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Theorem 4.20 (Informal). For given positive integer n and set of parameters I' given in
eq. (4.11), we define function d(I',n, <) as

d(I',n,e) = max {d ; (ad)pn%2 2 52} .
Then the LFHT region for I at scale € is given by

d(I',n,e)

1
- n> =

27 ~

et

r
5 and mn 2 M} . (4.16)

{(m,n): m 2

In the following, we will first present the results for finite dimensions (in section 4.4.2
and section 4.4.2), and later we will generalize the results to infinite dimensional sets in
section 4.4.2. At the end of this section, as an example, we revisit the set I' defined in
eq. (4.4), and we present the closed form of the feasible testing region of this set.

Testing Scheme and Upper Bounds
We first let 6 = 1/32 and define

p—2 82
r _ . Pp=—=2 > —— - % 4.1
dy(T,n,e) max{d (ag)’n™z 2 576 10g(4D/5)} (4-1)

Suppose (m,n) satisfies

2 321/da (T, 1, 12d,, (T, n,
{(m,n): mzi—z, n > (T, e) and mnzw} (4.18)

- g2 gt

In this section we will come up with a testing scheme W such that eq. (4.10) is achieved. First
of all, for cases where m > n, if we let my = n, then (mg,n) is also in the above region, and
also mg < m. Hence without loss of generality, we only need to construct a testing scheme
for m < n.

Next, when mn > 1024d,(T,n,e)/e?, if m > 324/d,(T,n,e)/e?, we let my = nyg =
32y/d,(T,n,e)/e?, then my < m and ng < n, and (mg,ng) is in the region defined in
eq. (4.18), hence we only need to construct testing for (mg, ng). If m < 32+/d,(T',n,¢)/e?,
by letting ng = [512d,(T",n,e)/(e*m)] we will have m < ng < n, and (m,ng) satisfies
mng < 1024d, (T, n,e)/(e*m). We only need to construct testing for (m,ng). Therefore,
without loss of generality, we assume

1024d, (T, n, €)

mn < = : (4.19)

We introduce a testing scheme for ¢, bodies in this section. Inspired by the soft-thresholding
algorithms for density estimation, which are known to be minimax optimal for ¢, balls where
p € [1,2] [70] and also the goodness of fit testing algorithms for ¢, bodies [65], we design an
algorithm for the setting of likelihood-free hypothesis testing. To describe the testing regime,
we use X = (X, -+, X,,) to denote the n i.i.d. samples collected from Py, Y = (Y4, -+ ,Y,)
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to denote the n i.i.d. samples collected from Py and Z = (X, - ,Z,,) to denote the m i.i.d.
samples collected from P;.

To begin with, we divide those n samples (X1, -+ ,X,,) from Py and samples Y1, --,Y,
from Py each into two parts: let ng = [n/2], and

Xl = (Xh' ©e >Xn0)7 X2 = (XnoJrl; T 7Xn)7
and Y'=(Yy,---,Y.), Y =(Yui, -, Yn).

We use 9}, é)%, QA},, 92 and 6, to denote the average of samples within X!, X2, Y, Y? and Z, i.e.

- 1 o - 1 n N 1 Qo
ex:n—ozxia szn—o > X, Qyzn—ozYi,
1=1 i =1

i=no+1

R 1 n R 1 m
02 = — Y; d 6;=— Z..
Y no Z ; an Z m; J

i=ng+1
The testing involves the following two steps:

(i) Calculating a subspace of small dimension such that Px and Py are different within the
subspace;

(ii) Adopting the likelihood free hypothesis testing scheme in [15, (2.2)| within the subspace.
We will illustrate these two steps in detail:

(a) Calculating the Subspace: Our goal in this step is to use samples from X' and Y
to calculate a subset T' C [D] such that

(i) Limit size: |T| < du(T,n, e);
(ii) Enough Separation: >, , ((px): — (py)i)” = €2

To achive this, we construct the following set 77, T C [D] which satisfies ) N7y = ()
and Tl U T2 = [D]

Ty ={1,2,...,d,(I',n,e)} and T, ={d,(T,n,e)+1,d,(T,n,e)+2,...,D}, (4.20)

where d, (I, n, €) is defined in eq. (4.17). For ¢ € [D], we suppose the ¢-th coordinate of
03 and 6} to be (63); and (0%);. We further define

. A 2log(2D/d
Ty = {t . teT, and |(6)), — (61),] > 4 M} . (4.21)
n
for some parameter § > 0 to be defined later. And we construct T'= T} U T3.

(b) Testing in the Subspace: After obtaining the set T" of coordinates the last step, we
use the samples within X2, Y? and Z to do likelihood free hypothesis testing within the
subspace formed through coordinates in 7. The testing scheme is similar to [15, (2.2)],
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i.e. if we use (62),, (62), and (;); to denote ¢-th coordinates of 62, §2 and 6, then we

define
Tis = 3 [ (8= ) = (8- G) | (4.22)

teT

And we adopt the testing scheme ¥(X,Y,Z) = I{Tir > 0}.

We argue that the testing scheme obtained in the above steps is minimax optimal up to
constants and log factors. This result is summarized in the following theorem.

Theorem 4.21. For 1 <p <2, if (m,n) lies in the region eq. (4.18), the test »(X,Y,Z) =
I{Tir > 0} with T defined in eq. (4.22) satisfies eq. (4.10).

The proof of Theorem 4.21 is deferred to appendix C.6.1.

Lower Bounds

In this section, we show that the region in eq. (4.16) is also necessary for the testing. We
first define D
d;(I',;n,e) = max {d :(ag)’n7 > 19252} : (4.23)

This is summarized in the following theorem.

Theorem 4.22. If there exists a testing scheme 1, which takes n samples from py and py
and m samples from pz, and ¥ satisfies eq. (4.10), then (m,n) satisfies

l n > dl<ran7€)’
- 2e2

The proof of Theorem 4.22 is deferred to appendix C.6.2.

dl(Fa n, 6)

S (4.24)

m > and mn >

)
52

Comparison with results of Baraud

In [65], the minimax sample complexity of goodness-of-fit testing for ¢, bodies is given.
According to [65, Section 4.1] and [65, Section 4.2], for fixed positive n and ¢, bodies I" defined
in eq. (4.4), if we let
d
d = argmax {\/—_ Aaj - d12/p} :

d n

then the goodness-of-fit testing can be done if and only if £2 > ¥d Hence the goodness-of-fit

n
testing region at scale € satisfies
d(T',n,e)

n 2 >

where d(I',n, ) is given by

d(I';n,e) = max {d ; (ad)pnz%2 > 82} .
We notice that this form of d(I', n, ) is similar to the form d,(I',n, ) and d;(I", n, ) defined
in eq. (4.17) and eq. (4.23).
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Generalization to Infinite Dimensional Sets

In this section, we generalize Theorem 4.21 and Theorem 4.22 to infinite dimensional ¢,
bodies. For a given positive non-increasing sequence a; > as > - -+ > a,, we consider set

I = {o: (100 - i‘a;p'p < 1}. (4.25)

To guarantee the compactness of the set I', we assume that lim; ,,, a; = 0. To begin with, we
recall the definition of the coordinate-wise Kolmogorov dimension in Theorem 4.2. For this
set, we can easily check that

D.(T,e) =min{D >1:ap <¢e}. (4.26)

Then we can characterize the feasible region of likelihood-free hypothesis testing in the
following theorems:

Theorem 4.23 (Upper Bounds for Infinite Dimensional Sets). For set I' in the form eq. (4.25),
we let the Kolmogorov dimension of T' at scale € to be D(I',e). We further define

_ (g e/9
dy(T',n, &) = max {d s (ag)Pnz > 5761oa (4D (T 2/3)/3) } :

Then if (m,n) satisfies

32 321/da (T, 1, 512d, (T, n,
{(m,n): m>—, n> (2 n.¢) and mnz—(4 na)},
£ €

then if we adopt the testing scheme v defined in section 4.4.2 with D = D.(T",e/3), then 1
satisfies eq. (4.10).

Theorem 4.24 (Lower Bounds for Infinite Dimensional Sets). For given I', we define
d;(I',n,e) = max {d : (ad)pn¥ > 19282} :
Then any (m,n) such that there exists a test 1 which satisfies eq. (4.10) must satisfy

l 0> dl(F,n,E)7 dl(F,n,e)'
- 2e2 96e4

The proof of Theorem 4.23 and Theorem 4.24 are deferred to appendix C.6.3.

m > and mn >

g2’

Examples

We revisit the set defined in eq. (4.4). In this section, we will calculate the feasible region of
likelihood-free hypothesis testing for set I', which is summarized in the following proposition.
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Proposition 4.25. The feasible region of (m,n) of likelihood-free hypothesis testing for set I’
defined in eq. (4.4) contains the following set:

3
2

{(m,n): m>e 2 nZg_%log2/5(1/5), m-n 25_610g(1/5)},

and is contained by the following set:
—92 _12 3 —6
{(m,n): m > e ,nZe 5,m.n225 }’
where we use 2 to hide universal constant factors.

The proof of Theorem 4.25 directly follows from Theorem 4.23 and Theorem 4.24 after
noticing that D(I',e) = 1/ and

log(1/e 1
dﬂF,n,a)§%§—é£, and d;(I',n,e) 2 NGRS

Note that this proposition also provide a hard case where the conditions of likelihood-free
hypothesis testing region do not hold in [15, Open Problem 4].
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Part 11

Sequential Prediction and Regression
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Chapter 5

On the Minimax Regret of Sequential
Probability Assignment via Square-Root
Entropy

This chapter is based on the paper “On the Minimax Regret of Sequential Probability
Assignment via Square-Root Entropy” by Zeyu Jia, Yury Polyanskiy, and Alexander
Rakhlin, published published at the Conference on Learning Theory (COLT) 2025.

5.1 Introduction

We consider the problem of sequential probability assignment under logarithmic loss. This
framework has been studied extensively over the decades in fields such as information the-
ory—where it relates to sequence compression—in gambling and sequential investment—where
it is linked to wealth growth—and in online learning [4]. In its more recent incarnation,
next-token prediction has emerged as a central challenge in training large language models,
where the goal is to minimize the logarithmic loss (commonly referred to as cross-entropy
loss) on nearly all available data.

Let us now describe the formal setup. On each round ¢t = 1,...,n, the forecaster chooses
a distribution p; over the finite alphabet ), observes y; € ), and incurs a loss of — log p;(y:).
Over the n rounds, the cumulative cost is >, ; —logpi(y;). Since the distribution p; is

chosen based on the previous outcomes y1,...,y;_1, we associate p; with a conditional
distribution p(-|yi, ..., y—1) and write the cumulative loss succinctly as —log p(y), where p
is the corresponding joint distribution over sequences y = (y1, ..., Yn)-

The cumulative loss of the forecaster can be compared to that of the best “expert” in a
class @ C A(Y™), each identified with a joint probability distribution q € Q. The forecaster
aims to minimize regret

- - RS a(y)
—log py(y:) — inf —log ¢ (ye|y1, - .., yn_1) = suplog (,\—) (5.1
2~ losln) = ol )~ los il )= supioe {5 >
for any sequence y,...,y,. As such, the problem falls under the umbrella of worst-case

prediction (also known as individual sequence prediction).
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In the more general problem of prediction with side information (or, contextual prediction),
the forecaster observes additional covariates x; € X prior to making the probabilistic forecast
e € A(Y) on round ¢. In this case, the regret expression becomes

n

—log pu(ys) — inf 3 —1 5.2
> —logpi(y) éggtzl og i (yelx:) (5.2)

t=1

and q = (q1, - .., ¢,) is a sequence of conditional distributions ¢, : X — A(}Y). Of course, if
= (y1,...,y-1) and X = Y*, the problem reduces to the non-contextual version in (5.1).
The intrinsic difficulty of the prediction problem in the non-contextual case is

. a(y)
R,.(Q):= inf sup suplo (A—), 5.3
(= el 1R 25 () )

a quantity referred to as the worst-case redundancy, or minimax regret. A similar notion can
be defined for the contextual version of the problem, when (z1, ..., z,) also form an individual
(i.e. arbitrary) sequence; however, for brevity, we defer this definition to section 5.3.

The goal of this paper is to analyze the behavior of R, (Q), for both contextual and
non-contextual cases, in terms of geometric concepts—such as covering numbers (or entropy)
and scale-sensitive dimensions—analogous to how sample complexity is quantified in statistical
learning through the complexity measures of the function class. This objective is not new;
over the past several decades, numerous seminal ideas have been developed to address this
question [16, 97-102|, and more recently in |17, 18|, among many others.

In particular, the classical result of [99] states that in the non-contextual case, R, (Q) has
the following closed form:

Rn(Q) =log Y supq(y), (5.4)

yeyn 9€Q

and the optimal strategy in eq. (5.3) is attained by the Shtarkov distribution p*(y) o
SUPgeo d(Y), also known as the normalized maximum likelihood. While (5.4) is more succinct
than (5.3), it is still not amenable to analysis with standard tools, except for special cases [4].

5.1.1 Towards a General Result

To the best of our knowledge, the first analysis of minimax regret for non-parametric
(but iid) class @ was proposed in [103], who presented an upper bound involving a Dud-
ley integral. This work was extended to a general Q in [16], who observed that, ow-
ing to the equalizing property of the optimal strategy p*, the Shtarkov sum (5.4) can

a(y)
p*(y)
expected supremum of a subgaussian process indexed by the collection Q, much in the

spirit of the empirical process theory approach in statistics and learning theory [104]. No-
tably, the process was shown to be subgaussian with respect to a pseudometric d(f, g) =

(S maxy,, (log f(ly1i—1) — log g(yelyre—1))%)"?, where yie == (y1,...,5). [16] subse-
quently developed a Dudley-integral-style bound for the Shtarkov sum; however, the induced

be expressed as R,(Q) = Ey. p- [Supqeglog ] and further upper bounded by the
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covering numbers are difficult to control due to the unbounded nature of the logarithm
for small values, ultimately leading to generally suboptimal upper bounds on R, (Q) as a
consequence of clipping probabilities away from 0. Remarkably, retaining the logarithm in the
definition of the pseudometric yielded an interesting consequence: the main upper bound in
[16, Theorem 3| assumes a form typical of bounds obtained via localized or offset Rademacher
complexities, as encountered in square loss regression [104-106].

Several subsequent attempts have been made to derive tighter upper bounds on minimax
regret, with the focus shifting toward the contextual case. In an effort to obtain, as an
upper bound on minimax regret, a stochastic process that is subgaussian with respect to
a pseudometric on the wvalues of the distributions ¢, rather than on their logarithms, [17]
employed a first-order expansion of the logarithmic loss. This approach upper bounded the
minimax regret by a version of sequential offset Rademacher complexity. Unfortunately,
despite their efforts to tame the explosive nature of the derivatives, the authors were unable
to derive upper bounds on the offset process that were independent of the clipping range,
even in the finite case [17, Lemma 2.

The important work of [18] leveraged the self-concordance properties of the logarithm to
upper bound the minimax value in the contextual case by an offset-like process that offered
clear advantages over earlier approaches. In particular, for a finite collection, the resulting
process could be controlled without resorting to clipping. However, the process did not exhibit
a subgaussian nature, which prevented the authors from employing chaining arguments. This
issue arises from the presence of linear terms of the form ¢;(y;)/p:(y:), which are small in
expectation over y; ~ p; (thus permitting single-scale discretization) but become uncontrolled
when the ratio is squared.

The Hellinger distance has long been recognized as a convenient metric on the space of
distributions [56, 57, 104, 107, 108]. In particular, as an ¢;-distance between the square roots
of distributions, it offers the possibility of combining the benefits of offset-based analysis with
those of multi-scale chaining. This is the approach we adopt in this paper. Specifically, we

employ an approximation logz < ((z) — m - ((z)?, which holds over an appropriate

range of x, and where ((z) behaves as 2(y/z — 1) for z < 1. Applied, roughly speaking, to
x = q(y:)/pe(ye), this inequality allows us to leverage symmetrization and chaining techniques
while also capitalizing on the fast rates provided by the offset sequential Rademacher process.
Our approach, therefore, appears to resolve the technical issues encountered by the various
techniques, starting with [16], at least in the so-called Donsker regime (with respect to our
entropy definition), where chaining provides an advantage.

To demonstrate the sharpness of our results—again, in the Donsker regime—for the
contextual version of the problem, we develop new lower bound techniques that build upon
[109, Lemma 10|. In particular, we introduce a novel sequential scale-sensitive dimension,
prove a combinatorial result that controls the size of the sequential cover in terms of this
dimension, and employ this new notion to derive nearly matching lower bounds for any Q (in
the contextual case). This approach significantly strengthens the earlier work, which only
guaranteed lower bounds for a modified function class. Our techniques will be presented in
full detail in the companion paper [110)].

We now summarize our contributions.
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5.1.2 Summary of Main Results

We study minimax regret in both non-contextual (section 5.2) and contextual (section 5.3) set-
tings. Our results below are stated with respect to sequential square-root entropy, Hsq(Q, o, n),
defined formally in section 5.1.3.

An upper bound on minimax regret for the non-contextual case: For any class of
distributions @ C A(Y"), with sequential square-root entropy Heq(Q, a,n) at scale «, the
minimax regret (5.3) (and, hence, the Shtarkov sum (5.4)) has the following upper bound:

Y
RUQ S 1+ int {10V BT+ Vi [ \fHa(@ anld+ Ha( Q)

where we use < to hide constants and log(n|)|) factors.

Tight characterization of contextual sequential probability assignment: Focusing
on the binary alphabets for simplicity, we provide both an upper bound and a lower bound
for the minimax regret, defined below in (5.12) and again denoted here as R, (Q) . The
following upper bound holds in terms of sequential square-root entropy:

N
R.(Q) S 1 +7i%£0 {n5+ \/5/6 \/ Hsa(Q, a,n)dor +"qu(Q7%n)} :

According to this upper bound, for any nonparametric function class Q which satisfies
Heq(Q, a,n) = O (a~P), the minimax regret is upper bounded as
O (nwtz if0<p<2,

7zn Q = ~ p—1 5.5
(D=16 (n itp>2. (5:5)

In addition, we establish a lower bound demonstrating the tightness of (5.5) for 0 <
p < 2. Hence, for nonparametric classes with parameter p < 2, our results offer a tight
characterization of the minimax regret in terms of the sequential square-root entropy. Our
upper bound further yields an O (v/n) bound for the Hilbert ball problem, thereby answering
a question posed in [17].

Our contributions are also technical. The proof of the upper bound introduces a novel
approach to analyzing the expectation of the offset Rademacher process, enabling us to handle
cases with unbounded coefficients. We adopt a chaining argument alongside the analysis
of offset Rademacher processes in our proof. On the lower bound side, as mentioned, our
techniques involve a new definition of a scale-sensitive dimension and a novel argument for
lower-bounding the sequential offset Rademacher complexity that is applicable beyond this
paper.

Overall, our results largely resolve the open problem stated in [17] by tightly characterizing
the minimax regret of contextual probability assignment for any class of conditional probability
distributions in terms of entropic quantities, at least in the Donsker regime (according to the
our definition of entropy).
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5.1.3 Notation

Given q € A(Y"), we write ¢;(y: | ¥) = ¢(y¢ | y14—1) to denote the conditional probability
for any length-n sequence y = (y1, - ,yn) € Y". A {0,1}-path w of depth n is a tuple
(wy,...,wy,) € {0,1}". For any set X, a depth-n X-valued binary tree (or, simply, ‘a tree’)
x has 2™ — 1 nodes, where each node takes value in X. Formally, x = (z1,...,x,) with
z; : {0,1}1 — X. We write z;(w) = z;(wy.;_;) for brevity. For a depth-n X-valued tree x
and function f: X — [0, 1], we use f ox to denote the depth-n [0, 1]-valued tree whose value
at depth ¢ on path w equals to f(x;(w)). We write Fox ={fox: f € F}.

Additionally, we use the following asymptotic notation: for positive sequence {a,} and
{bn} (or functions f(«),g(a): (0,1) = Ry, we use a,, = O(b,) (or f(a) = O(g(a))) if there
exists a positive constant ¢ such that a, < c¢-b, for any n (or f(a) < ¢ g(a) for any «),
and we use a, = O(b,) if there exists a positive constant ¢ and positive integer r such that
a, < c-(logn)" - b, (or f(a) < c¢- (log(1/a))" - g(a) ). We use notation a,, = €(b,) (or
f(a) = Q(g()) if and only if b, = O(ay) (or g(a) = O(f(a)), and Q is defined similarly.
The notation a, = O(b,) (or f(a) = ©(g(w))) is used if and only if both a, = O(b,) and
an = Q(b,) hold (or both f(a) = O(g(a)) and f(a) = Q(g(a)) hold). The notation © is
defined similarly.

5.1.4 Organization

In section 5.2, we present our results in upper bounding the Shtarkov sum using sequential
square-root entropy. In section 5.3, we revisit the problem of contextual sequential probability
assignment, and provide upper and lower bounds for the minimax regret in terms of sequential
square-root entropy. Finally, in section 5.4 we provide a proof sketch of our main result,
Theorem 5.2. All the technical proofs are deferred to the appendix.

5.2 Upper Bound for Shtarkov Sum through Sequential
Square-Root Covering

In this section, we upper bound the minimax regret eq. (5.3) or Shtarkov sum eq. (5.4) in
terms of the /., sequential square-root covering defined as follows.

Definition 5.1 (sequential square-root cover and entropy). Let ) be a finite alphabet. For a
class of joint distributions Q over V", we say that a finite class V of joint distributions over
V™ is a sequential square-root cover (in the U, sense) of Q at scale « if

S ax min max ma — < a. 5.6
qlelgvrvréﬁrgel]r}géﬁr&;c‘\/qt(yl‘?v) \/vt(y|W)‘_Oé (5.6)

We use Ngo(Q, a, n) to denote the size of the smallest cover of class Q, and we use Heq(Q, at,n) =
log N (Q, v, m) to denote the sequential square-root entropy of Q.

In words, the requirement placed on V is that for any joint distribution q € Q and any
sequence w € V", there exists a “representative” joint distribution v in V that is close to q in
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terms of the difference of square roots of the conditional probabilities q and v assign to any
outcome y, uniformly for all time steps.

In this definition, ¢, refers to the maximum over ¢ € [n], which is consistent with
prior uses of such sequential and empirical notions of a cover. We also remark that

max,cy ‘\/ a(y | w) — ui(y | w)’ is within /|| of the Hellinger distance between these
two conditional distributions (which is the ¢, version with respect to the y € V). If scaling

with || is not of interest, we can instead think of the sequential square-root cover as a
sequential Hellinger cover.

Theorem 5.2. For any n > 7 and class Q@ C A(Y™), we have

~ 2l
Ro(Q) =0 (1+ int {noV/T+ VAl [ /M @i+ Ha( Q7m0 }).

where O hides constants and logarithmic factors of n and |V

The proof of Theorem 5.2 is deferred to appendix D.2, and we provide a sketch of the
proof in section 5.4. The theorem immediately implies an upper bound on R, (Q) whenever
the sequential square-root entropy scales with a=?, as shown in the following corollary.

Corollary 5.3. When Heq(Q, a,n) = O (aP) for some p > 0, it holds that

O (n#* ifp <2,
Rn(Q) = ~ p=1 .

@ P if p> 2.
5.2.1 Comparison with Previous Results

We compare our results with [4, 16], which also provide an upper bound on the minimax
regret using entropy. Taking

n 1/2
d(f,9) = <% Zrillix(log fWelyr4-1) — log g(:gt’yl:tl))Q) , (5.7)

t=1

as the (pseudo)metric, the authors define a notion of entropy Hiog(Q, @, n) as the logarithm
of the size of the smallest covering at scale o under d. [16] establish that

R.(Q) £ inf {ﬁ /0 Lty (Fo e n)de + Hiog(F, . n)} . (5.8)

The form of the bound appears frequently in the literature on prediction with square loss,
in both fixed design regression and online regression. Writing the definition of the above
covering notion in the form of (5.6), we have

S i ax max max |lo —lo < a. 5.9
qgg%%ﬁ%?eﬁ" gq(y | w) —logu(y | w)| < o (5.9)
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with the only difference that we opted for max;¢p, instead of the £, version employed above.
Modulo this difference, the requirement (5.9) is clearly more stringent than (5.6) as the
representative v has to be chosen irrespective of the data w, making the notion of the cover
similar to the (often prohibitively large) sup-norm cover. The line of work on sequential
complexities addresses this shortcoming via symmetrization, an approach we also take in
this paper. Finally, we note that sup,cy [\/p(y) — /q(y)| < sup,cy |logp(y) —log q(y)| and,
thus, we expect Hjog to be larger (and often much larger) than H,.

Note that while the sequential square-root entropy is an improvement over the entropy in
[16], there are still interesting distribution classes where it does not yield the correct bound.
For example, consider the renewal process class (definition is included in appendix D.6). It is
known from [111] that minimax regret is ©(y/n). In appendix D.6, however, we show that
the sequential square-root entropy is always lower bounded by Q(n).

5.3 Binary Contextual Sequential Probability Assignment

In this section, we connect the problem of contextual sequential probability assignment to
the non-contextual case discussed in the previous section. Application of the general bound
of Theorem 5.2 will then lead to the main results of our paper.

For simplicity of presentation, and to make our results more directly comparable to prior
work, we focus on the binary alphabet J = {0,1}. With some abuse of notation we let
Dt € [0,1] denote the probability of the outcome 1. The loss incurred on round ¢ after making
the prediction p; can thus be written as

(P, ye) == —yelogpr — (1 — ye) log(1 — py). (5.10)

Similarly, we re-parametrize conditional distributions O by instead working with a class
F of experts, mapping X to [0,1]. This re-parametrization is consistent with other prior
works. With this notation, the cumulative loss of an expert fis ", | ¢(f(z+),y:), and regret
is defined (in a form that is more explicit than (5.2)) as

Ro(F\ Proms Tons Y1m) = Y LBy ) — ]icreljfEZE(f(xt),yt). (5.11)
t=1 t=1

Recall that x; may depend arbitrarily on the history

H = {xlvplyyla e 7$t71,pt71,yt71},

and y; may depend arbitrarily on H;, z; and p;. Based on the order of making predictions
and observing outcomes, we define the minimax regret as

Ro(F)=sup inf sup ---sup inf sup R(F,Din,T1n, Yin), (5.12)
21€X P1E[01] y (0,1} wneX Pr€[0,1] y, 0,1}

or, more succinctly, as

RTL(‘F) = {Sup inf sup } R(Faﬁlznamlznyylzn)-

w€X PEO I yefory |
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Here, the curly braces indicated a repeated application of the operators.

The above expression indeed matches the aforementioned dependencies. To make the
connection to the previous section, we start with the following observation. Consider an
adversary that is not allowed to adapt the sequence of z’s to the past predictions made by the
forecaster and instead has to fix ahead of time a strategy for choosing z’s based only on the
outcomes y’s; this is equivalent to fixing an X-valued tree x = (x1,...,2,) and presenting
x¢(y14—1) to the forecaster at the beginning of round ¢. Notably, the sequence of y;’s can
still be adapted to the predictions of the forecaster. The following lemma states that such
an adversary is just as powerful as the fully-adaptive one, even if the forecaster knows the
strategy x:

Lemma 5.4. For any ¢ : Y x Y — R which is convex in its first argument, and for any
O: YY" x X" — R,

Tt Yt

{Sup lgf Sup} [Z g(z/)\tayt) - ¢(y1:nax1:n)
i t=1 [ t=1

= sup {H}f Sup} [ g(@\ta yt) - ¢<y1:n7 X1, x?(@/l)? v 7$n(y1:nfl))
1

x Proye Jymy |2

where the supremum in the last expression is over all depth-n X -valued trees x. In particular,
for ¢(Yrm, 1) = Infrer > 0 C(f(24), y:) and logarithmic loss discussed in this paper,

Rn(F) = Slj{pRn(Qx)

for the set Ox = Fox ={fox: f € F} with (f ox)(y) = [L_{Ilyr = 1] f(z:(y)) + Iy =
0](1 — f(ze(y))} for any y € {0,1}".

For the logarithmic loss, this result was proved in [112, Theorem 3.2|. The proof of
Theorem 5.4 is deferred to appendix D.3.1.

The importance of this proposition is two-fold. First, it shows a possibly counter-intuitive
property that regret is unchanged if the adversary’s x’s are not allowed to depend on the
actions of the forecaster, but only on the y’s. In other words, there exists a best possible
adversarial tree x that saturates regret for all possible strategies of the forecaster.! Second,
note that when the tree x is fixed ahead of time, the resulting problem corresponds to the
problem discussed in Theorem 5.2 with Q, = F o x.

5.3.1 Upper Bound with Sequential Square-Root Entropy

We now repeat the definition Theorem 5.1, adapting it to the case of binary alphabet and
the real-valued re-parametrization of probabilities:

!Note that the optimal learning algorithm for this x tree is not guaranteed to be optimal for the actual
problem (5.12).

62



Definition 5.5 (sequential square-root cover and entropy). Suppose V and A are two sets of
0, 1]-valued binary trees of depth n. We say V is a sequential square-root cover (in the ly
sense) of A at scale o if

max sup inf maxmax{‘\/at \/vt(y)‘ : )\/1 —a(y) — /1 - vt(y)’} < a.

y€{0,1}" ac 4 VEV t€[n]

We use Ngg(A, a,n) to denote the size of the smallest sequential square-root cover at scale .
For any set X and function class F C {f : X — [0,1]}, the sequential square-root entropy of
function class F on an X-valued tree x (of depth n) at scale o is defined as

Heq(F, a,n,x) = log Neg(F 0 x, r, ).
With the above definition of sequential square-root entropy, we have the following theorem:

Theorem 5.6. For any X and function class F € [0,1]*, we have

. v
R.(F)=0 (Sup{l—i— inf {n5+\/ﬁ/ \/'qu(}_,oz,n,x)doz+'H5q(}_,%n,x)}}) ,
x v>6>0 5

where the supremum is over all depth-n X -valued trees x.

This theorem has the following direct corollary, which provides explicit upper bounds
on the minimax regret whenever the growth of sequential square-root entropy at scale « is
bounded by O(a~?) for some p > 0.

Corollary 5.7. For any function class F C {f : X — [0, 1]}, suppose the sequential square-
root entropy Heq(F, a,m,X) at scale v satisfies supy Heq(F, a,n,x) = O (a™P) for some p > 0.
The minimaz regret R, (F) is upper bounded by

(P O (ni2 ifo<p<2,
" B O n% if p> 2.

The proofs of Theorem 5.6 and Theorem 5.7 are deferred to appendix D.3.1.

5.3.2 Comparison with Previous Upper Bounds

We compare our results to those of [17] and [18]. These two works use the sequential entropy
Hoo(F, a,n,x), defined as

Hoo(F,a,n,x) = log Noo (F 0 X, v, ), (5.13)
with No(F o x, @, n) being the size of smallest cover V' such that

max Ssupminma T -0 < .
o supminmax | (z:(y)) — w(y)] <

With proper choice of parameters, our results can recover the upper bounds in [17,
Theorem 1 and Theorem 4|. This follows from the next result relating sequential square-root
entropy and the sequential entropy defined above.
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Proposition 5.8. Suppose 6 > 0. For any F C {f: X — [§,1 =]}, a > 0, and depth-n
X -valued tree x,

Heq(F,/VE,n,%) < HooF, v, 0, X).

For nonparametric class F which satisfies sup, Hoo(F, @, n,x) < a~? for some ¢ > 0, [18,
Theorem 2| proves the following upper bound for the minimax regret:

Ru(F) =0 (nT) . (5.14)

Theorem 5.7 recovers this result for 0 < ¢ < 1, up to logarithmic factors, via the following
proposition.

Proposition 5.9. For any function class F C {f : X — [0,1]}, a > 0, and depth-n X -valued
tree x, we have

Heq(F, 20,1, %) < Hoo(F, 0% 0, x).

The proofs of Theorem 5.8 and Theorem 5.9 are deferred to appendix D.3.2.

5.3.3 Lower Bound with Sequential Square-Root Entropy

In this section, we provide lower bounds on the minimax regret R, (F) defined in eq. (5.12)
via sequential square-root entropy.

Theorem 5.10. Suppose function class F C [0,1]% satisfies

sup Heg(F, o, m,x) = Q (7)), (5.15)

where the supremum s over all depth-n X -valued trees. Then we have the following lower
bound on the minimax regret:

Ru(F) =Q (nT) .

The proof of Theorem 5.10 rests on a definition of a new type of sequential scale-sensitive
dimension of the function class F. We further relate the sequential square-root entropy and
the minimax regret to this dimension. The details are deferred to appendix D.4. Notice
that according to Theorem 5.7 and Theorem 5.10, if the sequential square-root entropy of a
function class F satisfies

sup Hsq(F, a,n,x) = O(a™P),

for some 0 < p < 2, then we have the following tight characterization of the minimax regret
up to log factors:

Ru(F) =6 (nT) .

However, when p > 2, there exists a gap between the lower bound in Theorem 5.10 and
the upper bound in Theorem 5.7. Indeed, the following result shows that the upper bound

@) (n%> is not improvable in general.
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Theorem 5.11. Suppose the function class F C {f : X — [7/16,9/16]} satisfies

sup Heq(F, a,n,x) = Q (oz_p) . (5.16)
Then we have the following lower bound on the minimax regret
Ru(F) =0 (n*) .

Additionally, for any integer p > 2, there exists a class F C {f : X — [7/16,9/16]} such that
eq. (5.16) holds.

The proof of Theorem 5.11 is deferred to appendix D.4. Comparing Theorem 5.11 and
Theorem 5.7, we see a dichotomy between the regime of 0 < p < 2 and the regime of p > 2,
where the rates of minimax regret R, (F) have different behaviors. Such a dichotomy is

analogous to the one for online regression [109] and to misspecified regression with i.i.d. data
[113].

5.3.4 Examples

In this section, we provide several examples to illustrate Theorem 5.6 and Theorem 5.7. We
consider the example of linear class (Hilbert ball class) and the class of one-dimensional
Lipschitz Functions.

Hilbert Ball Consider X = By(1) to be the infinite dimensional unit ball, and function
class F C [0, 1]* defined as

1
w for some w € Bg(l)} . (5.17)

F={1: s -
This class is generally viewed as ‘hard case’ in existing literature. [17] proposed an ad hoc
follow-the-regularized-leader (FTRL) algorithm with log-barrier regularizer, which achieves
the optimal regret (5(\/5) In terms of entropy characterizations, the same paper provided a
loose upper bound of O(n**) and [18, 114] provided an upper bound of O(n*?) using their
versions of sequential entropies. The present work is the first to define an appropriate version
of sequential entropy (and a corresponding regret bound) to derive a matching O(y/n) regret
bound.

We first truncate the function class F as follows:

Fim = {f:f(x)z%for somewGBQ(l—l/n)}. (5.18)

The following lemma indicates that minimax regret of F, is similar to that of F.

Lemma 5.12. For F and Fi, defined in eq. (5.17) and eq. (5.18), the minimax regret
satisfies
Ro(F) < Ru(Fijn) + 2.
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The proof of Theorem 5.12 is deferred to appendix D.5. Equipped with this lemma, we
only need to bound the sequential square-root entropy of function class F .

Proposition 5.13. It holds that

1
Supqu(Fl/n705>n>X) =0 ( e . log <g)) '

a2

The proof of Theorem 5.13 is deferred to appendix D.5. As a consequence, in view of
Theorem 5.7, we conclude:

Corollary 5.14. The minimaz regret R,,(F) of Hilbert ball class F satisfies

Ru(F) = O (V).

One-Dimensional Lipschitz Function Class We consider the example of one-dimensional
Lipschitz function class, which has been studied in [18, 114, 115], among others. In this case,
the context set is X = [0, 1], and the function class F is defined to be

F={f:[0,1] = [0,1], f is 1-Lipschitz}. (5.19)

In [18], the minimax regret is shown to be upper bounded by O(y/n), which matches the
lower bound. We now recover this rate using sequential square-root entropy. According
to Theorem 5.9, the characterization sup, Hoo(F,a,n,x) = O(a™!) for one-dimensional
Lipschitz function class in [18, Theorem 3| directly indicates that for square-root entropy,

sup Hsq(F, o, n,x) = O (a7?).
Similarly to the Hilbert ball example, we conclude:
Corollary 5.15. For X = [0,1] and Lipschitz function class F defined in eq. (5.19),

Ru(F) = O(Vn).

5.4 Proof Sketch of Theorem 5.2

In this section, we sketch the proof of Theorem 5.2. The detailed proof is deferred to
appendix D.2. We break up the proof into the following key steps:

Transform minimax regret into the dual form. Our first step of analyzing the
minimax regret R, (Q) is to transform it into the dual form |17, 18]:

Rn(Q) = supEy pR,(Q,p,¥), where R,(Q,p,y) := suplog (M) :
P acQ pP(y)

where the first supremum is over all joint distributions p € A(Y™). In the following, we upper
bound Ey. ,R,.(Q,p,y) for any p.
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Truncating the distributions. = We first show that by truncating the distribution p and
every q € Q so that all conditional probabilities p;(y; | w) and ¢;(y; | w) take values in the
interval [0, 1 — ¢], for an appropriate d, we pay an additional constant factor in regret.

Construct offset Rademacher processes. After truncation, we proceed to introduce
the offset Rademacher processes through a symmetrization argument. To do this, we define
¢ : (0,00) — R satisfying the following three properties: for some appropriately chosen
positive number c,

(i) Transformation of logarithm: logz < ((z) — ¢ ((z)? for any 6 < x < 1/, where
J is the truncation scale. This property is inspired by the transformation in [18].

(i) Nonnegativity of divergence: E,.,{—C(f(y)/p(y)) —c-C(f(y)/p(y))*} > 0 for
any f,p € A(Y). This property is inspired by the proof of [16] where nonnegativity of
KL was used. Here we ensure that —((x) — ¢ - {(z)? is convex with respect to z and
takes on the value 0 at x = 1, inducing an f-divergence.

(iii) Lipschitz property: for any p,q € [0,00), [((p) — ((9)] < 2|\/p — +/4l-

The explicit form of { with these three conditions is given in appendix D.2.1. As a consequence,
we obtain the following inequality after a sequential symmetrization argument:

]EprRn(Qa Pa}’) =Ew~p SUPZ (log C]t(wt | W) - 10gpt(wt | W))]

[a€Q =

e[ (1) < (2 )

L E :Tégé(—et)c (%) _C.C@EZ—wﬂ, 5.20)

where ¢; are Rademacher random variables, i.e. 1., B Unif{—1,1}, and y = (y1.n),2 =

(z1.), W = (21.,) have a specific coupling: y;, z BV pe(- | wig—1), and wy =y, if e, =1 or
wy = z if e, = —1. The scheme that w; chooses y; or z; based on the value of ¢, is a variant
of the “selectors” approach of [116].

Analysis through chaining technique Finally, to upper bound the right hand side of
eq. (5.20), we adopt the chaining technique [17, 109, 117, 118]. We sketch the beginning of the
argument. The first term (and, analogously, the second term) in (5.20) can be decomposed
through a chain of N approximating representatives as

ap e o (L) - () || 52
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where v[q, p, w,y, «;] is an element of an a;-cover V() of Q. The three terms in the above
decomposition give rise to the corresponding three terms in the bound of Theorem 5.2: the
approximation at the finest scale (term 1), the Dudley-style term (term 2), and the finite
cover at the coarsest scale (term 3).

We will use Cauchy-Schwarz inequality to bound the first term. The second term is a form
of sequential Rademacher process. The third term is an offset sequential Rademacher process.
However, the key difficulty in dealing with the second and third terms is that the coefficients
of the Rademacher random variables are not uniformly bounded by a constant, and directly
applying prior techniques does not provide the desired upper bounds. To overcome this issue,
we establish upper bounds on offset and non-offset sequential Rademacher processes with
unbounded coefficients (Theorem D.1, Theorem D.2), heavily relying on the properties of the
function (. Since the latter has ,/p;-type terms in the denominator in the relevant range of
behavior, the squared increments of the process, under the expectation over p;, are controlled.
The formal proofs are deferred to the appendix.
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Chapter 6

A Gapped Scale-Sensitive Dimension and
Lower Bounds for Offset Rademacher
Complexity

This chapter is based on the paper “A Gapped Scale-Sensitive Dimension and Lower
Bounds for Offset Rademacher Complexity” by Zeyu Jia, Yury Polyanskiy, and Alexander
Rakhlin.

6.1 Introduction

The celebrated Vapnik-Chervonenkis dimension vc(F) of a binary-valued function class F and
the scale-sensitive dimension vc(F, «) of a real-valued function class F are central notions in
the study of empirical processes and convergence of statistical learning methods [19, 119, 120].
Sequential analogues of these notions—the Littlestone dimension Idim(F) and the sequential
scale-sensitive dimension fat(F, a)—have been shown to play an analogously central role in
the study of uniform martingale laws and online prediction [3, 20, 121].

In this paper, we study “gapped” versions of vc(F, «) and fat(F, a). The modification
yields a dimension that is no larger than the original one, yet can still be shown to control
covering numbers in both sequential and non-sequential cases. More importantly, the new
notion gives us a more precise control on the functions involved in “shattering” and thus yields
non-vacuous lower bounds for offset Rademacher complexities for any uniformly bounded
class—both in the classical and sequential cases—and, as a consequence, tighter lower bounds
for online prediction problems, such as online regression or transductive learning. Our
definition in the non-sequential case can also be seen as a modification of the Natarajan
dimension [122, 123], and was, in fact, introduced in [21].

We first motivate the development in this paper on the simpler case of non-sequential
data. We start by recalling the definition of the Vapnik-Chervonenkis dimension and its
scale-sensitive version. Given a class F C {f : X — {—1,1}} of binary-valued functions on
some set X', consider the projection Fl,, . ., = {(f(x1),..., f(zq)) : f € F} onto d elements
x1,...,2q € X. The VC-dimension vc(F) is the largest d such that there exist {x1,..., 24}
with Flsy ..z, = {—1,1}¢. For a real-valued class F C {f : X — [—1,1]} and a scale a > 0,
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the scale-sensitive dimension vc(F, «) is defined to be the largest d such that there exist
T1,...,74 € X and s € [—1, 1]¢ with the following property: for any € € {—1,1}¢ there exists
fe € F with g;(f¢(x;) —s;) > a/2 for all i € {1,...,d}. We say that F shatters z1,...,x, at
scale « if the aforementioned property holds. Shattering can also be visualized as a property
that F|,, ., “contains” a cube s+ (a/2){—1,+1}% at scale a with a center at s, in the sense
that for each direction g, there is a function f® € F whose projection onto the data lies in
the quadrant outside the vertex s + (a/2)e.

Note that the definition of shattering does not tell us whether f¢ is close to the corre-
sponding vertex, i.e.

fo(x;) =~ s; +&i0/2 (6.1)

for every i € {1,...,d}. We can see that such a requirement (in the non-sequential case
described here) can be satisfied under the assumption of convexity of F. Unfortunately, for
the sequential case described in section 6.3, the nature of the restriction that (6.1) imposes
on F is less clear.

We finish this introductory section by motivating the utility of the additional requirement
(6.1). Once again, we only discuss the non-sequential case here. Consider the following lower
bound on Rademacher averages of a class F in terms of vc(F, a):

d d
E. supZeif(xi) > E. Zsl-(fs(a:i) —8;) > na/2 (6.2)

FeFia i=1
where d = vc(F,a) and {xy,...,24} is a set whose existence is guaranteed by the definition.

Here the expectation is with respect to independent Rademacher random variables ¢; (taking
values 1 with equal probability). The lower bound argument can be extended to d > vc(F, «)
by considering repeated blocks of points and appealing to Khintchine’s inequality. Such an
argument leads to lower bounds of order Q(ay/vc(F, a)n), implying that the scale-sensitive
dimension is an inherent barrier for Rademacher averages to be small, and, as a consequence,
a barrier for certain learning problems. Indeed, the notion of Radmacher averages in (6.2) is
known to be a key object in the study of prediction with i.id. data and “non-curved” losses. On
the other hand, for loss functions such as square loss, it is the offset Rademacher averages—or
closely related local Rademacher averages [124]—that in many situations correctly quantify
the rates of convergence. The (non-sequential) offset Rademacher averages are defined as:!

E. sup Z&'f(%’) —c- f(z)2 (6.3)

feF-F

Unfortunately, the lack of control on the magnitudes of departures of f*(x;) from s; + a/2
prevents us from obtaining sufficiently strong lower bounds when considering a shattered set,
as the negative term in (6.3) may render the lower bound vacuous. This question motivates
the study of gapped scale-sensitive dimensions, as presented in the next sections for both the
non-sequential and sequential cases.

'We replaced F with F — F to simplify the centering issues.
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We briefly mention that a number of other versions of combinatorial dimensions have
been proposed over the last few decades (see [125-127] and references therein). To the best
of our knowledge, these notions are different from those proposed in the present paper, and
do not immediately imply the lower bounds we seek.

Organization We start the technical part of the paper with the non-sequential version of
the gapped dimension in section 6.2. We first introduce the gapped dimension for integer-
valued classes in section 6.2.1 and state a version of the Sauer-Shelah-Vapnik-Chervonenkis
lemma for this combinatorial definition due to [21],? yielding control of covering numbers.
We then extend the definition to the real-valued case in section 6.2.2 and prove that this
scale-sensitive dimension controls covering numbers, similarly to the development in [128] for
the standard definition. We then prove that offset Rademacher averages for any uniformly
bounded class are lower bounded according to the behavior of the gapped scale-sensitive
dimension of this class (section 6.2.4), and present the ensuing lower bound for the problem
of online transductive regression. section 6.3 mirrors the development in section 6.2 for the
sequential case, with an application to online regression.

Notation We denote x1.4 = {z1,...,24} and [M] = {1,..., M} for integer M > 1.For
functions A(a,n) and B(a,n), we use A(a,n) = Q(B(a,n)) or Bla,n) = O(A(a,n))
to denote A(a,n) > ¢ B(a,n) for any o« > 0 and positive integer n, with some fixed
positive constant c¢. We use A(a,n) = Q(B(a,n)) or B(a,n) = O(A(a,n)) to denote
A(a,n) > ¢- B(a,n)/log"(n/a) holds for any a > 0 and positive integer n, with some fixed
positive constants ¢, 7.

6.2 Non-Sequential Gapped Dimensions

6.2.1 Integer-Valued Functions

Suppose M is a positive integer. Let ¢ : [M] x [M] — R U{0} be a distance metric. Consider
the following combinatorial parameter [21]:

Definition 6.1 ((Non-Sequential) Gapped Dimension). Let F C {f : X — [M]} be a
function class and fix « > 0. We sat that F shatters the set {xy,..., 24} C X at scale « if
there exists s = (s1[—1], s1[1]), s2 = (s2[—1], s2[1]), ..., 54 = (sa[—1], sa[l]) € [M] x [M] with
the following properties:

1. For any t € [d], ¢(s;[1], s¢[—1]) > a;
2. For any e € {—1,1}4, there exists f¢ € F such that f¢(x;) = s|g¢] for any t € [d].

We define the (non-sequential) gapped scale-sensitive dimension d (F,c«) (or d(F,«) when
¢ is clear from context) of F as the largest d such that there exists {x1,...,xzq} which is

shattered by F.

2 After this paper was completed, we were informed by Peter Bartlett that the definition of the “gapped”
dimension and Lemma 6.3 are contained in [21].
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The gapped dimension in Theorem 6.1 was introduced in [21]. The definition is similar
to that of the Natarajan dimension [122, 123] for multi-class learning, with the important
difference that the two “labels” (denoted by the choice s;[1] and s;[—1]) are a-separated
(hence the name gapped dimension); unlike multi-class problems where the the labels are
treated as a categorical variable, in our case they are ordinal.

We now recall the standard definition of a covering number, which we state here with
respect to the distance ¢ on each coordinate.

Definition 6.2 ((Non-Sequential) Covering Number for Integer-Valued Functions). Fiz
T1,...,xy, € X. We say that the set V = {v = (vy,...,v,) € [M]"}, is a (non-sequential)
cover of F on x1., at scale o if for any function f € F, there exists v €V such that

max ¢(f(x;),v) < a.
te(n]

We use N, oo (F, T1m, ) (07 Noo(F, Z1n, @) when ¢ is clear from context) to denote the size
of the smallest non-sequential cover of F on 1., at scale c.

The following lemma upper bounds the covering number of a integer-valued class by the
gapped dimension.

Lemma 6.3 (|21]). Let F C {f : X — [M]} and {z1,...,2,} C X. Then we have
log N (F, 21, @) < 16d(F, ) log*(enM)

The proof of Theorem 6.3 is deferred to appendix E.1.1. This result is similar to that
of [128], which provides an upper bound on the covering number in terms of the (original)
scale-sensitive dimension. Since the gapped dimension can be smaller than the original
definition, Theorem 6.3 is an improvement over the corresponding result in [128].

6.2.2 Real-Valued Functions

We now turn our attention to the case of real-valued function classes. Let ¢ : [—1,1]x[—1,1] —
R, U {0} be a distance metric; for example, we may choose ¢(a,b) = |a — b|. We define the
following notion of non-sequential gapped scale-sensitive dimension:

Definition 6.4 ((Non-Sequential) Gapped Scale-Sensitive Dimension). Let F C {f: X —
[—1,1]} and fiz o, B > 0. We say that F shatters {z1,...,xq4} € X at scale («, 5) if there
exist s1 = (s1]—1], s1[1]), s2 = (s2[—1], s2[1]), - . ., 84 = (sa[—1], s4[1]) € [-1,1] x [—1, 1] with
the following properties:

1. For any t € [d], ¢(s¢[1], s¢e[—1]) > a;
2. For any e € {—1,1}%, there exists f¢ € F such that c¢(f¢(zy), s¢[es]) < B for any t € [d].

We define the (non-sequential) gapped scale-sensitive dimension d(F,a, ) of F as the largest
d such that there exist x1.q € X shattered by F at scale («, 3).
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To illustrate the geometric requirement of the gapped scale-sensitive dimension, we refer
to fig. 6.1. The standard definition of scale-sensitive dimension asks for a cube of side length «
to be inscribed in the set, where “inscribed” means that there is an element of the set F|;, . .,
in any of the 2¢ quadrants, for each vertex of the hypercube (formally, for any € € {—1,1}4
there exists f¢ € F with &;(f¢(x;) —s;) > «/2 for all ¢ € {1,...,d}). In contrast, the gapped
scale-sensitive dimension asks for a hypercube of side-length at least o to be inscribed in the
set, where “inscribed” means that each of the 27 vertices are 3-close coordinate-wise to some
element of F|,, . ., While it is immediate that d(F, «, 5) < ve(F,a — 20) for f < /2, we
show that this gap cannot be too large. We prove this fact by first establishing a relation
between covering numbers and the gapped dimension.

Figure 6.1: Grey area depicts a set F|;, ., The hypercube on the left is “inscribed” in the
classical sense, while the hyperrectangle on the right is “inscribed” according to the proposed
definition.

Definition 6.5 ((Non-Sequential) Covering Number for Real-Valued Functions). We say
that a set V C [—=1,1]" is a cover of F on {x1,...,x,} T X at scale « if for any function
f € F, there exists v = (vq,...,v,) €V such that

max ¢(f(z:), v) < a.

te(n]
We use N, oo (F, T1m, @) (0r Noo(F, Z1m, @) when ¢ is clear from conteat) to denote the size
of smallest sequential cover of F on x1., at scale «.

Proposition 6.6. For o, 8 > 0, suppose there exists a positive integer M and M real numbers
—1<u <uy <...<upy <1 such that for any u € [—1,1], there exists some i € [M] such
that c(u,w;) < B. Then for any function class F C {f : X — [-1,1]} and {x1,...,2,} C X,

log N (F, T, + ) < 16d(F, a, B) log?(enM).
When ¢(a,b) = |a — b|, a feasible value of M is |2/, which implies that

log Noo (F, 21, @ + B) < 16d(F, v, ) log? (2%) |

A version of this result already appears as Lemma 4.3 in [21], and we present the proof
in appendix E.1.2 for completeness. We remark that the logarithmic dependence on n is
unavoidable. The question of reducing the power from 2 to 1 (with the classical definition
of scale-sensitive dimension) has been studied in [129]; we did not attempt to answer this
question for the gapped dimension.
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6.2.3 Comparison to Scale-Sensitive Dimension

In this section, we compare the classic scale-sensitive dimension for real-valued function class
and the non-sequential scale-sensitive dimension defined in Theorem 6.4. We first recall the
definition of the scale-sensitive dimension [19, 120].

Definition 6.7. Given a function class F C {f : X — [-1,1]}, we say that F shatters
{z1,...,24} T X at scale o > 0 if there exists witnesses sy, ...,sq € [—1,1] such that for any
€ = (c1.4) € {—1,1}%, there exists f¢ € F such that for all t € [n], & - (f¢(x;) — s¢) > /2.
The scale-sensitive dimension vc(F, ) is defined to be the largest d such that there exists
{z1,...,24} C X shattered by F at scale .

We have the following relations between the non-sequential scale-sensitive dimension
vc(F, a) and the gapped dimension d(F, ) with ¢(a,b) = |a — b|.

Proposition 6.8. Given a function class F C {X — [—1,1]}, for any 0 < 20 < «, we have
d(Fa Oé,ﬁ) < VC(f7O[ - 2ﬁ>
Proposition 6.9. Given a function class F C {X — [—1,1]}, for any o, 5 > 0, we have

384d(F, o, 5))
— )

Furthermore, if F is convex, then for any o, f > 0 with 20 < «,

ve(F,3(a+ B)) < 288d(F,a, B) - log? (

ve(F, ) < d(F,a, ).

The proofs of Theorem 6.8 and Theorem 6.9 are almost identical to the proof of |21,
Theorem 4.2] and [21, Theorem 4.3]. We defer both proofs to appendix E.1.3. We remark
that Theorem 6.9 is proved using Theorem 6.6. We are not aware of a direct proof of
Theorem 6.9, which would, of course, allow us to re-use existing estimates of covering numbers
via non-gapped dimensions.

There is an extra squared logarithmic factor in Theorem 6.9 compared to Theorem 6.8.
The following proposition indicates that at least one logarithmic factor in Theorem 6.9 is
necessary.

Proposition 6.10. There exists a class of contexts X, and a class of functions F, such that
for any 0 < 283 < a < 1, we have

d(F,0,8) =1, and ve(F,a) > {1% (é)J

The proof of Theorem 6.10 is deferred to appendix E.1.3.
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6.2.4 Lower Bounds for Offset Rademacher Complexity and Trans-
ductive Regression

We fix some positive constant C' > 0 and set of contexts X. For function class F C {X —
[—1,1]}, x1.p € X7, 1 € [—1,1]" and € € {—1,1}", we define the supremum of the offset
Rademacher process as

Rn(f7 “1:n>$1:n75) = ?EEZ C- 5t(f(l‘t) - ,ut) - (f($t) - ;ut)z' (64)

The expectation E[R,,(F, 1., T1.m,€)] With respect to i.i.d. Rademacher random variables €
is termed the offset Rademacher complexity, and it is known to quantify the performance of
Least Squares and related methods in regression.

Theorem 6.11. Suppose C' > 2. Let ¢(a,b) = |a — b|. If there exists p > 0 such that
d(F,a,a/(20nC)) = Q (a™P) holds for any o > 0 and positive integer n, then for any positive
mnteger n,
Sup B[Ry (F, fiin, 21, €)] = 2 (072 ) (6.5)
H1:n,T1:n

where the expectation is with respect to i.i.d. Rademacher random variables € = (£1.,) R

Unif({—1,1}).
The proof of Theorem 6.11 is deferred to appendix E.1.5.

Application: Transductive Regression In an n-round online transductive predic-
tion problem, the forecaster is given a function class F C {X — [—1,1]} and contexts
{z1,...,2,} C X before the interaction starts. On each round ¢t = 1,...,n, the forecaster
makes prediction y; € [—2,2]. Nature (or, adversary) then reveals the label y; € [-2,2]. The
forecaster’s objective is to minimize the regret with respect to the performance of the best
forecaster within the class F in hindsight. Considering the square loss, we can write the
optimal regret in this game as the following minimax value:

Vo(F) = sup {igf sup} [Z T —ye)” — inf > (Flz) —we)?] (6.6)
N = W R
where {-}7_, denotes repeated application of the operators. We remark that a typical
assumption in transductive regression is that the set {z1,...,x,} is known, but not the order
of appearance of its elements [130]|. Such a setting is more difficult than the minimax game in
eq. (6.6), as the forecaster has less information about contexts throughout the game. Hence,
the lower bound for Theorem 6.12 also applies to this more widely studied setting.
The following theorem, a transductive analogue of [109], lower bounds the regret in
eq. (6.6) by the (non-sequential) offset Rademacher process (6.4).

Lemma 6.12. For any function class F C {X — [—1,1]}, we have the following lower bound
on the transductive regression objective:

n

Vo(F) > sup  sup E, SUPZ%t(f(xt) — 1) — (f (@) — e)?|

T1:n€EX Nl:ne[flzl] fej: t=1
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where ey, R Unif({—1,1}).

We defer the proof of Theorem 6.12 to appendix E.1.5. Theorem 6.12 together with
Theorem 6.11 and Theorem 6.6 implies the following lower bound for transductive online
regression in terms of the non-sequential covering number defined in Theorem 6.5. Notably,
the lower bound holds for any F C {f : X — [—1,1]}. On the downside, the [-2, 2] range
of predictions and outcomes does not correspond to the [—1,1] range of the functions in
F, making the problem misspecified in an atypical manner; this issue also appears in [109,
Lemma 4], and we are not aware of other general proof techniques that circumvent this.

Corollary 6.13. Fiz a function class F C {X — [—1,1]} over context space X. Suppose
there exists real number p > 0 such that the {o, covering number under distance ¢(a,b) = [a—b|
satisfies sup,, 10g N (F, &1y, ) = Q (o) for any a > 0 and positive integer n. Then

Vo(F) = Q (nT> ,

In a manner similar to [109, Lemma 9|, we can also show that V,(F) is lower bounded by
—1

n'v up to constants, under the same setting of Theorem 6.13. Hence, we obtain a complete
picture of lower bounds for transductive regression in terms of the non-sequential covering
numbers, modulo the misspecification issue discussed above.

6.3 Sequential Gapped Dimensions

We recall that the sequential versions of aforementioned complexities are defined in terms
of trees (or, equivalently, predictable processes). An X-valued tree x of depth n is a

sequence of maps xy, ..., Z,, with z; : {—1,1}"! — X and z; € X’ a constant. We refer to
€= (e1,...,6,) € {—1,1}" as a path of length n. Slightly abusing the notation, we write
x(€) for z4(e1.4—1), where, henceforth, 1,1 = (€1,...,&,-1). It is convenient to think of x as

a full binary tree labeled by elements of X'. Similarly, we can define a tree labeled by R or
any other set.

We recall that constant-level trees (those with x4(e) = 2, € X for all t € [n] and €)
correspond to a “tuple” of points (xy,...,x,). Likewise, sequential generalizations—such
as sequential cover—reduce to the classical notions when the trees are constant-level [131].
However, we remark that the relations between the various sequential quantities do not imply
the analogous relations in the non-sequential case. For this reason, in this paper we developed
both sequential and non-sequential results separately.

6.3.1 Integer-Valued Functions

As before, let ¢ : [M] x [M] — Ry U {0} be a distance metric. For a class of [M]-valued
functions, we define the following notion of a sequential dimension:

Definition 6.14 (Sequential Gapped Dimension). Let F C {f : X — [M]} be a function
class and fiv o > 0. We say that F shatters an X -valued tree x of depth d at scale o if there
exists an [M] x [M]-valued tree s of depth d with the following properties:
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1. For anye € {—1,1}4, s4(€) = (s:(e)[—1], 5¢(e)[1]) with ¢(s:(e)[1], s¢e(e)[—1]) > .

2. For any e € {—1,1}%, there exists f¢ € F such that f¢(x,(€)) = s;(€)[es] for all t € [d].

We define the gapped sequential scale-sensitive dimension d**%(F,«) of F as the largest d
such that there exists an a-shattered tree x of depth d.

Definition 6.15 (Sequential Covering Number for Integer-Valued Functions). Given an
X -valued tree x of depth n, we say that a set V of [M]-valued trees of depth n is a sequential
cover of F on x at scale «, if for any function f € F and e € {—1,1}", there exists v € V
such that for any t € [n], c¢(f(z:(€)), ve(e)) < .

We use N33 (F,x,a) (or NEI(F,x,a) when ¢ is clear from context) to denote the size
of smallest sequential cover of F on x at scale «.

The following lemma upper bounds the sequential covering number for an integer-valued
function class in terms of the sequential gapped dimension of the class, an analogue of
Theorem 6.3.

Lemma 6.16. Let F C {f : X — [M]} and let x be an X-valued tree of depth n. We have
log NZ59(F, x, ) < d*9(F, «) log (enM)

The proof of Theorem 6.16 is deferred to appendix E.2.

6.3.2 Real-Valued Functions

Let ¢:[—1,1] x [-1,1] — R, U {0} be a distance metric, as in section 6.2.2. We define the
following notion of complexity of F, with respect to this metric:

Definition 6.17 (Sequential Gapped Scale-sensitive Dimension). Let F C {f : X — [—1,1]}
be a function class and fix o, B > 0. We say that F shatters an X -valued tree x of depth d
at scale (o, B) if there exists a ([—1,1] x [—1,1])-valued tree s of depth d with the following
properties:

1. For any e € {—1,1}4, s4(g) = (s:(e)[—1], 5:(e)[1]) with c(s:(e)[1], s:(€)[~1]) > .
2. For any e € {—1,1}4, there exists f€ € F such that ¢(f¢(z(€)), si(€)[e]) < B.

We define the gapped sequential scale-sensitive dimension d**%(F,«, ) of F as the largest
d such that there exists an (o, B)-shattered tree x of depth d.

We now define sequential covering numbers and prove that their growth is controlled by
the behavior of d*9.

Definition 6.18 (Sequential Covering Number for Real-Valued Functions). Given an X -
valued tree x of depth n, we say that a setV of R-valued trees of depth n is a sequential cover
of F on x at scale o, if for any function f € F and e € {—1,1}", there exists v € V such
that for any t € [n], ¢(f(z(€)),ve(e)) < a.

We use N33 (F,x,a) (or NEU(F,x, ) when ¢ is clear from context) to denote the size
of smallest sequential cover of F on x at scale .
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Proposition 6.19. For given real numbers o, 8 > 0, suppose there exists a positive integer M
and M real numbers —1 < uy < ug < ... < upy <1 such that for any u € [—1,1], there exists
some i € [M] such that ¢(u,u;) < B. Then for any function class F C {f : X — [-1,1]},
positive integer n and o, 5 > 0, for any depth-n X-valued tree x we have

log N3 F,x, a0 + ) < d*(F,a, 8)log (enM) .
When ¢(a,b) = |a — b|, a feasible value of M is |2/B], which implies that

log NE%(F, 21,0+ ) < PI(F, 0, ) log (27”) .

The proof of Theorem 6.19 is deferred to appendix E.2. The structure of the proof follows
that in [20]; see also [132] for a different sequential generalization of Natarajan and Steele
dimensions.

As in the previous works, Theorem 6.19 relies (via discretization) on covering numbers and
combinatorial dimensions for integer-valued function classes, as developed in section 6.3.1.

6.3.3 Comparison to Sequential Scale-Sensitive Dimension
We recall the definition of sequential scale-sensitive dimension in [118].

Definition 6.20 (Sequential Scale-sensitive Dimension [118]). Given a set X and a function
class F C{X — [-1,1]}, a depth-d X -valued tree x is shattered by F at scale o > 0 if and
only if there ezists a depth-d [—1,1]-valued tree v such that for any € € {—1,1}", there exists
f& € F which satisfies

eo- (f2(:(e) —uile)) > 5.

The tree v is called the witness of the shattering. The sequential scale-sensitive dimension
fat(F, a) is defined to be the largest d such that there exists depth-d X -valued tree x shattered
by F at scale o.

We have the following relations between the sequential scale-sensitive dimension fat(F, o)
in Theorem 6.20 and the gapped sequential scale-sensitive dimension d**9(F,«) with the
distance function ¢(a,b) = |a — b| in Theorem 6.17. First, observe that a tree that is («, §)-
shattered in the above sense for § < /4 is also «/2-shattered in the sense of the sequential
scale-sensitive dimension fat. Indeed, we may choose § as a [—1, 1]-valued tree defined by
5:(€) = (s¢(€)[1] + s¢(e)[—1])/2. We then have that for any € € {—1,1}¢, there exists f¢ € F
such that e,(f%(x(€)) — 5.(€)) > a/4. More precisely, we have the following:

Proposition 6.21. Given a set X and a function class F C {X — [-1,1]}, for any
0 <26 < a, we have
=(F, 0, 8) < fat(F,a — 25)

For the reverse direction, the following holds:

Proposition 6.22. Given set X and function class F C {X — [-1,1]}, for any o, B > 0,

we have
12d%9(F, a, B))
3 )

fat(F, 3(a + B)) < 4d*(F, o, ) log (

78



Just as in the non-sequential case, we remark that Theorem 6.22 is proved (in ap-
pendix E.2.3) using Theorem 6.19, not the other way around. Furthermore, the following
result says that the log(1/5) factor in Theorem 6.22 is indeed necessary.

Proposition 6.23. Consider the case where X = {x}, and function class F = {f : X —
[—1,1] : f(z) € [-1,1]}. Then for any 0 < 28 < a < 1, we have

ENF,a,8) =1, and fat(F,«a)> Llog2 (é)J .

The proof of Theorem 6.23 is deferred to appendix E.2.3.

6.3.4 Lower Bounds for Sequential Offset Rademacher Complexity
and Online Regression

We fix some positive constant C' > 0. For any set of contexts X', function class F C
{X — [-1,1]}, depth-n X-valued tree x, depth-n [—1,1]-valued tree p and {—1, 1}-path
e € {—1,1}", we define

Ru(F . x.€) —supz{c el (2i(€)) — i(e)) — (F(ale)) — pule))*}

JeF

The expected value E[R,,(F, u,x,¢€)] is the sequential offset Rademacher complexity, known
to govern the rates of online regression with squared and other strongly convex and smooth
losses. We now show that this complexity is lower bounded, for any class F, by the scaling
behavior of sequential scale-sensitive dimensions.

Theorem 6.24. Let c(a,b) = [a—b|. If there exists a constant p > 0 such that d**%(F, o, a/20) =
Q(a™P) for any o > 0, then for C' > 2, we have

sup E[R,(F,p,x,€)] = Q <n$> ,

M?x

where the supremum is over all depth-n X -valued trees x and depth-n [—1,1]-valued trees
i, and the expectation is with respect to i.i.d. Rademacher random variables € = (£1.,) £

Unif({—1,1}).
The proof of Theorem 6.24 is deferred to appendix E.2.

Application: Online Regression In parallel to section 6.2.4, Theorem 6.24 implies the
following lower bound (Theorem 6.25) for online regression for any JF, significantly improving
upon the lower bound in [109]; the latter result only guaranteed existence of F with such
lower bound properties. This improvement was the main motivation for this paper.

To formally state the lower bound, define the minimax value of the online prediction

problem V9(F) as

VI (F) = {sup inf sup} [Z T —w)* — mf Z —)°
T €X Yt oyt =1

t=1
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Compared to the transductive setting in eq. (6.6), here the forecaster does not have access to
the context z; until the beginning of round ¢.

Corollary 6.25. Fiz a function class F C {X — [—1,1]} over context space X. Suppose there
exists a real number p > 0 such that the sequential covering number (defined in Theorem 6.18)
under distance c(a,b) = |a—b| satisfies sup, log N229(F,x, o) = Q (o), where the supremum
s over all depth-n X -valued trees. Then we have the following lower bound for the minimax

regret:

Vies(F) = G (nif2).
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Chapter 7

Do We Need to Verify Step by Step?
Rethinking Process Supervision from a
Theoretical Perspective

This chapter is based on the paper “Do We Need to Verify Step by Step? Rethinking
Process Supervision from a Theoretical Perspective” by Zeyu Jia, Alexander Rakhlin,
and Tengyang Xie, published at the International Conference on Machine Learning

(ICML) 2025.

7.1 Introduction

Reward signals play a central role in reinforcement learning, and it has been hypothesized that
intelligence and its associated abilities could emerge naturally from the simple principle of
reward maximization [133|. Over the past decade, this idea has been powerfully demonstrated
across diverse Al systems. In specialized domains like AlphaGo Zero [134], superhuman
performance has been achieved by maximizing simple, well-defined environmental reward
signals. The paradigm has also proven transformative for general-purpose Al systems,
particularly in training large language models (LLMs) using reinforcement learning [22—
24]. However, for these more open-ended systems, the challenge of reward specification is
significantly more complex, requiring reward signals to be learned from human-annotated
data through reward modeling rather than being manually specified.

This challenge of reward specification has led to the emergence of two fundamental
supervision paradigms in reinforcement learning [e.g., 25, 26]:

e Qutcome supervision: Reward feedback is provided only after the final output, based
on the final outcomes or—in the case of LLMs—overall quality of the model’s chain-of-
thought (CoT).

e Process supervision: Fine-grained reward feedback is provided based on the quality of
each intermediate step (e.g., correctness of each step in the CoT in the case of LLMs).

The choice between these paradigms represents a fundamental trade-off in reinforcement
learning system design. Process supervision offers several intuitive advantages: it provides
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more granular feedback, enables better interpretability of model decisions, and potentially
allows for more efficient credit assignment in long reasoning chains. These benefits have led to
significant investment in collecting step-by-step feedback data, despite the substantial human
effort required [26]. The granular nature of process supervision also aligns with how humans
often learn and teach—through step-by-step guidance rather than just final outcomes.

However, the high cost of collecting process supervision data raises important questions
about its necessity. Outcome supervision, while providing less detailed feedback, offers
practical advantages in terms of data collection efficiency and scalability. It also reflects
various natural settings of human learning where detailed step-by-step feedback may not be
available (e.g., game-playing). Recent empirical advances in automated process supervision
derived from outcome supervision [135-139] or in directly learning from outcome supervision
[140] suggest that the statistical benefits of process supervision might not be as fundamental
as previously thought.

This tension between process and outcome supervision touches on deeper questions in
machine learning and cognitive science: How much explicit supervision is truly necessary
for effective learning? Can systems learn optimal behavior from sparse reward signals, or is
step-by-step guidance fundamentally necessary? Understanding these questions has important
implications not just for practical system design, but also for our broader understanding of
learning and intelligence.

7.1.1 Our Results

This paper examines the statistical performance of reinforcement learning under outcome
supervision—an emerging paradigm that has garnered significant attention in large language
model research. Our findings challenge conventional wisdom that outcome supervision is
inherently more difficult than process supervision due to its coarser feedback.

(1) Our main results (section 7.3) demonstrate that given a dataset of trajectories with
only cumulative rewards (as in outcome supervision), we can transform the data into
trajectories with per-step rewards, while only paying an additive error that scales with
the state-action concentrability. As a result, we can transform any algorithm that takes
trajectories with per-step rewards as input into an algorithm that takes trajectories
with total rewards as input, with essentially no loss in statistical performance up to
polynomial factors of the horizon.

(2) We also provide (section 7.4) a theoretical analysis of using Q-functions or advantage
functions as reward functions, a popular approach in practice for mimicking process
supervision from outcome supervision data [e.g., 135, 136, 139]. We prove that the
advantage function of any policy can serve as an optimal process reward model; in
contradistinction, using Q-functions could lead to sub-optimal results.

Beyond these two main messages, we make the following contributions:

(1) Our key technical contribution—Change of Trajectory Measure Lemma (Theorem 7.3)—
is applicable beyond our main results. The change of measure is a fundamental operation
in analyzing off-policy evaluation |e.g., 141]|, offline reinforcement learning [e.g., 142|,

84



and out-of-domain generalization [143|. To our knowledge, Theorem 7.3 presents the
first result concerning trajectory-level change of measure via step-level distribution
shift.

(2) We also extend our main results to the setting of preference-based reinforcement learning
(section 7.3.4). Namely, we transform preference-based trajectory data, generated
according to the Bradley-Terry model, into a dataset of trajectories with per-step reward.
In particular, for direct preference optimization [144|, we improve the previous analyses
and show that its sample complexity only scales with the state-action concentrability
coefficients instead of trajectory concentrability coefficients—potentially, an exponential
improvement.

7.1.2 Notation

We use a,, < b, or a, = O(b,) whenever there exists some universal positive constant ¢
such that a, < ¢-b,. We use 0 : R — [0, 1] to denote the sigmoid function = — o(z) =

exp(x)/(1 + exp(x)).

7.2 Background

In this section, we introduce key prerequisite concepts. We begin with the basics of Markov
Decision Processes (section 7.2.1). We then discuss the two aforementioned supervision
paradigms in reinforcement learning (section 7.2.2). Finally, we review the concepts of
state-action and trajectory concentrability (section 7.2.3).

7.2.1 Markov Decision Processes

An MDP M consists of a tuple (S, A, P,r*,H). Here H € Z. denotes the horizon, § =
UM, S), denotes the layered state space, A denotes the action space, P = (Py,--- , Py) with
P, : S x A — A(Sp41) denoting the transition model, and ™ : § x A — [0,1] is the
deterministic ground truth reward model. For simplicity, we let s; € &1 be a fixed initial
state.

For a trajectory 7 = (s1, a1, S2,as,- -+ , Sy, ag), we write (1) = Zle r(sn, ap) to denote
the total reward accumulated along the trajectory under deterministic reward model r :
S x A — R (which can be the ground truth reward model r* or any learned reward model 7).
A (Markov) policy 7 : S — A(A) is a mapping from the state space S to a distribution on
the action space A. The notation P, and E, ., stands for the probability and expectation
with respect to trajectories 7 sampled according to policy 7 within the transition model
given by P, starting from a fixed state s;. For any given policy 7, the occupancy measure
of any state s, € Sy in layer h and any state-action pair (s, an) € S, X A are defined,
respectively, as d™(sy) == Prur(sp € 7) and d™(sp, ap) = Pror((sp, ap) € 7). Additionally, we
define the trajectory occupancy measure for any trajectory 7, d™(7) = P (7 = 7'), as well
as m(7) = [, anyer T(an | sn) (note that d™(7) and 7(7) are different when transitions is
stochastic). For any policy m, we use J(m) to denote the expected total reward of trajectories
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collected by 7 under the ground truth reward r*, i.e., J(7) == E,.[r*(7)]. For a specific
reward model r, we use J,.(7) to denote the expected total reward of trajectories collected by
7 under reward r, i.e., J.(7) == E.;[r(7)]. We assume that r*(7) € [0, 1] for any trajectory
T.

7.2.2 Outcome Supervision and Process Supervision

This paper focuses on two basic supervision paradigms in reinforcement learning: process
supervision and outcome supervision. We analyze these approaches through the lens of
statistical complexity rather than algorithmic implementation details.

The distinction lies in the temporal resolution of available reward signals:

e Process supervision provides step-wise rewards during trajectory collection. More
precisely, the offline data has the form

DP = {(817 ay, T{a 52, CLQ,'F;, ©t,SH, aHvr;'—I)}a (71)

where 1, = r*(sy, a,) denotes the ground truth reward value at step h. This setting
is compelling compared to outcome supervision, especially for complex multi-step
reasoning problems, as it provides more precise feedback that can pinpoint the location
of suboptimal actions and allows to correct for cases where the agent makes mistakes
in the middle of the reasoning path but reaches the correct final answer |25, 26].

e Outcome supervision reveals only the cumulative rewards for complete trajectories.
The data for this setting has the form

DO = {(517a1782>a27 e 7SH7aH7R)}7 (72)

where R = Zle 7*(sp, ap) denotes the total reward along the trajectory (sq, a1, ..., Sg, am).

We also consider preference learning, where the learner only has access to trajectory-level
pairwise preferences, as an extension of outcome supervision. Our main results are
applicable to both cases, and are discussed in section 7.3. The problem of reinforcement
learning from human preferences [e.g., 145| or human feedback [e.g., 22| typically falls
under this paradigm, where only the trajectory-level supervision signal is available.

Our analysis reveals the temporal resolution distinction described above does not inherently
create statistical complexity gaps when proper coverage conditions hold. Our results formalize
this insight in the following two settings: (1) Offline RL with different reward signal resolutions
(section 7.3), and (2) Online RL with verifier /rollout access (section 7.4).

Outcome-Supervised and Process-Supervised Reward Models Two other commonly
used terms related to this paper are outcome-supervised reward models (ORMs) and process-
supervised reward models (PRMs). ORMs are learned to evaluate the final outcomes of
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whole trajectories, corresponding to the value R in eq. (7.2). PRMs are learned to evaluate
the intermediate rewards of each state-action pair, corresponding to the values r*(sy, ap) in
eq. (7.1) for all h € [H].

In this paper, we use ORMs and PRMs to refer specifically to different algorithmic
approaches for learning reward models, rather than the underlying supervision paradigms
discussed earlier, as learning ORMs or PRMs does not necessarily require the underlying
data to be collected under the same supervision paradigm.

7.2.3 State-Action Coverage and Trajectory Coverage

The coverage condition—typically referred to as a bounded concentrability coefficient [142,
146-152]—has played a central role in the theory of offline (or, batch) reinforcement learning,
and has recently gained growing attention in online reinforcement learning through a related
concept of a coverability coefficient [153-156].

In this paper, we use coverage conditions to capture the statistical complexity of different
supervision paradigms. To motivate the importance of coverage notions, consider the following
approach for imputing the missing rewards in outcome supervision. Suppose we minimize the
trajectory-level regression objective over a class of reward functions R = {r : § x A — R},

7 = arg min Z (r(r) — R)?, (7.3)

reR

where the outcome supervision data Dy are collected by some reference policy m,g. With the
learned reward model 7, we can now employ an offline RL method of our choice. However,
we have a (standard in the literature) mismatch: while | S Plsnyan) — Soi (s, ap)| is
small for trajectories collected by mog, we care about the error |J(m) — Ji(m)| for some policy
7 that differs from 7og, where J(7) and Jx(7) are defined in section 7.2.1. A naive approach
for capturing such a change of trajectory measure is to use the trajectory concentrability
coefficient,

(7.4)

where the supremum is over all possible trajectories.

This trajectory concentrability coefficient is usually considered to be prohibitively large,
and its limitation has been widely studied in the literature on off-policy evaluation [e.g., 141,
157-159|. An alterative approach is to express upper bounds (if possible) in terms of the
state-action concentrability coefficient, commonly used in offline policy learning literature
le.g., 146-149] and defined as follows:

dTr
Cea (T, Tog) = max  sup (Sn,an)

_— 7.5
he[H] s, €8),,acA d’“’“(sh, ah) ( )

The state-action concentrability coefficient is always smaller than the trajectory concentrability
coefficient, and the difference can be exponential. This is because d” (s, a;) aggregates over
all trajectories that pass through (s, ay), and thus

dﬂ—(shuah) _ ZT:(sh,ah)ET dﬂ-<7-) < dﬂ—(T)
drott (3h7 Clh) Z‘r:(sh,ah)er drott (7-) T dmen (7—)’
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for all h € [H] and (s, ap) € Sp x A.

It is straightforward to see that using the state-action concentrability coefficient is usually
sufficient for the process supervision paradigm, the setting prevalent in the offline RL literature.
The intuition is that process supervision allows us to achieve small estimation error at the state-
action level, which only poses a state-action level change of measure during the subsequent
policy learning step. Perhaps surprisingly, we show that state-action concentrability is also
sufficient for the outcome supervision case.

Single-Policy and All-Policy Coverage Another important concept in the offline RL
literature is the distinction between single-policy and all-policy concentrability. Using the
state-action concentrability coefficient as an example, single-policy concentrability refers to
the coverage of a specific target policy (such as the optimal policy 7*), defined as Cg, (7, mogr).
In contrast, all-policy concentrability considers the coverage of all policies in a policy class II,
defined as Cs,(II, mosr) == sup,.cp Csa (T, Toft)-

Single-policy versus all-policy coverage is one of the central questions in the offline RL
literature. For more details, we refer the reader to Xie et al. [142], Chen and Jiang [149], and
Jiang and Xie [160], but this is not the focus of this paper. In the following sections, we will
present results using all-policy coverage conditions for simplicity, and defer the single-policy
case to the appendix.

7.3 Outcome Supervision: Statistical Guarantees

7.3.1 Learning a Reward Model from Total Reward

We present a simple approach to estimate rewards in an outcome supervision dataset of the
form eq. (7.2) using least squares regression, assuming that the learner has access to a class
of reward models R. This transformation allows the learner to use outcome supervision data
with methods designed for process reward data, as detailed below. We have the following
theorem for the least squares estimate of the rewards:

Theorem 7.1. Suppose the dataset Do is collected i.i.d. according to policy mog in the MDP
M = (S, A, P,r*, H) with the ground truth reward model r* € R. Then, with probability at
least 1 — 6, for any policy w, the PRM reward model 7 computed by eq. (7.3) satisfies

o [Coalm o) -log([RI/0)
[ Jo(m) = J ()| S HY \/ s ,

where Csy (T, Togt) @5 the state-action concentrability coefficient defined in eq. (7.5).

The proof of Theorem 7.1 is deferred to appendix F.1.2. Theorem 7.1 yields an approach
for transforming any offline RL algorithm which takes trajectories with per-step reward into
an offline RL algorithm which takes trajectories with total reward as input. More precisely,
we split the outcome supervised data, use the first part to estimate the reward function via
least squares, and then use this estimate to impute the missing rewards on the second part of
the data. We summarize this basic transformation in the following algorithm.
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Algorithm 1 Offline Outcome-to-Process Transformation
1: Input: Offline dataset with total rewards Do = {(s1,a1,- - , sy, an, R)}, Reward model
class R, Offline RL Algorithm 2A
2: Split Do into two datasets D, and D of equal size.
3: Compute 7 by solving eq. (7.3) with dataset D¢, and the reward class R.
4: Construct dataset Dp = {(s1,a1,m1, -+ ,sg,ag,rg) from DE  where
V(s1,a1, -, sm,am, R) € D3,

rh:?(sh,ah), Vh € [H]

5: Call algorithm 2 with dataset Dp and output learned policy 7.
6: Output: Learned policy 7.

Corollary 7.2. Fiz a policy set II which contains the optimal policy 7. Suppose the offline
RL algorithm A always outputs a policy ™ € 11 with error at most €4y, t.e., J(7*) = J(7) < €aiq,
with probability at least 1 — &. Then the policy output by Algorithm 1 satisfies with probability
at least 1 — 26,

Csa(Ha 7Toff) ) 10g(|R|/5)
Do ’

™

max J (1) — J(7) < eag + H*?- \/

where Ce(I1, Tog) := sup,ep Csa(T, Toft) -

Notice that the bound in the above theorem suffers from all-policy concentrability,
regardless of which algorithm 2l is used with the transformed data. This occurs because the
transformation fixes the learned reward model, requiring us to account for the distribution
shift between 7.g and the data-dependent policy 7 which can be any policy in the policy class
II. This is a common issue in classical offline RL without specific methods like pessimism,
particularly for the case of partial coverage. However, the concept of pessimism can also be
applied to the outcome supervision setting in our paper, where we learn a specific reward
model for each policy, as commonly done in the (process-supervision) offline RL literature
le.g., 152, 161-163|. Following this approach, we can transform model-based offline RL
algorithms that use pessimism [152, 161] into algorithms that employ outcome supervision
data. The sample complexity of these transformed algorithms scales with the single-policy
concentrability Cg, (7, mog ), which depends only on the optimal policy 7*. We defer further
details to appendix F.2.

Statistical Efficiency We now argue that there is no significant statistical edge for process
supervision paradigm compared to the outcome supervision paradigm in the offline setting.
The latter corresponds to standard offline RL problems [160, 164|, for which a rich body of
work exists analyzing sample complexity. Our “equivalence” argument primarily focus on
coverage conditions, since different coverage notions (e.g., state-action-level vs. trajectory-
level) can lead to exponential differences, as discussed in section 7.2.3. While our results
establish equivalence with respect to coverage conditions, we acknowledge they may still be
subject to polynomial factors of H; removing such factors is an avenue for further research.
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If we consider the worst-case scenario, it is easy to see that any algorithm which outputs
an g-optimal policy requires at least sup, Cs, (7, Tog) /€2 number of samples. To see this, we
may consider the two-armed bandit with action a; and ay, and r(a;) = £e,7(az) = 0, and
policy m = Unif({a,as}). In the meantime, many classical offline RL algorithms, such as
Fitted Q-Iteration [147, 165]|, the theoretical backbone of Deep Q-Network (DQN), require
sample complexity that scales with Cs,(IT, 7o) /e? for obtaining an e-optimal policy [149,
166]. Hence Theorem 7.2 provides a transformation with the same sample complexity as in
these works (up to polynomial in horizon factors), when encountering outcome supervision
reward data.

As for the instance-dependent case (corresponding to the single-policy coverage discussed
in section 7.2.3), the lower bound result in Xie et al. [167] shows that any algorithm requires
at least Cy,(7*, Tog) /€2 number of samples to output an e-optimal policy, which only depends
on the coverage of optimal policy 7*. Recent offline RL algorithms [142, 152, 162, 163] indeed
reach that sample complexity in terms of the single-policy concentrability Cg,(7*, mog). Our
results presented in appendix F.2 match the upper bound of these offline RL algorithms for
the process supervision case and also enjoy the same sample complexity depending on the
single-policy concentrability Cg, (7%, Tof ).

7.3.2 Change of Trajectory Measure

The proof of Theorem 7.1 relies on the following key change of trajectory measure lemma,
which states that changing the measure of trajectory returns can be done at the price of
state-action concentrability, up to logarithmic and polynomial-in-horizon factors. This lemma
will be used for bounding the error between the true reward model r* and the learned reward
model 7. Thus, by setting f = r* — 7, we only need to show that the expectation of the
absolute value of f(7) = >, .\, [(sn,an) is small for 7 ~ 7 when controlling under mog.

Lemma 7.3. (Change of Trajectory Measure Lemma) For MDP M = (S, A, T, f, H) with
any function f: S x A — [=1,1], for any two policies m and mwog, we have

B r[f(7)?]
Erree[£(7)%]

where Cs, (T, o) 1s defined in eq. (7.5). Additionally, the following holds without the extrane-
ous log factors:

5 HSCsa (777 Woﬁ)a

Erar (] S \/HCa (1, o) - B [ ().

This lemma reveals a perhaps surprising insight: when the squared sum of some state-action
value functions [Z(%ah)w f(sn,ap)]? is small under the off-policy trajectory distribution
T ~ Tog, We only need to account for state-action-level distribution shifts between 7w, and
to bound the same squared sum under 7 ~ 7. This holds true even though controlling such
trajectory sums theoretically cannot prevent cases where individual terms have equal and
large magnitude but opposite signs (i.e., where |a| = |[b] > 0 but a + b = 0). We provide a
proof sketch of Theorem 7.3 in the following. The detailed proof is deferred to appendix F.1.1.
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7.3.3 Proof Sketch of Theorem 7.3

In this section, we outline the key insights behind the proof of Theorem 7.3. The central
observation is that controlling the trajectory-level variance of f under a reference policy mog
implies an automatic control of variance on prefixes and suffixes over the entire trajectory,
with only a polynomial overhead in the horizon length H. This seemingly simple fact leads
to perhaps surprisingly strong guarantees.

Insight I: Trajectory-level bound controls the second moment on prefixes and
suffixes At first glance, small value | f (T)} over the entire trajectory 7 does not obviously
guarantee that the value of f on either (i) every prefix 7., or (ii) every suffix 7,4 1.5 is small.
In principle, large positive and large negative portions of a single trajectory could “cancel”
each other out, resulting in a small overall sum |f(7)| = | f(71.1) + [ (Tha1.1)|-

Crucially, however, thanks to the Markov property, we can argue that if f has small
second moment (under m,¢) and if a state s, is visited sufficiently often by m.g, f cannot
have high variance on the prefix (leading up to s;) and suffix (following sj,). Indeed, if the
value of f on the prefix (or suffix) has large variance, then conditioned on passing through
sy, that is visited sufficiently often by m.g, the value of f on the entire trajectory also has
large variance, which directly implies the large variance (hence, large second moment) of
f(7). Hence, even though the trajectory-level bound looks coarse, it forces each state s, to
have relatively stable partial sums in both the prefix and suffix directions under 7.

Insight II: Layer-by-layer “locking” with only state-action coverage Next, we want
to argue that if all states in a trajectory satisfy the above low-variance property (we call
such states “good” states), then the reward of the entire trajectory cannot have large absolute
value. We call this the “locking in” property here for brevity. In the following, we argue that
“locking in” happens with high probability, even under policy 7.

According to the earlier argument, “bad” states (opposite of “good” states) cannot have
large visitation probability under moz. Then, by the definition of Cs, (7, o), which upper
bounds the probability ratio between 7 and 7,¢ at any state, we conclude that such bad states
also have low probability under 7, up to a factor of Cs, (7, mo). Thus, we avoid exponential
blow-up over the horizon because we only “pay” for distribution shift at each individual (s, a),
rather than for entire trajectories: Pr...(bad) < Ce(m, o) - Pror.q (bad).

Hence, with high probability, 7 visits only “good” states throughout its trajectory, ensuring
that each layer h “locks in” a small partial sum (as both its prefix and suffix have low variance).!
When we stitch these layers from h =1 to h = H, the entire sum f(7) is guaranteed to have
small absolute values.

7.3.4 Extension to Preference-Based Reinforcement Learning

In the previous section, we studied the statistical complexity of outcome supervision under the
data format of eq. (7.2), where the outcome reward is provided at the end of each trajectory.

LOur formal proof also needs to consider the “good” state-action-state tuples, which are similar to “good”
states but involve the (sp, ap, sp4+1) tuple. We omit the details here for brevity, and readers can refer to the
full proof in appendix F.1.1.
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Preference-based reinforcement learning [e.g., 168-170] represents another well-established
paradigm that extends outcome supervision and is commonly employed for learning from
human preferences [e.g., 22, 145, 171, 172].

Recent work on implicit reward modeling through single-step contrastive learning ap-
proaches [DPO; 144| aims to eliminate the need for explicit reward modeling. While extensive
prior work [e.g., 173-176] has focused on the sample complexity of these implicit reward
modeling approaches, most existing bounds rely on trajectory-level change of measure. These
results are also considered to depend on the trajectory concentrability under naive simpli-
fications, which can grow exponentially with the horizon length (see detailed discussion in
section 7.2.3 and Section 3.2 of [177]).

In this section, we extend our main results to the preference-based reinforcement learning
setting. As a direct application of our Change of Trajectory Measure Lemma (Theorem 7.3),
we first provide a sample complexity bound of preference based RL which only scales with state-
action concentrability instead of trajectory concentrability, a result applicable to standard
explicit reward modeling approaches as well as implicit reward modeling approaches (i.e.,
DPO).

In preference-based RL, we suppose that for any trajectory 7, the total reward along
7 satisfies 7(7) € [0, Vinax). To form the dataset D of preferences, the learner collects two
reward-free trajectories T = (s1, a1, S2,a9,-+ ,sg,ay) and 7" = (s}, dl, sy, al, -+, Sy, d’y)
according to policy m.f, and receives the information about the order (7,,7_) of 7,7/, based
on the preference y ~ P(7 > 7). We adopt the Bradley-Terry model [178]:

exp(r(7))
exp(r(7)) + exp(r(r'))’

P(r > 7') = (7.6)
The labeled preference dataset D consists of ordered samples (7, 7_), where both trajectories
are collected according to policy 7 and labeled according to the Bradley-Terry model

eq. (7.6).

Improved Analysis of Preference-Based RL with Explicit Reward Modeling

We first provide the analysis for the case where an explicit reward modeling procedure is used
for preference-based RL. Suppose the learner is given the preference-based dataset Dyt and a
reward class R, where for every reward model r € R and any trajectory 7, 7(7) € [0, Vipax). In
the following result, an analogue of Theorem 7.1, we transform the preference-based dataset
into the reward model via maximum likelihood rather than the method of least squares.

Theorem 7.4. Suppose Dpyer = {(71, 7_)} contains i.i.d. pairs of sequences collected according
to mes and ordered according to eq. (7.6) with r* € R. Let

7 = arg min Z logo(r(ry) —r(r-))

reR
(T+7T—)€Dpref

be the maximum likelihood estimate. With probability at least 1 — 8, for any two policies
m, 7" € II, it holds that
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Caa(T, Trer) V Csa (7!, Trer ) ) log (T1]/9)
D

lﬂwwwwWWﬂ—ﬂ&ﬁ—ﬂﬂ+ﬂ#ﬂhsHwﬁhwémwwﬂ
(7.7)

The proof of Theorem 7.4 is deferred to appendix F.1.3. Notice that with eq. (7.7), if
we could obtain 7 as the optimal policy under reward model 7 (otherwise we can just pay
for the sub-optimality as in Theorem 7.2), then with high probability 7 is a near-optimal
policy. To see this, we choose 7 = 7 = argmax, J=(7) and 7’ = 7* = argmax, J(7), then
with probability at least 1 — ¢,

J(@) = J(7) < J(1*) = J(F) — Jo(7) + Jo(F) = Errrame [ (7) — 17(7) = F(7') + 7(7)]
S Ergiome [ (1) = r*(r) = 7(r) + 7(7)]]

<mm/gmh¢@ﬁva%wwwmmmm
~J max ‘D‘ 9

Therefore, as we acquire enough samples, J(7*) — J(7) converges to zero with high
probability, implying that 7 is a near-optimal policy. This convergence requires the same
condition of bounded state-action concentrability as in Theorem 7.2.

Improved Analysis of DPO Algorithm

We now extend our main results to the implicit reward modeling setting and analyze the
sample complexity of the DPO algorithm [144]. DPO is a popular implicit reward algorithm
that converts the two-step process of reward modeling and policy optimization into a single-
step contrastive learning problem. DPO is commonly used in the token-level setup of LLMs,
where actions (tokens) are directly appended to states (contexts) [144, 179]. In this case, the
state-action concentrability coefficient essentially reduces to trajectory-level concentrability,
as the last state is contains the trajectory. However, recent work indicates that DPO-
style algorithms are applicable beyond the token-level setup, e.g., in environments with
deterministic transition dynamics but still Markovian states, e.g., in robotics [177, 180]. In
these settings, our bounds with only state-action concentrability can be substantially tighter
than existing trajectory-level ones.

Following Xie et al. [177], we assume deterministic ground-truth transition dynamics and
consider the following KL-regularized objective [177, 181, 182]: for some positive number 3,

Ts(r) = J(r) — BDg(n(7) || Tret (7)) = Error |7*(7) — Blog () | (7.8)

Tref (T)

The policy 75 which maximizes J3(7) in eq. (7.8) satisfies 75(7) oc mer(7) exp (r*(7)/5)
for any trajectory 7. It is easy to verify that 77 is a Markov policy. We assume the learner
has access to a Markov policy class II C S#, and aims to find a policy 7 that is nearly optimal
with respect to the policy class II, i.e.

max Js(m) — Jp(T) < €.
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The DPO algorithm [144] takes the dataset D = {(7y,7_)} as input, and outputs the
policy 7 € II which maximizes the log likelihood, i.e.,

T argming Y log [cr (mog (T g1og ) )} . (7.9)

well (4,7 )ED Wref(T—i-) 7Tref<7_—)

In the following, we provide a refined analysis of the sample complexity of this algorithm.
We first make the following assumptions.

Assumption 7.5 (Policy Realizability). The optimal policy is in the policy class 11, i.e.,
s € 1L

Policy realizability is a minimal assumption for sample-efficient reinforcement learning
and is necessary for establishing many standard results [183-185].
In addition, we make the following assumptions of bounded trajectory concentrability.

(7)

Tref (7—)

Vmax
< Vaas

Assumption 7.6. For any policy m € 11 and trajectory T, ’10g

This assumption is commonly used in the literature on implicit reward modeling approaches
for preference-based reinforcement learning [e.g., 177, 186]. The intuition behind this
assumption is that we treat log 7:3({2) as an implicit value function,? so that this assumption
essentially plays the same role as bounded value functions in the analysis.

If the above assumptions hold, we have the following upper bound on the sample complexity

of the DPO algorithm in terms of the state-action concentrability.

Theorem 7.7. Suppose Theorems 7.5 and 7.6 hold, with probability at least 1 — 9, the output
7 of the DPO algorithm in eq. (7.9) satisfies

sup,cn Csa (m, 7Toff) 10g(|H|/5)
D '

jﬁ(”,g’) - jﬁ(%) S }[3/2vmaxem/max : \/

The proof of Theorem 7.7 is deferred to appendix F.1.3. Note that, the exponential depen-
dence on the reward range V. is a fundamental characteristic of the Bradley-Terry model,
not an artifact of our analysis. Indeed, this exponential dependence appears consistently
across the theoretical literature on RLHF [e.g., 173, 177, 186, 188, 189].

7.4 Advantage Function Learning with Rollouts

In this section, we analyze a common empirical strategy for converting outcome-supervised
data into process supervision by leveraging online rollouts. The central observation is that,
given access to an environment that returns final outcomes, one can initiate rollouts from
individual state-action pairs and use the resulting outcomes to approximate their “quality.”

%In fact, log 7(7)/r.(r) corresponds to a more complex combination of value functions and rewards. We
refer readers to Xie et al. [177], Rafailov et al. [179], and Watson, Huang, and Heess [187] for further details.
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Multiple works have adopted variations of this idea, relying on Q-functions [e.g., 135],
advantage functions |e.g., 139], or other specialized value estimators [e.g., 136].

Although these methods have demonstrated empirical promise, their theoretical prop-
erties remain relatively unexplored. Establishing a theoretical foundation could reveal the
assumptions and conditions under which these methods are effective and enable principled
comparisons to alternative reward modeling approaches. In what follows, we present (to our
knowledge) the first theoretical study of advantage-based reward learning with online rollouts.
We show that the advantage function of any policy can serve as a valid process-based reward
model, recovering the same optimal policy as the original environment. By contrast, we also
prove a lower bound indicating that simply using the Q-function can fail: in certain cases,
the Q-function-based reward model produces suboptimal or undesired policies.

7.4.1 Algorithm and Upper Bounds

For MDP is M = (S, A, P,r, H), suppose the transition model P is known to the learner, but
the reward model r is unknown. For any given policy u, we define the advantage function
AF S x A — R as

A (s,a) = QF(s,a) — VH(s), Vh € [H],s € Sp,a € A, (7.10)

where @)} and V}* denote the Q-function and value function of policy p.

Setlur et al. [139] find an approximation 7 to A* and then invoke a policy gradient
algorithm for the MDP with transition model P and reward function 7, yielding a policy 7.
We provide a theoretical guarantee for this approach by showing that the performance gap of
7 to the optimal policy can be upper bounded in terms of the error 4, of approximating
the advantage function and the error ¢, of optimizing the policy. Before stating the result,
we define the concentrability coefficient with respect to distribution v,

A~
Cea(v) == sup sup (5 a),
m s€8,acA V(5> CL)

(7.11)

where the outer supremum is over all possible policies.

Theorem 7.8. Suppose there exists some policy p and distribution v € A(S x A) such that
E(S:G)NV [|?<S7 CL) - AM(& a)lﬂ S Estat- (712)

If policy ™ satisfies
max J(m) — J(T) < calg, (7.13)

then it also satisfies

max J(m) — J(7) < 2H\/Ce, (V) - Estat + Ealg-

™

The proof of Theorem 7.8 is deferred to appendix F.3. Intuitively, the proof follows
from the performance difference lemma [190]|, which states that for any policies 7 and p:
J(m) — J(p) = H - Es,, a,)~ar [A*(Sh, ar)]. This implies that maximizing Jax (treating A* as
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the reward function) is equivalent to maximizing .J, since they differ only by the constant
term J(u). Therefore, both optimization problems yield the same optimal policy.

There are several ways of obtaining an estimate 7 of the advantage function A* that
satisfies eq. (7.12). One commonly used approach is Monte-Carlo sampling, for instance
as in Setlur et al. [139]. In detail, this approach first collects a dataset D of data (s, a, 21\),
where (s,a) € S x A and A is calculated via rollout from (s,a) under policy u, serving as an
approximation to the advantage function of policy u at (s,a). Next, we fit a reward function
7 in a reward class to the dataset D. Then, as long as the reward class realizes the ground

truth advantage function A*, the reward function 7 satisfies eq. (7.12) with high probability.

7.4.2 Lower Bound on Failure of Using Q-Functions

Theorem 7.8 indicates that the MDP with reward function set to be the advantage function
of any policy p has the same best policy as the original MDPs. One may wonder whether the
same holds for the @-function as well. In this section, we disprove this by providing a hard
MDP with best policy 7*, and a policy pu, so that the best policy of the MDP with reward
function Q* is not 7*.

Theorem 7.9. There exists an MDP M = (S, A, P,r, H), and a policy u € A°, such that

)

max J,.(m) — J.(7) >

Wl

for 7 = argmax, Jou(m). Here Q" : S x A — R is the Q-function of MDP M.

The proof of Theorem 7.9 is deferred to appendix F.3.

Theorem 7.9 indicates that the widely used approach in large language model training,
whereby an approximate ()-function is learned in place of the reward model, is theoretically
incorrect and possibly outputs undesired policies. In contrast, using the advantage function
as the reward model is theoretically justified.

7.5 Related Work

Process vs. Outcome Supervision Our work is motivated by the empirical effectiveness
of process supervision over outcome supervision, particularly in language model reasoning
tasks [25, 26, 191]. To address the challenges of cost and scalability in obtaining human-
annotated process labels, recent approaches [135, 136, 139] have developed automated
methods to generate process supervision from outcome-based signals, leveraging Q-functions
and advantage functions under specific policies. When data is provided in the form of
preferences, outcome supervision is sometimes conducted with implicit rewards, as seen in
works such as Direct Preference Optimization [137, 138, 144, 192|.

RL with Trajectory Feedback A closely related line of theoretical work is reinforcement
learning with trajectory feedback or aggregate bandit feedback (or, bandit and semi-bandit
feedback) |27, 29-32, 193], where the learner only receives trajectory-level feedback at the
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end of each episode. This line of work also includes preference-based RL |28, 34, 173, 18§|,
which operates on trajectory-level pair preferences. While most existing works in this area
focus on online exploration settings, our paper investigates offline learning and analyzes the
statistical relationship between process (step-level) and outcome (trajectory-level) feedback.

Offline Reinforcement Learning Our work is most closely related to offline (batch)
reinforcement learning in the classical reinforcement learning literature. The paradigm of
reinforcement learning with process-supervised data is essentially an offline RL problem, where
a rich body of existing theoretical results [e.g., 142, 146-152, 161-163, 166| can be applied to
our paper, either directly for the process supervision case, or serving as subroutines in our
Algorithm 1 for the outcome supervision case. Within these results, Chen and Jiang [149] and
Xie and Jiang [166] develop model-free algorithms under all-policy coverage conditions, while
Xie and Jiang [151] proposes a model-free approach requiring only realizability assumptions
but with stronger coverage requirements. Xie et al. [142] and Cheng et al. [162| investigate
model-free offline RL under partial coverage settings, and Bhardwaj et al. [152], Xie et al.
[161], and Uehara and Sun [163] address model-based offline RL with partial coverage.

Off-Policy Evaluation Our work also connects to the rich literature on off-policy evaluation
(OPE) in reinforcement learning. A central challenge in OPE is the change of measure
problem, where extensive research [141, 157-159| has investigated the significant distinction
between state-action coverage and trajectory coverage conditions. These findings highlight
the significance of our main results, particularly our change of trajectory measure lemma.

Reward Shaping and Internal Rewards A related but distinct line of research focuses on
augmenting sparse reward functions to improve learning efficiency. Reward shaping techniques
have been extensively employed as a method for providing denser learning signals while
preserving optimal policies |e.g., 194-196]. Similarly, intrinsic rewards based on prediction
errors of environment dynamics [197] or random networks [198] have been proposed to tackle
sparse reward settings. However, these approaches differ fundamentally from our work in their
objectives — while reward shaping and intrinsic rewards aim to improve exploration in online
RL by modifying the reward landscape, our analysis focuses on the statistical properties of
learning in the offline setting where the data distribution is fixed.

7.6 Conclusion

In this paper, we present a way of transforming data in the setting of outcome supervision
into the data in the setting of process supervision. This transformation enables us to design
offline algorithms in the outcome supervision model from the large pool of algorithms that
use process supervision. This transformation extends to preference-based algorithms such
as DPO. Beyond this transformation, we also provide theoretical guarantees for algorithms
using an approximate advantage function as the reward function.

While our transformation scheme works for most of the offline algorithms, the theoretical
guarantees require that the outcome supervision data are collected offline. How to construct
similar transformation for online data or online algorithms is left for future work.
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Chapter 8

Outcome-Based Online Reinforcement
Learning: Algorithms and Fundamental
Limits

This chapter is based on the paper “Outcome-Based Online Reinforcement Learning:
Algorithms and Fundamental Limits” by Fan Chen, Zeyu Jia, Alexander Rakhlin, and
Tengyang Xie, published at the Conference on Neural Information Processing Systems

(NeurIPS) 2025.

8.1 Introduction

Reinforcement learning with outcome-based feedback is a fundamental paradigm where agents
receive rewards only at the end of complete trajectories rather than at individual steps. This
feedback model naturally arises in many applications, from large language model training [22—
24], where human preferences are provided for entire outputs rather than individual tokens,
to clinical trials, where patient outcomes are only observable after a complete treatment
regimen. Despite the prevalence of such settings, the statistical implications of outcome-based
feedback for online exploration remain poorly understood.

In traditional reinforcement learning [5], agents observe rewards immediately after each
action, providing a granular signal that directly links actions to their consequences. In
contrast, outcome-based feedback presents a fundamental challenge: when rewards are only
observed at the trajectory level, determining which specific actions contributed to the final
outcome becomes significantly more difficult. This credit assignment problem is particularly
acute in sequential decision-making tasks with long horizons, where many different action
combinations could lead to the observed outcome.

While recent work [199] has shown that outcome-based feedback is sufficient for offline
reinforcement learning under certain conditions, the feasibility of efficient online exploration
with only trajectory-level feedback remains an open question. Online learning—where an
agent actively explores to gather new data—is essential for adaptive systems that must learn
in dynamic environments without pre-collected datasets. This leads to our central question:

When is online exploration with outcome-based reward statistically tractable?
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This question has been studied in the setting where the reward function is assumed to be
well-structured [27-31|, with a primary focus on the linear reward functions. Similar reliance
on the well-behaved reward structure also appears in the recent work on Reinforcement
Learning from Human Feedback (RLHF) [32-35|, where only preference feedback is available.
However, well-behaved reward structure is dedicated and might fail to capture many real-
world scenarios with general function approximation. In this paper, we address this question
by providing a comprehensive theoretical analysis of outcome-based online reinforcement
learning with general function approximation. We investigate when efficient exploration is
possible with only trajectory-level feedback and characterize the fundamental statistical limits
of learning in this setting. Our main results are as follows:

(1) We present a model-free algorithm for outcome-based online RL with general function
approximation (Algorithm 2) that relies solely on trajectory-level reward feedback rather
than per-step feedback. Our algorithm achieves a complexity bound of O(Clo H3/£2)
under standard realizability and completeness assumptions, where C,, is the coverability
coefficient that measures an intrinsic complexity of the underlying MDP. This bound
applies in the general function approximation setting where state spaces may be large or
infinite, requiring only that value functions can be represented by an appropriate function
class with bounded statistical complexity.

(2) For the special case of deterministic MDPs, we present a simpler algorithm based on
Bellman residual minimization (Algorithm 3) that achieves similar theoretical guarantees
with improved computational efficiency.

(3) As extension, we generalize our approach to preference-based reinforcement learning
(section 8.4), where feedback comes in the form of binary preferences between trajectory
pairs under the Bradley-Terry-Luce model. This extension bridges the gap to practical
reinforcement learning from human feedback (RLHF') scenarios, where even outcome
reward feedback is rare.

(4) We also identify a fundamental separation between outcome-based and per-step feedback
(section 8.5). Specifically, there exists a MDP with known transition dynamics and
horizon H = 2, and the reward being a d-dimensional generalized linear function, while
in this problem @ samples are necessary to learn a near-optimal policy with only
outcome reward. However, such a problem is known to be easy with per-step reward
feedback, in the sense that existing algorithms can return an e-optimal within O (d?/e?)
rounds with per-step feedback. This separation demonstrates that delicate analysis based
on well-behaved reward structure can fail catastrophically when only outcome reward
feedback is available.

Our results provide a theoretical foundation for understanding when outcome-based explo-
ration is tractable and when it presents insurmountable statistical barriers. By characterizing
these fundamental limits, we offer guidance for the development of efficient algorithms for
learning from trajectory-level feedback in online settings and highlight the precise conditions
under which outcome-based feedback is statistically equivalent to per-step feedback.
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8.2 Preliminaries

Markov Decision Process An MDP M is specified by a tuple (S,.A, T, p, R, H), with state
space S, action space A, horizon H, transition kernel T = (T}, : S x A — A(S));5, is initial
state distribution p € A(S), and the mean reward function R = (R, : S x A — [0,1])1L,.
At the start of each episode, the environment randomly draws an initial state s; ~ p, and
then at each step h € [H], after the agent takes action a, the environment generates the
next state sp41 ~ T(:|sp,an). The episode terminates immediately after ay is taken, and,
for notational simplicity, we denote sy, to be the deterministic terminal state. We denote
T =(81,a1,---,Sy,ay) to be the trajectory, and throughout this paper we always assume
the reward function is normalized, i.e., R(7) := 3.1, Ru(sn, an) € [0, 1] almost surely.

In addition to the states, the learner may also observe the reward feedback after the
episode terminates. In the process reward feedback setting, the learner receives a random
reward vector (rq,--- ,rg) € [0,1]% such that E[ry|7] = Rp,(sn,as) for each h € [H|. In the
outcome reward setting, the learner only receives a single reward value r € [H] such that

E[r|7] = 354, Ra(sn, an).

Policies, value functions, and the Bellman operator A (randomized) policy 7 is speci-
fied as {m, : S — A(A)}, and it induces a distribution P of trajectory 7 = (s1, a1, , Sg, an)
by s1 ~ p, and for each h € [H|, ap, ~ 7(S1), Sht1 ~ Th(sp,an). We let E™[-] to be the
corresponding expectation.

The expected cumulative reward of a policy 7 is given by J(m) := E™ [Zthl Ry (sp, ah)].
The value function and Q-function of 7 is defined as

H H
Vir(s) :=E" | > Rilse, ar)| sn = S] o Qn(s,a) =E" | > Re(se,a0)| sn = s, a5 = a] :
=h =h

Let 7m* denote an optimal policy (i.e., 7* € argmax, J(7)), and let V* and Q* be the
corresponding value function and @Q-function. It is well-known that (V*, Q*) satisfies the
following Bellman equation for each s € S,a € A, h € [H|:

Vh*(s) = I(?Eaf)l( Q;(L(Sa a)a QZ(Sa Cl) = Rh(sa a) + Es’N']Th(-|s,a)Vh*+l(8/>7 (81)

with the convention that V};, ; = 0. Therefore, we define the Bellman operator 7; as follows:
for any f: S x A — R, T, f is defined as

[Tnf](s,a) == Ru(s,a) + Egr,(|s,a) max f(s',ad). (8.2)

Then, it is straightforward to verify that the Bellman equation reduces to Qj, = T,Q5 ., for
h € [H].

Complexity measure of the MDP Coverability is a natural notion for measuring the
difficulty of learning in the underlying MDP [153].
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Definition 8.1 (Coverability). For a given MDP M and a policy class 11, the coverability

Ceov 18 defined as
iy,

Ceov(IT; M) = min max
Hn

w1, uEEA(SXA) he[H],mell

)
o
dy (s,a)
Hn(s,a)

dp

‘= INaXsec A,acA
oo

where ‘

The coverability coefficient of an MDP is an inherent measure of the diversity of the state-
action distributions. Our main upper bounds scale with the coverability of the underlying
MDP M*, and in this case we abbreviate Ceoy(II) := Ceoy (I1; M*) for succinctness.

Function approximation In this paper, we work with (model-free) function approximation,
where the learner have access to a value function class F = F; X --- X Fg and a reward
function class R = Ry X - -+ x Ry with each F,, R, C (S x A — [0,1]).

The function class F and R consist of candidate functions to approximate Q* and the
ground-truth reward function R*.! In the literature of RL with general function approximation,
it is typically assumed that the function classes are realizable, i.e., @Q* € F and R* € R. In
this paper, we adopt the following relaxed realizability condition with a fixed approximation
€ITOr Eupp > 0.

Assumption 8.2 (Realizability). There exists Q* € F and R* € R such that MaXpe|p] HQEL —

Q;L||OO < Eapp, MaAXpe(H] HRi - RZHOO < Eapp-

For each value function f € F, it induces a greedy policy 7, given by 7s,(s) =
arg max,. 4 f(s,a). Therefore, the value function class F induces a policy class [Ix :=
{m¢: f € F}, and we take our policy class Il = IIx for the remaining part of this paper.

The complexity of the function class is measured by the covering number.

Definition 8.3 (Covering number). For a function class H C (X — R) and parameter
a >0, an a-covering of H (with respect to the sup norm) is a subset H' C H such that for
any [ € H, there exists f' € H' with sup,cy |f(z) — f'(x)] < a. We define the a-covering
number of H as N(H,«) := min{|H'| : H' is a a-covering of H}.

Bellman completeness A reward function R = (Ry, -+, Ry) € R induces a Bellman
operator as

[E,hf](sa CL) = Rh(S, CL) + ES/NT;L('I&G) Iar,lgj( fh+1(8/7 CL,), \V/f - (fl’ T 7fH> S f:

where we also adopt the notation fy; = 0 for any f € F. Most literature on RL with general
function approximation also makes use of a richer comparator function class G = Gy X - - - x Gy
that satisfies the following Bellman completeness [142, 153, 200, etc.].

Assumption 8.4 (Bellman completeness). For each h € [H|, Fi, C Gp,. For any f € F and
R € R, it holds infy, cg, || Trnfos1 — gnll, < €app for b € [H].

'In the following, we always write R* for the true reward function to avoid confusion.
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Miscellaneous notation For any p € [0, 1], we define Bern (p) to be the Bernoulli distri-
bution with P(X = 1) = p. For functions f and g > 0, we use f = O(g) to denote that there
exists a universal constant C' such that f < C'-g.

8.3 Sample-Efficient Online RL with Outcome Reward

In this section, we present a model-free RL algorithm with outcome reward, which achieves
sample complexity guarantee scaling with the coverability coefficient and the log-covering
number of the function classes.

8.3.1 Main Result

We present Algorithm 2, which is based on the principle of optimism. For simplicity of
presentation, we assume that the initial state s; is fixed.

The crux of the proposed algorithm is a new method for performing Fitted-Q Iteration
with only outcome reward, in contrast to most existing RL algorithms (with general function
approximation) that make use the process reward (ry,--- ,rg) to fit the Q-function for each
step [200, 201, etc.]. A natural first idea is to fit, given a dataset D = {(7,r)} consisting
of previously observed (trajectory, outcome reward) pairs, a reward model from the reward
function class R by optimizing the following reward model loss:

LYNR) == ) (ZRh(sh,ah)—r> . (8.3)

(r,r)eD \h=1

As discussed below in Theorem 8.6, directly fitting an estimated reward model based on
LM can lead to bad performance. Instead, our algorithm jointly optimizes over the value
functions and reward models, as detailed below.

For any proxy reward model R € R and a value function f € F, we define the Bellman
error at step h € [H| as

Epp(frs o1 R) == Z (fh(sha an) — Rp(sn, an) — max Jnr1(sht, a’))2, (8.4)

(r,r)eD

a measure of violation of the Bellman equation (8.1) with the proxy reward model R. Then,
we introduce the Bellman loss defined as

H H
LEF(f;R) = ng,h(fh, fri1;s R) — élggzgp,h(gh, fri1; R), (8.5)
h=1 =1

where we subtract the infimum of g € G over the helper function class G, a common approach
to overcoming the double-sampling problem [147, 200, 202].
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Algorithm 2 Outcome-Based Exploration with Optimism
input: Q-function class F, reward function class R, comparator class G, parameter A > 0,
reference policy 7.
initialize: D « (.
1: fort=1,2,...,7T do
2: Compute the optimistic estimates: (f®, R?) = max \fi(s1)—LEE(f; R)—LM(R).

feF,RER
3: Select policy 7 <= 1.
4: for h=1,2,--- ,H do
5: Execute 7 op, mes for one episode and obtain (7¢™ r*"))
6: Update dataset: D < DU {(7"", rtm)}.
7 end for
8: end for

9: Output 7 = Unif(7™™).

Algorithm First fix an arbitrary policy 7. (can be the policy which takes an arbitrary
action ag at al states). The proposed algorithm takes in a value function class F, a reward
function class R and a comparator function class G, and performs the following two steps for
each iteration t =1,2,--- 1"

1. (Optimism) Compute optimistic estimates of (Q*, R*) through solving the following joint
maximization problem with the dataset D consisting of all previously observed (trajectory,
outcome reward) pairs:

® PO — _ rBE(f. P\ _ pRM

(FO,RO) = s Afils) — L35S R) — £R(R), (36)

where for any f € F we denote fi(s1) := maxue4 f1(s1,a) to be the value of f at the

initial state. Therefore, the optimization problem (8.6) enforces optimism by balancing

the estimated value fi(s;) and the estimation error £2F(f; R) + L8M(R) though a hyper-
parameter A > 0.

2. (Data collection) Based on the optimism estimate f®, the algorithm selects 7 := 7).
To collect data, the algorithm then executes the exploration policies 7 op 7. for each
h € [H], where for any policy 7 and m.f, we let 7 o, mer be the policy that executes 7 for
the first h steps, and then executes m,¢ starting at the (h + 1)-th step.

Theoretical analysis For Algorithm 2, we provide the following sample complexity guaran-
tee, which scales with the coverability Ceoy = Ceov (1), where Iz = {m; : f € F} is the policy
class induced by F. To simplify the presentation, we denote log Ny := inf,>¢ (log N(«) + Ta),
where N(«) is defined as

N(a) = }rlg%{]\/'(fh,a),N(Rh,a),N(gh,a)}.

With the function classes being parametric, it is clear that log Ny < O (dlog(T)).
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Theorem 8.5. Let 6 € (0,1). Suppose that Theorem 8.2 and Theorem 8.4 hold, and the
parameters are chosen as

HlOg(NTHQ/(S)
S

CeovH?log(T)
A —.A A
-2

A=¢ max{ ,THeapp} , T > log(N7gz/6), (8.7)
where cq,c; > 0 are absolute constants. Then with probability at least 1 — 9, the output policy

7 of Algorithm 2 satisfies V*(s1) — V™ (s1) < € + O (Cooy H? log(T) * Eapp)-

The proof of Theorem 8.5 is deferred to appendix G.3. Particularly, we note that when
the function classes satisfy log Ny < O (d) and e,pp, = 0, Algorithm 2 outputs an e-optimal
policy with sample complexity

_ 3
THSO(M)_

c2

Notably, the coverability C.,, measures the inherent complexity of the underlying MDP
M* [153] and it is independent of the reward function class. As our result only depends on
the coverability C,, and the statistical complexity of the function classes, it does not rely
on the structure of reward functions, while previous works assume the reward functions are
either linear [27, 30| or admit low trajectory eluder dimension [32, 33].

Remark 8.6. In Algorithm 2, the reward functions Rw) and Q-functions fu are jointly
optimized (see eq. (8.6)). A natural question is whether these can be optimized separately—i.e.,
first learning a fitted reward model and then applying optimism to the Q-functions based on
the learned reward model. We show that this decoupled approach can lead to failures: due to
reward model mismatch, the algorithm may become ‘trapped’ in regions where the exploratory
policy fails to gather informative data. As a result, the sample complexity can become infinite
in the worst case. See appendixz G.6.1 in the appendix for details.

8.3.2 A Simpler Algorithm for Deterministic MDPs

A disadvantage of Algorithm 2 is that it requires solving a max-min optimization problem (8.6),
as the Bellman loss £2F involves a minimization problem over G. While such computationally
inefficient optimization problems are the common subroutines of existing function approxima-
tion RL algorithms [33, 200, 203, 204, etc.|, it turns out that Algorithm 2 can be significantly
simplified when the transition dynamics in underlying MDP are deterministic.

Assumption 8.7. The transition kernel T is deterministic, i.e., for any h € [H]| and
sp € S,a, € A, there is a unique state spy1 € S such that Tp(spy1 | Sp,an) = 1.

Note that in this setting, the initial state s; and the outcome reward r can still be random.
This setting is also referred to as Deterministic Contextual MDP in Xie et al. [177].

Value difference as reward model A key observation is that, when the underlying MDP
M™* is deterministic, the Bellman equation (8.1) trivially reduces to the following equality

Q1 (8ny an) = Ry (snyan) + Vi (She),
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Algorithm 3 Outcome-Based Exploration with Optimism for Determinsitic MDP
input: Function class F, parameter A > 0.
initialize: D < (), initial estimate f® € F.

1: fort=1,2,...,7T do

2: Receive s and compute the optimistic estimates: [ = max Mi(s$) — LBR(f).
€
3: Select policy 7 <= 7).
4: Execute 7 to obtain a trajectory 7® = (s, a{”, ..., s% a}}) with outcome reward
r.
5: Update dataset: D <= DU {(7®,r®)}.
6: end for

7. Output 7 = Unif (7).

which holds almost surely. Hence, for any trajectory 7, it holds that

H

H
Z R} (sn an) [Q2(8h7 an) — Vf:Jrl(Sh—&—l)} :
h=1

h=1

Therefore, any value function f € F induces an outcome reward model R/ : (S x A)#
defined as

H
= [fulsn an) = fara(snia)]
n=1

where we adopt the notation f5(s) := maxge 4 fr(s,a) for h € [H]. This observation motivates
the following Bellman Residual loss:

LEX(f) = Z (Z [fn(shyan) = fre1(snt1)] — 7”) , (8.8)

(r,r)eD \h=1

where D = {(7,r)} is any dataset consisting of (trajectory, outcome reward) pairs.

Bellman Residual Minimization (BRM) with Optimism For deterministic MDP, we
propose Algorithm 3 as a simplification of our main algorithm. Similar to Algorithm 2, the
proposed algorithm takes in the value function class F and alternates between the following
two steps for each round t =1,2,--- ,T"

1. (Optimism) Compute optimistic estimates of @Q* through solving the following maximization
problem with the dataset D consisting of all previously observed (trajectory, outcome
reward) pairs:

7O = max (1) = L), (8.9)

enforcing optimism by balancing the estimated value f;(s;) and the Bellman residual loss

LE(f)-
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2. (Data collection) Based on the optimistic estimate f@, selects 7 := 7w and collect a

trajectory 7@ = (s{”,al”, ..., s%, a¥)) with outcome reward r®.

Compared to Algorithm 2, Algorithm 3 has the several advantages. First, it does not rely
on the reward function class R and the comparator function class G, and the Bellman residual
loss £BR is much simpler than the Bellman loss £B8F, thanks to the deterministic nature of
the underlying MDP. Therefore, Algorithm 3 is more amenable to computationally efficient
implementation, as it replaces the max-min optimization problem (8.6) in Algorithm 2 with
a much simpler maximization problem (8.9). Further, for every round ¢, the algorithm only
needs to collect one episode from the greedy policy 7.

Theoretical analysis We present the upper bound of Algorithm 3 in terms of the following
notion of coverability,
Cl

cov

(H) = EslprCOV(H; M:1)7

where M~ is the underlying MDP, M7 is the MDP with deterministic initial state s; and
the same transition dynamics as M*, and II = IIz is the policy class induced by F. In
general, C!_ (II) is always an upper bound on the coverability C.o,(II), and the guarantee of
Algorithm 3 scales with C’__(II) as it avoids the layer-wise exploration strategy of Algorithm 2.

cov
We also denote

log Nr g := inf (max N(Fp, o) + Ta) .

a>0 \ he[H]

Theorem 8.8. Let 6 € (0,1). Suppose that Theorem 8.2 holds, and the parameters are
chosen as

. 1Og(N]:7T/5), (810)

1 loa(Nrr/6) . } 7> o, Clo(IDH 105(7)
8 ) -_

A = copmax €a
) PP 62

where co,c1 > 0 are absolute constants. Then with probability at least 1 — &, Algorithm 3
achieves

% S (Vi) = V() < 2 4 O (Clay (M H10G(T) - 2upp)

t=1

The above upper bound provides the PAC guarantee through the standard online-to-batch
conversion, and its proof is deferred to appendix G.4. It is worth noting that Theorem 8.8
only relies on realizability assumption on the Q-function class F, significantly relaxing the
assumptions of realizablity (Theorem 8.2) and completeness (Theorem 8.4) in Theorem 8.5.

8.4 Preference-based Reinforcement Learning

The goal of preference-based learning is to find a near-optimal policy only through interacting
with the environment that provides preference feedback. As an extension of our results
presented in section 8.3, in this section we present a similar algorithm for preference-based
RL with the same sample complexity guarantee.
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Preference-based learning in MDP In preference-based RL, the interaction protocol of
the learner with the environment is specified as follows. For each round ¢t =1,2,-- -,

e The learner selects policy 7" and 7).

e The learner receives trajectories 7" ~ gt 7= ~ 72 and preference feedback
y® ~ Bern (C(7*", 7*7)), where C is a comparison function.

Intuitively, for any trajectory pair (7%, 77), the comparison function C(7+,77) = P(v+ = 77)
measures the probability that 77 is more preferred. In this paper, we mainly focus on the

Bradley-Terry-Luce (BTR) model [178], which is widely used on RLHF literature. We expect
that our algorithm and analysis techniques apply to a broader class of preference models.

Definition 8.9 (BTR model). The comparison function C is specified as

) — exp (BR* (7))
’ exp (BR*(7+)) + exp (BR*(77))’

where R* 1s the ground-truth reward function, 8 > 0 is a parameter.

Under BTR model, the preference feedback in fact contains information of the outcome
rewards. Hence, in this sense, preference-based RL can be regarded as an extension of
outcome-based RL with weaker feedback.

Algorithm for preference-based RL To extend Algorithm 2, we need to modify the
reward model loss L8 (defined in (8.3)) to incorporate preference feedback. For any dataset
D = {(r7,77,y)} consisting of (trajectories, preference) pair, we introduce the following
preference-based reward model loss £2PRM:

LYPMER) = Y L(R(r")—R(r).y). (8.11)

(rt,7,y)eD

where L(w,y) := —pwy + log(1 + ) is the logistic loss. It is well-known that under BTR,
model (Theorem 8.9), the ground-truth reward R* is the population minimizer of L£LFPRM
and any approximate minimizer of L2PRM can serve as a proxy for R*. Therefore, with the
loss function £2PRM we propose the following algorithm (Algorithm 5, detailed description
in appendix G.5), which generalizes Algorithm 2 to handle preference feedback: For each
iteration t = 1,2,--- T, the algorithm performs the following two steps.

1. (Optimism) Compute optimistic estimates of (Q*, R*) through solving the following joint
maximization problem with the dataset D consisting of all previously observed (trajectories,
feedback) pairs:

(FO.RY) = max M| fi(s) = Vah| - L85 B) - LB™M(R), (8.12)

where the Bellman loss £2F is defined in (8.5), 171582 is the estimated value function of e
defined as

re 1 —
VER = D Z R(17). (8.13)
(

Tt 7 y)eD
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The term fi(sy) — 17562 can be regarded as an estimate of the advantage of 7 over m.¢
under (f, R). It is introduced to avoid over-estimating the optimal value, as the preference
feedback only provide information between the difference between two trajectories.

2. (Data collection) The algorithm selects the greedy policy 7 := 7. For each h € [H],
the algorithm sets 7" := 7o, mer and w7 := T, executes (7" ")) to collects
trajectories (7" 7= and the preference feedback y®™.

We provide the following sample complexity guarantee of the algorithm above.

Theorem 8.10. Let 6 € (0,1). Suppose that Theorem 8.2 and Theorem 8.4 hold, and the
parameters of Algorithm 5 are chosen as

H log(Nry2/9)
€

A cov]_—l2
,THsapp} , T>0 (C o log(NTH2/5)> . (8.14)

A:comax{

where cy > 0 15 an absolute constant, and 9) (1) omits poly-logarithmic factors and constant
depending on 3. Then, with probability at least 1 — &, the output policy T of Algorithm 5
satisfies

V*<Sl) - V%<51> S €+ 6 (CCOVH2€app> .

The proof of Theorem 8.10 is deferred to appendix G.5.1.

8.5 Lower Bounds

As shown by Theorem 8.5, with bounded coverability of the MDP and appropriate assumptions
on the function classes, finding a near-optimal policy within a polynomial number of episodes
with outcome rewards is possible. In this setting, our sample complexity bounds match the
sample complexity of Algorithm GOLF [153, 200], up to a factor of O (H). This indicates
that, under bounded coverability, learning with outcome-based rewards is almost statistically
equivalent to learning with process rewards.

Additionally, in the setting of offline reinforcement learning with bounded wuniform
concentrability, the results of Jia, Rakhlin, and Xie [199] indicate that there is also a statistical
equivalence between learning with outcome rewards and learning with process rewards.
Therefore, it is natural to ask the following question:

Is learning with outcome rewards always statistically equivalent to learning with process
rewards in RL?

However, it turns out that the answer is negative if the statistical complexity is measured
with respect to the structure of the value (reward) function classes.

More specifically, we construct a class of MDPs with horizon H = 2, known transition T,
and d-dimensional generalized linear reward models (appendix G.6.2). With process reward
feedback, such a problem is known to be easy as it admits low (Bellman) eluder dimension 200,
205, etc.], and existing algorithms can learn an e-optimal policy using O (d?/£2) episodes
with process rewards. However, given only access to outcome rewards, we show that this
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problem is as hard as learning ReLU linear bandits [206, 207|, and hence it requires at least
¢4 episodes to learn. Hence, in this setting, there is an exponential separation between
learning with process rewards and learning with outcome-based rewards.

Theorem 8.11. For any positive integer d > 1, there exists a class M of two-layer MDPs
with a fized transition kernel T and initial state s, such that the following holds:

(a) There exists an algorithm that, for any MDP M* € M and any € € (0,1), given access
to process reward feedback, returns an e-optimal policy with high probability using

O (d2/<?) episodes.

(b) Suppose that there exists an algorithm that, for any MDP M* € M, given only access
to outcome reward, returns a 0.1-optimal policy with probability at least % using T
episodes. Then it must hold that T = Q(e“1?), where ¢, is an absolute constant.

This exponential separation demonstrates that the delicate analysis based on well-behaved
Bellman errors [200, 201, 208, etc.] crucially relies on the process reward feedback, and
the resulting guarantees might not be preserved in the setting where only outcome reward
feedback is available.

8.6 Conclusion

In this work, we develop a model-free, sample-efficient algorithm for outcome-based reinforce-
ment learning that relies solely on trajectory-level rewards and achieves theoretical guarantees
bounded by coverability under function approximation. From the lower bound side, we show
that joint optimization of reward and value functions is essential, and establish a fundamental
exponential gap between outcome-based and per-step feedback. For deterministic MDPs,
we propose a simpler, more efficient variant, and extend our approach to preference-based
feedback, demonstrating that it preserves the same statistical efficiency.
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Appendix A

Proofs for Chapter 2

This appendix contains the detailed proofs for the results presented in Chapter 2, including
the lower and upper bounds for the 2-Wasserstein distance and the KL divergence bounds.

A.1 Proofs for Chapter 3 Main Theorems

A.1.1 Proof of the Lower Bound in Theorem 2.4

The main idea of the lower bound is that already simple binary Gaussian mixtures demonstrate
why for K > o the rate of smoothed Wasserstein convergence should slow down.

Proposition A.1. Fix K > 0 > 0. For every h > 0 we consider a Bernoulli distribution
Py, = (1 — pn)do + pudn, with p = e /@5 Then for any ¢ > 0 we have

sup E [Wg(Ph * N(0,0%), Py + N(O, 02))] =0 (n_o‘_a) ,
h
where Py, is the empirical measure constructed from n i.i.d. samples from Py, and o is
defined in (2.6).

The proof of Proposition A.1 and the construction of the multi-point distribution that
provides the lim sup result in Theorem 2.4 follow from careful analysis of the CDF differences
and the use of the Berry-Esseen Theorem.

A.1.2 Proof of the Upper Bound of Theorem 2.4

We start the proof from the following observation Villani [6]: for two distributions Q;, @y on
R with absolutely continuous CDFs F(z), F5(x) the optimal coupling for the 2-Wasserstein
distance is given by F;, ' (Fy(z)), implying an explicit formula:

Wa(Qi,Q2)? = E[| B (F(T)) — T[], T~ Q.

In our case we set Q; = P+A(0,1) and Q, = P,+«N (0, 1). The proof proceeds via conditioning
on the subgaussianity of the empirical measure, truncating the evaluation range, and applying
a concentration bound on |F,(t) — F(t)| relative to the PDF p(t).
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A.2 KL Divergence and Rényi Mutual Information

A.2.1 Proof of Theorem 2.5

To prove Theorem 2.5, we leverage Rényi divergence D) and the relationship established in
Van Erven and Harremos [209] that limy_; D)y = Dgy. We show that for K-subgaussian
distributions, the order-A Rényi mutual information I, (X;Y) is bounded by O(log(1/(2—X))).

(logn)?
n

By choosing A = 2 — 1/log n, we recover the O( ) rate.

A.3 Supplemental Examples and Calculations

A.3.1 Non-Existence of Uniform Bound for LSI Constants

We prove that for the Bernoulli distribution class P, = (1 — pp,)do + prop, the constants in the
log-Sobolev inequalities (LSI) do not have a uniform bound when o < K. This corresponds
to Corollary 1.1 in Chapter 2.

Proof Sketch. By constructing test functions f;, that transition between the two peaks of
the smoothed Bernoulli measure, we show that the LSI constant C}, must grow with A to
satisfy the inequality [ f?log f2dp < Cj, [ |f'|*du. Specifically, as h — oo, the gap between
the distribution’s modes becomes too large for a fixed constant to hold. O
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Appendix B

Proofs for Chapter 3

This appendix contains the detailed proofs for the results presented in Chapter 3.2, including
dimensionality results, subgaussian dichotomies, and comparisons for other distance metrics.

B.1 Proof of Theorem 3.2
First of all, we notice that [57, Lemma 5| shows that for any §, A > 1 such that
0<0<exp(—1/2) and loglog(1/d)/log(1/0) < (A—1)/2, (B.1)

and any probability measures P, Q,S and Q" = (1 — §)Q + 0S, we have

o o A1 A
D (elQ) < ZE LD e+ D g [ B my

Let A = 3, then as long as 0 < 6 < 1/2, (B.1) holds. Choose, P = f; and S = Q = f,,, we get

21log(1/6) 401og(1/9) s fr(x)3
(1—9)2 (1—6)? rd fn(X)?

Notice that the last term is an f-divergence with f = 3, which is a convex function, hence

Jpa ];2833 dx is convex in (fr, f,). Define the set & (M) of Gaussian mixtures with mixing

distributions supported on the ball By(M):

DKL(fWHf’I]) S HQ(fmfn)_l_

dx. (B.3)

P (M) ={m*N(0,1,) : supp(m) C Ba(M)}

which is a convex set. Hence the maximum value of [, J;’;E—)’gzdx where fr, f, € (M) is

attained when f;, f, are both at the boundary of (M), i.e. Ju,v with |Julls, ||V|]s < M
and we have f, = d, * N(0,1,), f,, = 0y * N'(0, I;). Therefore, we have

3
fW(X)Q dX S Sup
Rra fn(X) wvi|lull,[vla <M

< L exp (_||x+2u§>>3
/ Var dx
R4

| ERAN
(mdexl)(_ 2 ))
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1 1
= sup y exp (—— (XTX +6xTu — 4xTv 4+ 3ulu — 2VTV)) dx
wviul vl <M /27" JRa 2

1 X + 3u — 2v||3

= sup - exp (3llu—vlf3) - / exp <— | 5 H2) dx
w,vi|lull,[[vll2<M /27 Rd

= sup exp (3[lu — vl[3) = exp (12M?).

w,vi[ull,[lvile<M

Therefore, according to (B.3), we have for any § € [0,1/2],

2log(1/9)
(1-9)2

46 1og(1/9)

TEE + exp(12M?)6.

Dxw(fxlfy) < H(fr, f) +

Choosing 6 = exp(—12M?)H?(fx, f,) € [0,1/2] and noticing that (1 — )% > 1, we get

Diw(fllf,) < H2(far £,) + 6M2H(f1, f,) + 16H?(fy, f,) log m
m Jn
< 97M2H2(fmfn> + 16 H?(fr, fn) log —HQ(fl 35
T Jn

This finishes the proof of Theorem 3.2.

B.2 Proof of Corollary 3.9

For convenience, denote by R;pm the minimax squared Hellinger risk for improper density
estimation, similar to Rk ,. First, notice that for P C Peom (M) or P C Psup(K)

R ,(P) < RH?,n(P), Ryrn(P) < RKL,n(,P)a

and also

Rz n(P) S Rgpn(P)

since H?(P,Q) < Dgi(P||Q) holds for all distributions P and Q. Moreover, according to
Theorems 3.1 and 3.3, for P,Q € P, we have Dk, (P||Q) < H*(P,Q), which indicates that

Ricrn(P) S Ripz n(P).
Therefore, we have
RHQ,n(P) ,§ RKL,n<P) < RKL,n(P) 5 RHM(P)-
Next, we notice that

Ry ,(P) = infsup E; [HQ(fn,f)} )
fn f€P

For one estimator fn, suppose fn is the projection of fn into P under Hellinger distance. Then
for every f € P, we have H(f,, f) < 2H(f, f). Therefore, we have Ry2,(P) > 1Ry, (P).
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Hence we have proved that Rz, (P) < Rxrn(P) < Rirn(P) < Ry2,(P). Similarly, for
sequential density estimation minimax risks, we can also show that

CH?,n(P) = OKL,n(P) = éKL,n(P> = C’H?,n(P)-

Therefore, to prove Corollary 3.9, we only need to show:

1
RHQ,n = inf 82 + — logMoc,H<7D7 5)7
e>0 n
Crrn = igg ne? + log N (P, ).
g

For the first inequality above, the upper bound follows from the Le Cam-Birgé construction.
For the second inequality, it follows from results in [57].

B.3 Proof of Theorem 3.1 in General Dimensions

Without loss of generality, we assume d < M?. For simplicity we abbreviate f.(-) and f,(*)
as p(-), q(-)-

Lemma B.1. Suppose p = 7« N (0, 1;), where supp(n) C Ba(M). Then for any w € Q, we
have:

1. ¥r' € [M,r], we have p(x(1',w)) > p(x(r,w)).

2. N7 >r > M, we have p(x(r',w)) < p(x(r,w)) exp (—w)

Lemma B.2. Suppose p = 7 N (0, 1;) where supp(w) C Bo(M). Then we have
|V log p(x)|l2 < 3||x[]2 +4M, V¥x e R%

The proof of Theorem 3.1 follows by integrating in polar coordinates and using the
one-dimensional techniques established in Section 3.3.

B.4 Proof of Theorem 3.4

Given some constant r > 1, we consider the following distribution:

Ty = (1 — hr)(SO + hr&n,

r2

2K?

We let p, = 7, * N'(0,1). The proof follows by analyzing the KL divergence and Hellinger
distance in three regions: (—oo, —r], [—=r,7] and [r, 00). Choosing r large enough shows that
Dx1,/H? can be arbitrarily large when K > 1.

where h, = exp (— ) . Then for any r > 1, 7, is a K-subgaussian distribution.
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B.5 Proof of Theorem 3.3

Lemma B.3. Suppose p = 7w« N (0, 1), where 7 is a K-subgaussian distribution with K < 1.

Then for every r > 2‘? and any w € 2, we have:

1. Vr' e [12\51(— }, we have p(x(r',w)) > p(x(;’w)).

2. ¥r' > r, we have p(x(r',w)) < Tp(x(r,w)) - exp (—=Er(r' —1)).

Lemma B.4. Suppose p = 7w+« N (0, 1), where 7 is a K-subgaussian distribution with K < 1.
For x € R?, we have:
IV1og p(x)[l2 < 3|[x|[2 + 12.

Integration in polar coordinates then establishes the linear comparison between KL and
H? for K < 1.

B.6 Proof of Theorem 3.5

Using the f-divergence convexity and Jensen’s inequality,

K-subgaussian distributions. By optimizing over A and ¢ in the inequality of [57], we obtam
the dimension-free bound with a logarithmic factor.

B.7 Comparison inequalities for other distances

In this section, we discuss comparison inequalities for high-order divergences and distances.

Theorem B.5. For d-dimensional distributions m,n supported on Bay(M) with M > 2, we
have

Xz(wafn) < 2exp (50(M2 \% d)) HQ(fm fn)

Theorem B.6. Suppose m and n are one-dimensional distributions supported on [—M, M]
with M > 1. Then we have:

DTV(fTHf??) S (8\/_+210g ||f f H ) ”fﬂ - fT]HQ

Theorem B.7. For any one-dimensional distributions m,n:

||f7r - f7]||2 S (1Og1/4 = ) V 3> DTV(fTrafn)'

DTV(le’) fn
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Appendix C

Proofs for Chapter 4

C.1 Proofs of Theorem 4.5 and Theorem 4.6

Proof of Theorem 4.5. Our proof is divided into two parts: the lower bound to the den-
sity estimation sample complexity and the upper bound to the density estimation sample
complexity.

Lower Bound to Density Estimation: Without loss of generality we assume (2¢)~2/3
is an integer (otherwise we replace € by |(2¢)72/%]7%/2/2 and the argument follows only up
to constant). We first construct a infinite-dimensional rectangle which is a subset of I'":

M ={60=(01,00,--):16;| < (2e)"3, V1 <i<(2e)*% and 6;=0, Vi>d}.

We can verify that for any 8 = (0,,0s,---) € M,

00 (28)—2/3

dilel< Y i (2P <L

i=1 i=1

Hence @ € T". Therefore, M C I'. We next lower bound the density estimation error of
estimation using n samples: according to [70, Proposition 4.16|, we have

nf sup E [||/0\n - 0“2] = (2¢)"%3.inf sup E [(@Z - 9)2} ,

i
0, 6eM On 10]<(26)4/3

where b\n denotes an estimator with n i.i.d. samples coming from A (@, ), and é\n denotes an
estimator with n i.i.d. samples coming from N (6, 1). Next, according to Van trees inequality
[210] (also in [70, (4.9)]), we have

A= - (20)%3,

DO | —

inf sup E [(é\n — 9)2] > %

On |0]<(26)4/3

Hence we obtain that

1

R 1
. —_o12| > =2/3 ([ 3) =28 A ———.
inf SSJ\BE [H@n 0 } > (2¢) <2n A (2¢) ) 2e° A o - (26)2/3

n
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Hence in order to achieve no more than €* density estimation error (i.e. eq. (4.8) holds), we

require
-8/3

4

3

nest(I', ) > (C.1)

Upper Bound to Density Estimation: Next, we construct an estimator which will
achieve £? density estimation error (i.e. eq. (4.8) holds) with no more than O(¢7/3) samples.

For n samples X = (X'™) where each X’ N (8, I), we consider the following estimator: let
0(X) = (61,0s,---) = £ 3" | X;, and further construct estimator 6(X) = (61(X), 6(X), - ),
where

i 5(0;)  V1<i<D,
o i> D,

where A > 0 and D € Z, are parameters to be specified later. Here 0,(-) : R — R is the
soft-thresholding function defined as:
r— A > A
zx)=<0 A< <A,
T+ A r < =\

We will show that with proper choices of A and D, the density estimation error can be upper
bounded by €% with n = O(1/%?3) number of samples. We write X* = (X{, X3,---). Then

we have X;,Xf, s X7 bk N(6;,1) for any j > 0. And we only need to verify for some
choice of A and D,

> B [6,00 -] <<

When j > D, we have @(X) = 0, hence

E[(6;(X) - 0,%| = 62

J

And for j < D, according to [70, (8.12)], we have

1 A2 |
E [(ej(X) - ej)Q] < ~exp (—%) + min {9?, ~+ /\2} .

Thus, we obtain

iﬂz [(0;(%) - 0;)?]

Since 6 € ©, we have



If we choose D = [2/¢], for 0 = (01,05, --), we will have

N | = 1 e
2 B X ibl) sm<g (C2)
j=D+1 j=D+1

D 1
> " min {0§,E+>\2}. (C.3)

Since set {(01,--- ,0p) : Z?:lj -16;] < 1} is compact, there must exists some (6y,---,0p)
which maximizes (C.3). Without loss of generality we assume [0;| < y/1/n + A% (otherwise
truncate the value of all 6; to interval [—+/1/n + A2, \/1/n + A?] and it results in another

maximizer). Further if there exists j; # j, which both satisfy 0 < |6;] < y/1/n + A2, then by
slightly modifying 6;, and 6;, we can make (C.3) larger, while keeping the parameter still
in the set. This contradicts to the assumption that (6;,--- ,0p) is a maximizer. Therefore,
there exists at most one of 1 < j < D which satisfies 0 < |0;| < \/1/n + A2. We let integer
N to be the smallest integer such that

N(N —1 /1
Q. _+>\221.
2 n

Then the maximizer has at most N nonzero items, which implies

D
1 1
sup Zmin{G?,EjL)\?}SN. <E+A2).

D .
Zj:l J-1651<1 j=1

Finally, we choose A = (¢/8)%3. When n > (¢/8)7%/3 . 4log(1/¢) we have

1
N<2-(/8)7%% and — <\
n
which implies
D 1 g2
Zmin {0?’ﬁ+)\2} <2-(g/8)723. 202 < 5 (C.4)
j=1
Further according to our choice of n we have
D n\? g2
EGXP <—7) < o (C.5)

Combining eq. (C.2), eq. (C.4) and eq. (C.5), we obtain that

D nA? s 1, e2 & ¢ 5
gexp< ) me{ej,ng)\} 29] Z 5 7=c

j=D+1
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Therefore, we obtain
g\ ~8/3 1
< (| = . — 1. .
Nest (L', ) < <8> 4log (5) (C.6)

Above all, according to eq. (C.1) and eq. (C.6), for set I" defined in eq. (4.4), we have
nest (I, ) = © (e74%) .
[

Proof of Theorem 4.6. Our proof is divided into two parts: the lower bound to the goodness-
of-fit testing sample complexity and the upper bound to the goodness-of-fit testing sample
complexity.

Lower Bound to Goodness-of-fit Testing: For any fixed distribution p € A(R>), we

define distribution Py x to be the distribution of (X, Y, Z) sampled according to the following
way: first sample @ ~ p, then sample X = (X!") VS N(6,1). And we define distribution
Py x to be the distribution of X = (X™) Vs N(0,1). According to [15, Lemma 5|, we have

the following lower bound on the testing error (left hand side of eq. (4.7))

i?nm<wpmwav¢nzlu—lvm@mmx»—u@ﬂ—MBmm, (C.7)
i€{0,1} peH; 2

where I'° is the complement of set I', and Bs(e) denotes the ¢5-ball of radius e. We next
construct such a prior p. First of all, we choose i to be supported in the following subset of
I

Fd:{gz (01,92,"') 206P79d+1 :0d+2: :0} QF,

where d is some positive integer to be specified later. Since for any X' ~ A(@, ), the
first d coordinate X}, of X’ only depends on 6y, - , 64, and the rest coordinates are pure
i.i.d. standard Gaussian noises, in order to lower bound the goodness-of-fit testing sample
complexity of I'y, without loss of generality we only need to consider the first /N coordinates,
i.e. we can ignore coordinates larger than N and assume I'; C R%:

d
Fd:{0:(91,6’2,---,Hd):Zi-|9i|§1}. (C.8)

=1

Next, we construct a distribution p € A(I'y) with I'; defined in eq. (C.8). For some
one-dimensional distribution ¢ € A([—1,1}), in the following form:

h h
a() = (1= B)0o() + 36.() + 50+(),

where h € (0,1) and r > 0 are parameters to be specified later, we consider the following
product distribution:

p=Q)qec AR (C.9)

=1
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Next, we will lower bound the right hand side of eq. (C.7). First we notice that
TV(Pox, P1.x)* < X*(Py,x[[Po,x) — 1.

We next adopt the Ingster’s trick in [60] and further upper bound the y2-divergence: if we
use ¢p(+) to denote the probability density function of N'(8, Ip), we have

300 900' n
X (Prx||Pox) = Eoﬂ,i.i&d.“ [/ H z1 cdz| = Eeﬂ,i.i&d.#[exp(n« 0,0")]

%00 Zt

Since p is the product distribution defined in eq. (C.9), we have

d 2 2
Ee g, lexp(n <0,0’))] = H (1 + hz . (exp(nrQ) —-1)+ hz . (exp(—m“2) — 1)) .

i=1
When nr? < 1, we have
exp(nr?) + exp(—nr?)
2
Therefore, when dh?n?r* < 1, we have

— 1< n%t

2 2

lf[ (1 + - (exp(nr?) = 1) + - - (exp(—nr®) - 1))

d
h2
< H (1 + 5 n27’2> < 14 dh*n?*r*

=1

which implies that
TV(PO’X, ]P)LX) S dh2n2rs.

According to Hoeffding inequality, for any ¢ > 0, with probability at least 1 — § we have

d
> i |0 < d-dhr+d-r-+/2dlog(1/5).

t=1

Additionally, again according to Hoeffding inequality, with probability at least 1 — ¢ we have

d d
SO10P =S 102 = dhr? — v - \/2d1og(2/5).
t=1 t=1

As long as d > 12/h?, we have with probability at least 4/5,

d
1
> |6 <2d’hr and Z 16,7 > Sdh
=1
Hence if 2dhr < 1 and dhr?/2 > €%, we have

(0 € I') + (8 € Ba(e)) <

Cﬂl»—l
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Finally, we choose

1
d=e*° h=—e?° and r =85,
16
Then if n < 5*12/5/64 we have nr? < 1 and also dh?n?r* < 1. We can also verify that
according to the above choices of (d, h,r), d > 12/h?* 2d*hr < 1 and dhr?/2 > &* always
holds. Hence have

(@ €I') 4+ @ € By(e)) <

O] =

and also

1
TV(Py x,P1 x) < Vdh2n2rt < 6
Bringing these two inequalities back to eq. (C.7), we obtain that if n < 71%/°/64,

. , 1 1 1 1
inf max sup P(¢(X)#z)2§~ (1——> “:7 7

¥ i€{0,1} peH,

Upper Bound to Goodness-of-fit Testing: Given n samples X = (X!") LR N, 1),
we design a test for the testing problem eq. (4.6). We let D = 2/, and d = e~*/®. For any
1 <1< D, we let

~ ] =
0 = — E X!, where X/ is the i-th coordinates of X".
n
t=1

Consider the following test:
(i) If Zle(@-)Q < £2/2 and maxy<;<p ;| < £, we accept the null hypothesis 8 = 0
(i) If 37 (6;)2 > €2/2 or maxy<i<p |0;] > £, we reject the null hypothesis 8 = 0.

Suppose the above testing scheme is 1. Next we will verify eq. (4.7) for the testing scheme
as long as the number of sample satisfies

16
n > e 5og (—) : (C.10)
€
First we verify the case where 1 = 0, i.e.
1
sup P(y(X) =1) < -. (C.11)
PcHy 4
Notice that when = 0, we have
0, <" N(0,1/n) V1<i<D.
Hence we only need to prove that
d g2 1 7
0;)2>— | <= 0 <e)>-. :
P (;(ez) > 2) <5 and P (dﬂlg&w < g> > < (C.12)
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To verify the first inequality of eq. (C.12), we calculate

E Z(@)Ql :g and Var Z(@f] :%l.

i=1 =1

Hence according to Chebyshev inequality we obtain that when n satisfies eq. (C.10), we have
., & d/n? 1
P 0.7 > | < — 1" <
;( ) 8 | ~ |e2/2—d/n|]?> — 8

Additionally, since 8; "= N(0,1/n), when n satisfies eq. (C.10), we have

P( max |6;] < 56/5) =(1- 901(56/5\/5))D_d > 1-D-p(c°v/n) > 1—D-exp (—ne'®) >

d+1<i<D

where 1(+) is the probability density function of one-dimensional standard normal distribution.

Hence both inequalities in eq. (C.12) are verified.
Next, we verify eq. (4.7) for the case i =1, i.e.

sup P(4(X) = 0) <

PeH,

(C.13)

| =

We only need to show that for any § € I" with ||@]]; > ¢, we always have

|

Exi-th(o,f) [p(X)=1] <

Notice that when X "% N(0,1I), we have 0; ~ N (0;,1/n) independently. For § € T' which

satisfies ||@||2 > &, we have
0 ) 00 1 9] . 62
S ors( )< (3 )5
i=D+1 i=D+1 i=D+1
which implies that

S S-S5

i=d+1 i=1

Therefore, we have either S0 (6;)? > €2/4, or 3.7, (6;)? > £2/4. If we have 3.0 (6;)? >
£2/4, since 0; ~ N'(6;,1/n) independently, we can calculate

E|> @) :Z(&-)ug
. 4 &
Var Z(eg? = Z
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Therefore, according to Chebyshev inequality we obtain that when n satisfies eq. (C.10)

d . 2 é X d 0 2 2_d 1 d R 2
‘ Zi=1(6i) + n §’

i=1 =1

e~ w

Next, we consider the case where >, (6;)? > £2/4. We notice that

D D
32 < 1 - | <
Z (6:)° < (Z |92|) d-g?éDWA =

i=d+1 i=d+1

D
1
. 1.1 ] - 1< Z. ,
(Z ¢ |9’|> dﬁ%}éplm - d df@}éz)wZL

1=d+1

Q=

which implies that
2

max |0;| > d- £ > £0/5,
d+1<i<D 4
Since 6; ~ N (6;,1/n) independently, when n satisfies eq. (C.10), we have
P ( max |§l —0;| < 56/5) = (1 — 1 (%2/n))P~4

d+1<i<D

>1—D-p(E/n)>1—D-exp(—ne'?®) >

Y

NI

which implies that
~ 3
IED( max |92’ 286/5> ZZ

d+1<i<D

According to the form of the testing scheme 1), we verified eq. (4.7) for the case i =1. O

C.2 Proofs of Theorem 4.7 and Theorem 4.8

In order to prove Theorem 4.7, we first bring up the following property of orthosymmetric
convex sets.

Proposition C.1. Suppose I' C R? is an orthosymmetric set. If T is also convez, then for any
6= (0, ,0p) el anda = (a1, - ,ap) € [-1,1]P, we have 8-a = (a101, by, - -+ ,aplp) €
r.

Now we are ready for the proof of Theorem 4.7.

Proof of Theorem /.7. Without loss of generality, we assume that ney(I',e) > 4. Our
proof proceeds as follows. First, we consider parameter estimation via soft-thresholding.
We show that there must exist 8 in T' such that ||#*]|* =< &* and each entry [0]] <
Nest (T, €) "/ ?polylog(n, €) (for otherwise, soft-thresholding estimator would beat the op-
timal sample complexity of estimation). Second, we use Ingster’s method of simple (6 = 0) vs
composite (@ = (67, ..., +67)) hypothesis testing to lower bound the goodness of fit sample
complexity ngf(L', €).

124



First Part: Density Estimation Rate: We define the soft-thresholding function
sth: R x (R U{0}) - R:
T — A if v > A\,
sth(z,\) =<0 if —A<z<), (C.14)
T+ A if x < —A\.

For some 6 € I'; given n samples X = X I~ N(8, Ip)®", we construct the soft-thresholding
estimator OSth = (9?, e ,HD) as follows: for any j € [D], we choose

(i)

where we denote X' = (Xi, X3 -+, X%), and we let
2log (2P/(ne2)) V O
An) 2 \/ 0g (20/ne2)) VO, (C.15)

We let ngn(e) to denote the smallest n such that glh induces expected estimation error
e2forall@ e, ie.

Ngen(€) = min {n :supE [||§:Lth — 0||2] < 52} : (C.16)
ocr

Since negt (I, €) is the minimal number of samples in order to reach expected estimation error
g2, we have

nsth(g) Z nest(ra 5)'

According to eq. (C.16), we have

2
~Ngth (€)
5 : o 0| | <€ 1
Solélg Xl:nsth(e) NS]N(O"[D) [‘ Obth 0 2] =€ (C 7)
and for any n < ngn(e),
SE g [T 0] 2 ©18)

Next, according to [70, (8.7), (8.12)], we have for any positive integer n and 6 =

(61, ,0p) €T that
21 < Z% ( A(n)2> + min {65, % + )\(n)2} ’

=1

2 1 nA(n)? 1
< su —exp | — + min< 62, — + 2 .
2}_265{1.51”6 p( 5 ) 1 {g“n )\(n)}
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which implies

-~

0sth -0

sup ]EXl;nNN(e,ID) |:‘
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With our choice of A(n) in (C.15), we have for any 1 <1i < D,

D
1 2 2 1 1+ (210g (2D/(ne?
i1 2 2 n n

which implies

1) 2 2 D 1+1 2D/ (pe?
asth_GH}SE——l—supZmin{Q?, +log ( /(5))}‘
2 2 S - n

sup Ex,..~n0,15) U
fcr’

We define set L C R” as

L= {0: (917... 7‘9D) ‘ |91| < \/210g(2D/(n62))\/0_|_1}

n

Note that according to Theorem C.1 we can replace supgcr with supgern;, obtaining

D
2log (2P/ne2)) VO + 1
supZmin{Q?, 0g (20/tne")) + }
S M n
D
21og (2P/(ne2)) VO + 1
= sop S {gp ZEELAIVOLIL s gy,
0cI'nL n 0cI'nL

We choose n = ngpn(e) — 1. Since I' N L is compact, the above supreme is achieved at
some 8° = (65,--- ,03) € I'N L, which has two properties. On one hand it satisfies

|9*| < 2 log (2D/((”est(5)_1)52)) VO+1 (C 19)
T nsen () — 1 ’ '

On the other hand, according to (C.18), we obtain that

D
*\ 2
Z(ez) > sup EXl:nsth@)*liiNdN(o’ID) [

P ger

2
~nsth(e)—1

osth -0

g2 _ g2
>
2 7 2
Additionally, according to [70, Lemma 8.3], we have for any positive integer n and
0= (6,---,0p) €T,

2

| EDjm 2. L am)?
— > . 1 4
sth H2:| =9 — 1n{ Z77’L+ (TL) }

We choose n = ngy,(g) and § = 60" = (05, --- ,075,) defined above. (C.17) implies

EXltni’i‘C}N(ovID) |:‘

2
/\nsth(a)

asth - 0 S 252

D
1
: *\2 2
Z-Zlmm {(92) + AM(nsen(€)) } < 2sup EXl:nSth(s)i'i\(}N(oJD) [

7 Ngth (5) ISy 2
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Further when ngy,(e) > 4, eq. (C.19) gives that for any i € [D],

1 1 21log (2P/(nan(e)e?)) V 0+ 1
+ Mngp(e))? =
Nstn (€) (an () Nistn (€) Niten (€)
2D/ (ngn(e)—1))e
5 1 2log CP/nu@-0)2)) VO+1 Ly,
2 nsth(5> -1 4
Hence we obtain that
D D 1
0:)? < 4 min{@fz, + AM(nsen (e 2}<852.
SO <AL min 007 A @)
Overall, we constructed 8* = (05, --- ,07,) € I" such that

1 n g)— 52
(a) Forany 1 <i < D, |0f| < \/QIOg(w/« est (5)=1)e?)VO+T

Nsgn(€)—1
(b) 32, (87)F = 2.
(c) le:l(@")? < 82,
Second Part: Goodness of Fit Rate: Suppose we already identified * which satisfies

item (a), item (b) and item (c). We consider distribution v = 14 ® v, ® -+ - ® vp where
v; € A(R) is given by
0 () ()

wl) ==+,

Since §* € T" and T is orthosymmetric, we have v € A(I'). And item (b) gives for any
0 € supp(v), we always have ||@|| > ¢/vz. Thus, according to |74, Proposition 2.11], for any
testing scheme v with n samples for the following testing problem:

9

Hy:0=0 versus H: |02 > 7

6cl

Nest (F,E)

64e2 log(2D)” we have

as long as n <
. , 1 n] pen
sup P(U(X) # 1) + sup P0(X) £1) 2 1= STV (Egus [P, B).
PeHy PcHy

where we denoted Py = N (0, Ip). Hence, if we can show that the Dy > % for a certain value

of n it must imply that nge(I',¢/v2) > n. We will indeed show that n = MZ%(;(’;)D) works.
To that end, we first use a standard bound [211, Proposition 7.15]

n mn ]' n
TV(Epay) [PE"], PY™) < \/ 1 By [PER | FGT)

Next, we have the standard bound of Ingster
2 @n1|| pen () 1 L oo pa n? O )4
X (EPNu(V)[P HF ) < Hexp 5” (07)" ) —1=exp b} Z(ez) —1,
i=1 =1
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where (i) uses [60, (3.68)] and the inequality 1exp(z) + exp(—z) < exp (32?). Next
according to item (a) and item (c), we obtain that when ney(I',€) > 4,

< (agy) - ()

o 2log (2P/((nesu(e)-1)e?)) V O + 1 < 642 o8 P/ ren000) VO + 1

< 8
o nsth(e) -1 nest<Fa 6)

Next, we notice that when the diameter diam(I') of I' is less than e, then the density
estimation rate neg (I, €) is zero, hence the inequality in Theorem 4.7 obviously holds. When
diam(T") > &, the density estimation complexity nes (T, €) satisfies neg (T, €) > 72 Hence we
obtain that

log (QD/(nest(F,E)EQ)) VO+1< log(QD)

Hence when n satisfies

ng < nest(rvg)
~ 64e? -log(2D)’
we have 5
X2 (EPNM(V) [P®n]||P(]®n) < eXp(1/2) -1 < 57
completing the proof. n

Proof of Theorem 4.8. We fix ¢ > 0 and let D = D.(I',e). According to the definition of
coordinate-wise Kolmogorov dimension Theorem 4.2, there exists a subset A of Z, such that

sup Z (0;)* < 2e°.
€l ez \4

Without loss of generality that we assume A = {1,2,--- D}, and we use IIp to denote the
projection operator onto the first D coordinates. R
We construct I'p = {IIp# : @ € T'}. Then for any density estimator 8 for I'p, we can

construct a density estimator @: when taking X, we define estimator 6 as

B(X) = ( 0u(X),02(X), -~ ,6(X) ,0,0,---),

first D coordinates match 8p (IIpX)

where IIp X denotes the data after taking projection Il for all elements in X. Then we have
for any 8 € T,

E |10~ 8(X)[3] = E I — 0p(TTpX)|3| + 1150 — 6] < E [0 — 8 (115 X) 3] + 222

Notice that IIp X can be viewed as i.i.d. samples collected through N (IIp@, Ip), we obtain
that
Nest (T, V3€) < et (T, €). (C.20)

Additionally, since I' is orthosymmetric and convex, we have I'p C I'. When carrying the
goodness of fit test for I'p, the data after D-th coordinate are generated according to A(0,1)
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and independent to the parameter 8 € I'p. Therefore, carrying goodness of fit testing to I is
no easier than carrying goodness of fit testing to I'p, which implies

Mot (F, %) > Nyt (FD, %) . (C.21)

Since I' is compact, orthosymmetric and convex, I'p is a D-dimensional compact, or-
thosymmetric and convex set as well. Hence Theorem 4.7 implies that

2

€ 1 Nest (LD, €)

of | I'py—= ) = . .
"gf< b \/5) 641og(2D) 2

Bringing in eq. (C.20) and eq. (C.21), we obtain that

2
ot (1, 5) 2 L menll V59
V2 64 log(2D) g2
o 1 nest(F7 \/gg)
~ 64log(2D) g2 '

]

C.3 Discussion between Kolmogorov Dimension and Coordinate-
wise Kolmogorov Dimension

For any orthosymmetric set I'; we have the following relationship, which provides an upper
bound of the coordinate-wise Kolmogorov dimension D.(I',¢) in terms of the traditional
Kolmogorov dimension D(I';¢).

Proposition C.2. For any orthosymmetric, convex, compact set I, we have

p(r pg) 2 5

The proof of Theorem C.2 requires the following lemmas.

— 2.

Lemma C.3. Suppose set A = {ey,--- ,eq} consists of orthogonal unit vectors. Then for
any (d — 1)-dimensional projection 11, we have

1
max ||e; — Il]e;l|| > —. C.22
na o, ~ lfe)| = - ©22)
Proof of Theorem C.3. Suppose vi,---,v4_1 to be a set of orthogonal basis of the image of
projection II. Then for any i € [d],
d—1
le; — TeJ[* = [le])* = [Me][I* = 1= (e, v;)*,

1

.
Il
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which implies that

d
> lle; — e[| = d — Z (ei,v;)2 =d —
=1

=1 1 7=1

IsH
L
QL
L
-~
INGE
—
o
<
<
~—
[\
~_

.
Il

Since eq, - - -, e4 are orthogonal unit vectors,

d
Z<eijvj>2 = HHSpan(m,---,ed)[Vj]H <1, Vj € [d_ 1]7

i=1

where the above II denotes the projection onto the space spanned by ey, --- ,e4. Therefore,

Z”ez ez ||>d (d_l):L

which implies eq. (C.22). O
Lemma C.4. For orthosymmetric, convez, compact set I', suppose d = D.(T',e)—1, then there
exists d orthogonal vectors Wy, -+ , s € I such that for any 1 <i < |d/2], ||| > e/Vd.
Proof of Theorem C.4. Suppose e, e,,--- are unit vectors of each coordinates, and we let
v; = sup{v > 0 : ve; € I'}. Then since T is closed, we have v; = v;e; € I'. Without loss of
generality we assume v, > vy > ---. Then according to the definition of coordinate-wise

Kolmogorov dimension in Theorem 4.2, we have

D

> () > e

i=d+1

If vg > ¢/ Vd, then by choosing u; = v;, these vectors satisfy the conditions. Next we

assume vy < £/Vd Vd. To construct u, - u|q/2|, we initiate the following process: letting
u = ZfldH( ;)?, where k; is the smallest number such that |Juy| > &/v/d. Then let
uy = §=k1 +1(v)? where kj is the smallest number such that [|us|| > ¢/ V/d, and so on. Since

v, <wvg<e/ v/d holds for any i > d + 1, the above construction gives that

9 \/§€
— <l £ —-
Vd Vd

Therefore, since 327 +1(v;)? > €2, the above process can proceed at least [d/2] times. Hence

it is eligible to construct uy,- -+, U4 so that |u;|| > /v/d holds. It is easy to verify that
Uy, -+, U4/ are orthogonal. And since I' is orthosymmetric and convex, we have u; € I" for
any 7. O

Now we are ready to prove Theorem C.2.
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Proof of Theorem C.2. Let d = D.(I',e) — 1. According to Theorem C.4, there exists
orthogonal vectors uy,--- ,ujq; € I' such that ||u;|| > e/v/d. By injecting orthogonal
unit vectors v/du, /e into Theorem C.3, we have

Vid - \/[d)2] ” D(T,e)’

inf max [ju; — H[w]|| >
1T ie|d/2]

where the infimum is over all possible |d/2| — 1 projections. Since u; € I, we obtain that

3

nrl[frlrlleag( |lu— Iu]|| > DaT.5)

Hence we have the following lower bound to the traditional Kolmogorov dimension:

I DC(I’,a)
D (r,m) > [d/2) -1 Z52— —2

Theorem C.2 has the following direct corollary.

Corollary C.5. Suppose orthosymmetric, convex, compact set I satisfies D(I',e) < e7P for
some 0 < p < 1. Then the coordinate-wise Kolmogorov dimension satisfies

D (T,e) < e?/(7P),

C.4 Alternative proof of Theorem 4.14

We present a version of the second inequality in Theorem 4.14 in this section.

Proposition C.6. Suppose I' any set such that the projection estimator is minimax optimal
up to constants, i.e. there exists a positive constant ¢ such that

infsup E [|I1(X) — 6]2] < ¢ infsupE [HE(X) iy
I ger 6 f0er

j | (C.23)

where 11 denotes the class of projection estimators, and @ denotes any estimators. Then we

have
81nest (I, €)

2

ngof(ra 2\/55)2 S
We remind that [63] famously showed that (?7) holds for QCO sets. Thus, the result

above strictly generalizes second inequality in Theorem 4.14.

Proof. We let D(T', \/ce) to be the Kolmogorov dimension of set I' at scale y/ce (the def-
inition of Kolmogorov dimension is given in Theorem 4.1). We use S&* to denote the
D(T, 3¢)-dimensional subspace which achieves the minimizer in the definition of Kolmogorov
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dimension Theorem 4.1, and TIg« is the projection into §*. According to [65], as long as
n > 9v/D(T, \/ce)/(ce?), there exists a constant ¢ such that the testing scheme

2
1 n
o0 =1 || ﬁzxi] -
=1 2
satisfies
1 1
IPXllde(O,])(w(X) = 1) S Z and ]P)XHNd/\/(O,I)<¢(X) = O) S Z for any HOH2 2 2\/E

This implies that
9y D(L, Vee)

ce?

ngof(ra 2\/65) S

Next, according to eq. (C.23),
2
E
2

>

infsupE [H:‘)\(X) -0

-inf sup E [HH(X) — 0”;]
6 6er T ger

d
-inf < inf a(0) —6|5+—¢¢.
ng {intsup { Ia6) - 01+ % 1}
where infy; denotes infimum over all projections. Hence when n < D(T', \/cg)/(ce?), for any
integer d < D(T',/ce),

Ol Ol

d
inf sup {und(o) o+ —} > infsup [TL4(8) — 0]2 > (v/ee)? = e,
g ger n g ger
and when d > D(T', \/ce),

inf sup {||Hd(0) — 0|5+ g} > d > ce?,
n n

Ua ger

Therefore, we obtain that

~ 2] ce?
infsupE [HH(X) —HH ] > — =¢?,
6 6er 2 c

which implies that
81D(T, \/ce)

81nest (I, €) > =

> 52 : ngof<F7 2\/56)2‘
[l

We note that we use [63] to show that a quadratically convex and orthosymmetric set
O has a lower bound on the estimation sample complexity nes 2 Da(f). This result would
automatically follow if we could show a geometric result that any such set necessarily contains
2 D(e) orthogonal vectors of length € (or, equivalently, contains a ball of dimension D and
radius ¢), since then the lower bound would follow from standard results on Gaussian location
model, e.g. [211, Theorem 30.1]. We summarize this observation into the following conjecture.

It is an interesting question in convex geometry to prove or disprove it.

132



Conjecture There exist universal positive constants ¢; and ¢y such that for any orthosym-
metric, compact, convex and quadratically convex set O, there exist D(O, ¢1¢) orthogonal
vectors of length (cee) all contained within ©.
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C.5 Analysis of LFHT for General Convex Sets

C.5.1 Proof of Theorem 4.16

Proof of Theorem 4.16. Same as the proof of Theorem 4.7, there exists §* = (05,--- ,05) € T
such that

. « lo,
(a) Forany 1 <i¢ < D, |0f| <2 #\2/%_1'
(b) S, (67)% > &2

(C) ZL(@F S 1662.

Next, we use these three properties to bound the LFHT testing region of set I'. First of all,
according to [15, Proposition 1], if (m,n) lies in the LFHT testing region, we must have

1 1 nest(ry \/§5>
m>— and n>ng(le) > . , (C.24)

g? 8y/log(2D) 3

where the last inequality follows from Theorem 4.7. Hence we only need to verify that if
(m,n) lies in the LFHT testing region, then

nest(F7 \/55) - 1

. C.25
"= 3072¢2 1og(2D) (C.25)
Without loss of generality, we assume
\/nest(F7 \/§5> - 1
< , (C.26)

1924/log(2D)

otherwise the inequality eq. (C.25) follows from the lower bound to n in eq. (C.24). Next we
will verify that if (m,n) satisfies

nest(r7 \/55) - 1

= 3072¢2 - log(2D)’ (C-27)

mn

then eq. (4.10) fails.

For any fixed distribution 1 € A(T"), we define distribution Py xyz to be the distribution
of (X,Y,Z) sampled according to the following way: first sample 6 ~ 1, then sample X =
(X1 " A(B, Ip), Y = (YY) "5 N(0, Ip) and Z = (Z4™) " N(0, Ip). And we define
distribution Py xyz to be the distribution of (X,Y,Z) sampled according to the following
way: first sample @ ~ 1, then sample X = (X!) """ N8, Ip), Y = (Y1) " N(0, Ip) and
Z = (Z+™) kg N(0,Ip). Similarly, we can define distribution Py xz,P1 xz,Po x,P1 x, and
also conditional distribution Py 7/ x and Py z/x. Then [15, Lemma 5| gives that for any such
w supported in I'\ By(e),

inf max sup P(¢(X,Y,Z) #i) >

1 =TV(P P : C.28
¥ ie{0,1} peH, ( (Po,xvz,P1xvz)) ( )

N | —
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In the following proof, we choose distribution u € A(I") to be the product of symmetric
ternary distributions, i.e. for §; = (61,--- ,0p) € ',

bo; O

0) = H,uj(ej) where p; = 2J + —

According to item (c) and the property of orthosymmetric, we have p € A(T"). We can also
verify that for any 8 = (61, ,0p) which belongs to the support of u, we have |0;] = |0%| for

any j € [D]. Hence
D D

1615 =" (6, = (67 > &,

j=1 j=1

where the last inequality uses item (b). This verifies that p is supported in I'\ B (¢).
Next, we will calculate the TV distance TV (Py xvz, P1 xvz):

TV(Po.xyz Pixvz)? = TV(Poxz P1xz)* < Dkn(Poxz || Prxz)
= Dxi(Po,zix || Pizix | Pox) + Dki(Pox || P1,x)
= Dxr.(Pozix || P1,zix | Pox) < XQ(PO,Z\X | Przix | Pox). (C.29)

Hence in order to bound the above TV distance, we only need to upper bound the conditional
x2-divergence in the right hand side. Using @g(+) to denote the density function of N'(8, Ip),
according to Ingster’s trick [60], we have

(Pozx || Przix | Pox) +1

©o(z
= Expy x| Eopxorix [/ H 900 zt @ do | X“

= EXN]PO,X [EO\X,MX[GXP( <0v0/>) ’ XH

= Exro | [] (B0, = 8| X) - exp(m(®;)?) + B(6; # ;| X) - exp(—m<ez>2>)]

Lj=1

H x~pox [P0 = 05 | X) - exp(m(6])?) + P(0; # 0} | X) - exp(-m(0)*)],  (C.30)

where 0,0 are i.i.d. sampled according to P(@ | X), and the last equation uses the fact

that conditioned on X, we have (0;,0¢) independent to each other for any j € [D]. In

the following, we write X = X!'" which denotes the n samples, and we further denote
Xt = (X{,---,X}%), where X; denotes the j-th coordinate of X*. We notice that 6; only
depends on X jlm = (X jl, -+, X}). According to Bayes rule, we can calculate

Pr(X}:”,?y =1)
Pr(le:",nj =-1)+ Pr(X}:”,nj =1)
[Tiss exp (—(X] - 07)%/2)
[Timy exp (=(X = 07)/2) + [Ty exp (= (X +67)°/2)

PO, =1|X) =
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exXp (93* ) 22;1 XJZ)
= — : — — C.31
exXp (93* D i XJZ) +exp (_9;‘ D i X;) ( )

Similarly, we get

exXp (_93*' D XJZ)
exp (Hj* DY X;) + exp (—9]*. DY X;)

In the following, we use [0, 1]-valued random variable p;(X) to denote

PO, = —1|X) = (C.32)

p;(X)=P(; =1|X), Vj € [D].
We further notice that 6’9 and ¢; are i.i.d. conditioned on X. Hence we obtain
P(0; = 0} | X) - exp(m(6;)?) + P(0; # 0} | X) - exp(—m(6;)?)
= (pj(X)? + (1 = p;(X))?) exp(m(67)*) + 2p;(X) (1 — p;(X)) exp(—m(6;)*)
= expOm(65)?) + exp(—m(6)%) ~ 1+ 2O o) — exp-m(6;)2)).
(C.33)

Next according to eq. (C.26) and item (a), we have for any j € [D], m(65)* < 1, which implies
that

exp(m(07)?) + exp(—m(07)%) — 2 < 14 4m*(07)*
and exp(m(e;)Q) - exp(—m(@?)z) < 4m(9j*»)2. (C.34)

We further notice that
(1—2p;(X))?  (exp (6; - 0, X)) —exp (=6 - S0, X}))?

2 2exp (6 X0, X)) +exp (=0 - L, X)))?
_ (e (6 50, X) — exp (67 350, X))
< : ’
which implies that
(1= 2p;(X))* (exp (67 - 300, X3) —exp (=07 - 300, X1))?
EXNIP’OYX f S EXNPO,X 8

exp(4n(0})?) — 1
8 Y
where the last equation uses the equation E[exp(aX)] = exp(au + o?0?/2) for X ~ N(u,0),
and also the way of sampling X from Py x. For j € [D], if n(#})* < 1, then according to
the inequality exp(z) — 1 < 2z for 0 < x < 1, we have Exp,  [(1 — 2p;(X))?/2] < n(65)*. If
n(05)* > 1, since p;(X) € [0, 1], we have Ex.p, , [(1 —2p;(X))?/2] <1 < n(0})*. Hence we
obtain that for any j € [D],

(1 - QPJ(X))2:| < TL(Q*)2.

EXNIP()’X |: 2 ,]
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Bring this inequality and eq. (C.34) back to eq. (C.30), we obtain that
D
X*(Pozix || Przix | Pox) + H 1+ 4m?(05)* + 4mn(6)*)

D
Am? + dmn & 4
§<1+T';(eﬂ ;

where the last inequality uses the Jensen’s inequality. Therefore, if eq. (C.27) holds, then
together with eq. (C.26) and also item (a) and item (c), we have

D
(4m? + 4mn) Z (4m? + 4mn) Z max\&*]Q <
J=1

which implies that

TV(Poxyz Pixvz) < \/XZ(PO,Z|X | Przix | Pox) < (14 1/(6D)P —1<el/6—1<

Hence according to eq. (C.28), eq. (4.10) fails.

C.5.2 Proof of Theorem 4.17
Proof of Theorem 4.17. To verify eq. (4.10), we only need to show that

1
sup P(¢<X7Y72> 7&7') < Vi e {071}
PeH; 4
Without loss of generality, we only prove the above inequality for ¢ = 0, i.e. when p; = px,
we always have

P(Tir > 0) < (C.35)

ool B

The proof of cases where ¢ = 1 follows similarly.
Without loss of generality, we assume the projection Il; is onto the first d-coordinates.
Assume

éx = (éx)1:D7 éY = (éY>1:D7 éz = (éZ)1:D7 bx = (pX)l:D7 by = (pY)l .p and pz= (Pz)

For every t € [d], we let

Then we have

e~ () G A () and G~ A ().



Hence we get
Elu] = [(px)e]* = [(pr)i]* = 2((px)e — (pv)e) (p2)e

and

Var(u) = E[(u;)?] — (E[u])?

= %«px)t = (P2)e)* + %((PY)t — (p2)e)* + :,L((px)t O .

Notice that p; = px, we get

4 4 4 8
Elu] = —((pe)e — (pv)e)? and S - 42
0 = (e = (o and Varu) = (42 ) () = () + o5 +
Next notice that Tip = Zte[d} Uy, we obtain
4 4 4d  8d
- — —_— 2 p— —_— —_— . —_— 2 — —
ElTi] = Z((Px)t (py)e)” and  Var(Tir) = (m + n) Z((PX)t (pv)e)” + g T
teld] teld]
According to our choice of d in eq. (4.13), we have
Z((PX)t — (p0)e)* = llpx = pull3 — Z((px)t — (po)1)?
teld] tg(d]
2e2 2e% &2
2
25—22(@)( —22 px 25—?—725-
tZ[d] tZ(d]

Therefore, if m > 96/¢2, n > 96v/d/e* and mn > 768d/c*, we have

Var(Tir) < 411 - (E[Tis])?.

Therefore, according to Chebyshev’s inequality, we obtain that

Var(TLF) 1
Prifis 20) < (E[Tis))? ~ =7

which verifies eq. (C.35).

C.6 Analysis of LFHT for £, Bodies

C.6.1 Proof of Theorem 4.21

The proof of theorem Theorem 4.21 requires the following lemma:

Lemma C.7. Suppose that 1 < p < 2. For px,py € I' with ||px — py||2 > €, with probability at
least 1 — 6, the set T' calculated in item (a) satisfies
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(@) Yper (p)i = (pr))* > 5
(b) card(T) < 2d,(I',n,¢).

Proof of Theorem C.7. Since (fy);, (fy); are empirical estimation of (px); and (py);, with n
samples each:

(Xl)ta ) (Xn)t 1:\51 N((px>t7 1)7 and (Y1>t7 Tty (Yn>t 1:51 N<<pY)t7 1)7 Vit € [D]7

we have (fx); ~ N ((pg)s, 1/n) and (6y); ~ N'((py)s, 1/n). Hence according to [212, Proposition

2.1.2], we have with probability at least 1 — 4, for any ¢ € [D], both of the following events

hold:

2log(4D /)
n

2log(4D/6)

(0x)¢ — (px)e and  |(0y)e — (py):
In the rest of the proof, we assume both events in eq. (C.36) holds for any ¢ € [D], and we
will prove the two conditions in Theorem C.7.

We first verify item (a). According to our construction of set T3 in eq. (4.20) for any
t € Ty, we have t > d,(I', n,e). Hence for any t € Ty, the coeflicient a; in eq. (4.11) satisfies
ay < Qg (Tne)+1- Since py, py € I', we obtain

DA e o T

Qg (T')n E)+l

(C.36)

teTs teTs te[D]
and ) )
Z | (py)il <Z| <Z|(pY);| <1,
teTy ( A (F”E)‘H teTy te[D] (ar)
which implies that
D 1) — (o)l <2 [10)el” + 1(po)el”] < 4(aguwme 1), (C.37)
teTy teTy

where the first inequality uses the fact that |a — b|P < 2(|al|? + |b|P) for any a,b € R and
1 < p < 2. Therefore,

> (px) = (p)o)* -1 [pr)t — (pr)i] <6 w]
< [Z [(px)r — <py>t|p] . (6 w) _

< 4(adu(1"ns)+1)pn¥ -\/72log(4D/0)
< A(ag,rne+1)’n T = - T2log(4D /)

According to the definition of d,(I',n, ) in eq. (4.17), we have

2 82

) e
(ad,(tme)+1)'n 2 < 576 log(4D/d)’

P

(C.38)
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which implies that

Z ((Px)t - (]N)t)z I

teTy

|(px)e — (py)e] <6

n

210g(4D/5)] &
— <5

According to the construction of set 7', we have for any t € [D]\T,

~

(Be)e — (By)| < 49/ 2208ED/0)

n

Hence the conditions in eq. (C.36) indicates that

() — (po)e] < 1(Be)e — (Bo)e W \/W

which implies that

Z ((px)e — (PY)t)2

> Z ((px)e — (pY)t)2 - Z ((px)e — (py)t)2 | [|(px)t — (py)e| <6 210g(jD/5)]
> <
-2

We next verify item (b). Since card(7y) = d,(I',n,¢) and T' = T} U T3 according to its
definition, we only need to verify card(73) < d,(I', n, ). We further notice that the conditions
in eq. (C.36) gives that for any t € T3,

(pe)e — (pr)il = 1(x); — (B \/W \/W

Next, since T3 C Ty, eq. (C.37) indicates that

Z [(px)e — (py)e]” < Z [(px)e = (py)el” < 4(aa, @ me)+1)”

teTs teTs

which implies that

4(aq,wne)+1)" (@) 2ne? >
— < 2(ad,(0n o)1) < ne’,
(2 210g(4D/6)>p (Fme)+ 576 log(4D/6)

card(T3) <
where inequality (7) uses eq. (C.38). Notice from eq. (4.19) and also the condition that

1024du(F, n, 6)
mn < 1 ,
€
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we have
ne? < d (T, n,e),

which implies that
card(T') = card(T}) + card(T3) < d,(T',n,e) + du (T, n,e) < 2d, (T, n, e).
Hence item (b) is verified. O
Now equipped with Theorem C.7, we are ready to prove Theorem 4.21.

Proof of Theorem 4.21. To verify eq. (4.10), we only need to show that
1
sup P(w(X>Y>Z)7éZ) < e VZG{O,l}
PcH; 4

Without loss of generality, we only prove the above inequality for ¢ = 0, i.e. when p; = px,
we always have

P(Tye > 0) <

ol B

The proof of cases where ¢ = 1 follows similarly.
For every t € [D], we let

u= (B~ 62) — (B~ @)
And for simplicity, we set N =n —ng =mn — |n/2]. Then we have
@A (e ) @ N () and G ().
N N m
Therefore, since (X%, Y2 Z) 1 (X!, Y1), we can calculate

Eluy | XY = [(p0)d* = [(0v)e]* = 2((px)e = (pr)e) (2)e,

and further

Var(u; | X', YY) = Efu} | X', Y] — (B[, | X', Y'])?

4 4 1 408
- N((px)t — (P2))* + N((pY)t — (p2)e)* + E((pX)t — (p)e)? + 2 + N
When p; = px, we have

Efu; | XlaYl] = —((px): — (pY)t)2
4 4 8

Vor(ue | X1 YY) = (554 ) () = (00 + 555 + o

According to our construction of set T C [D], set T is deterministic when conditioned on
samples X', Y!. Therefore, we obtain that

E[TLF | XlaYl] = - Z((Px)t - (pY>t)2

teT
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Vr(Tis | X4, YY) = (24 1) (Z«px)t - <py>t>2> # (o) 1T

teT
When the conditions item (a) and item (b) in Theorem C.7 holds, we have
2 €
D ()= () = 5 and [T] < 2d,(n,e).
teT

Next we notice that N =n — |[n/2| > n/2. Hence, when (m,n) satisfies

32 32y/d,(I',n,¢€) 1024d, (', n,¢)
m>—, nx> 5 and mn > 5 ,
€ € €
which implies that
E[Tir | X1 Y1])?
Var(Tie | X1, Y1) < TEe |32 )
Therefore, according to Chebyshev’s inequality, we obtain that
Var(TLF | Xl, Yl) 7

Pr(T,s > 0] XLYH < <
1T 2 0] X, )_(E[TLF|X1,Y1])2_32

Finally, we notice that according to Theorem C.7 with ¢ = 1/32, with probability at least
31/32, conditions item (a) and item (b) both holds, which implies that

1 7 1 1
Pr(T->0)<Pr(Ti: >0 | X' YH 4+ — < — 1+ — = —,
(T 2 0) < Pr(Ter 2 0] XX ) 4 50 < o5 55 = 3

C.6.2 Proof of Theorem 4.22

We present the proof of Theorem 4.22 in this section.

Proof of Theorem 4.22. According to [65, Proposition 3|, the condition of goodness-of-fit test
(the condition where eq. (4.7) holds) is

d; (I’
nanofélgf;n’g)_

According to [15, Proposition 1], if there exists a test which satisfies eq. (4.10), then (m,n)
has to satisfies

1
g2’
Therefore, we only need to verify the third condition, i.e.

dl(r7 n, 5)

m >
- 2e2

and 1 > ngor =

dl(F7 n, 5)

mn 2
4
£
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If m > n, since n satisfies n > /d(T',n,e)/(2¢%), we have
> dl(rv n, 5)

2
mn > n° >
42

and the third condition of eq. (4.24) is automatically satisfied. In the following, we assume
m < n, and we will verify the third condition of eq. (4.24). Above all, in the following we
assume

1 d;(T
n>m > =1 and n > %, (C.39)
and we will show that if 0T )
l ,n,e
< —FF C.40
TS Teget (C.40)

then eq. (4.10) fails.
In the following, we assume eq. (C.40) holds, and we let d = d;(I',n,¢). For any fixed
distribution p € A(RP), we define distribution Py xyz to be the distribution of (X,Y,Z)

sampled according to the following way: first sample 6 ~ pu, then sample X = (X!") S

N@O,Ip), Y = (Y'") s N(0,1Ip) and Z = (Z'™) VS N(8,1Ip). And we define distribution
Py xyz to be the distribution of (X,Y,Z) sampled according to the following way: first
sample 8 ~ 4, then sample X = (X') "X N (0,1p), Y = (Y!) "X N(0,1p) and
Z = (Z¥™) R N(0,Ip). Similarly, we can define distribution Py xz, Py xz,Po x,P1 x, and
also conditional distribution Py z|x and P; zx. Then [15, Lemma 5| gives that for any such
1,

inf max sup P(¢(X,Y,Z) #1i) >

P ie{ovl} PecH;

(1 =TV(Poxyz, P1xvz)) — u(I) — pn(Bs(e)), (C.41)

N | —

where I'® denotes the complement of set ', i.e. T = {I' € RP | § ¢ T'}, and By(¢) denotes
the fy-ball of radius ¢, i.e. By(e) = {6 € RP : ||0]]x < €}. In the following proof, we
choose distribution p to be the following product of symmetric ternary distributions, i.e. for

9=(0, - ,0p) el

D . .
(1_h)50+ﬁér+ﬁ5—r 1f1§j§d7
6) = [ 1s(6;) where p; = 2 2
1(0) 15(0;)  where p; {50 ifd+1<j<D,

=1

where 0, denotes the point distribution at r € R, and parameters d € [D], h € [0,1] and
r > 0 will be specified later. Then we have

TV(Po.xyz Pixvz)? = TV(Poxz P1.xz)* < Dkn(Poxz || Pixz)
= DkiL(Po,zix || P1zx | Po.x) + Dki(Po,x || P1,x)
= Dxr.(Pozix || Przix | Pox) < X*(Pozix || Pizix | Pox). (C.42)

If we use @g(+) to denote the density function of N (0, Ip), according to Ingster’s trick [60] we
have

(Pozix | Przix | Pox)+ 1
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_ , o (2

= Ex~p, « _Eo|x,o X [/ tl_[l 900 zt dz1 - dz, | X”

= Ex-r, x [Eoxox[exp (m(0,6)) | X]]
M d

= Ex~po x H (P(6; =0 # 0| X)(exp(mr®) — 1) +P(6; = =6 # 0| X)(exp(—mr®) — 1) + 1)
Lj=1

d
= HEXN]}DO’X [P(0; =0 # 0| X)(exp(mr?) — 1) + P(0; = =0 # 0 | X)(exp(—mr?) — 1) + 1],

(C.43)

where 0,0 are i.i.d. sampled according to P(@ | X), and the last equation uses the fact
that conditioned on X, we have (6;,0¢) independent to each other for any j € [D]. In
the following, we write X = X!" which denotes the n samples, and we further denote
X' = (X},---,X}), where X} denotes the j-th coordinate of X’. We notice that 6; only
depends on X jlm =(X jl, e ,X]”). According to Bayes rule, we can calculate

P9, =1|X)
Pr(le:”,n =1)
T Pr(XI g = 0) + Pr(XIm g = —1) + Pr(XI g, = 1)
B h/2-T1i, exp (—(X;
- (L—=h)- [z, exp (_(X;)2/2) +h/2-[[i= exp (_(X;
B h/2-exp (r- >0, X;)
C(L—h)-exp (r2/2) + h/2-exp (r- 20, XI) + /2 exp (—r- S0, X))

Similarly, we get

r)?/2)
T)2/2) +h/2- [T, exp (—(X; + r)2/2)

(C.44)

h/2 - exp (—7" > Xj’)

(1—h)-exp(r2/2) + h/2-exp (r- 320, X)) + /2 exp (—r- 301, Xj)
(C.45)

P(6; = —1|X) =

In the following, we use [0, 1]-valued random variables p,;(X) and ¢;(X) to denote
pi(X) =P(0; =1[X) and ¢;(X)=P(O; =-1[X),  Vjel[D]
We further notice that 6 and 6; are i.i.d. conditioned on X. Hence we obtain
P(g; = Q;- #0]X) (exp(mr2) — 1) +P(9; = —9} #0|X) (exp(—mrQ) — 1) +1

=1+ (7;(X)* + ¢;(X)?) (exp(mr?) — 1) + 2p;(X)g;(X) (exp(—mr*) — 1)

(p;(X) + ¢;(X))? (p;(X) = ¢;(X))* . (

=1
* 2 2

- (exp(mr?) + exp(—mr?) — 2) +

exp(mr?) — exp(—mr?)) .
(C.46)
Next using the AM-GM inequality we obtain that

2

(1—h)-exp(%)—|—— exp( ZX)-i-— exp(—r ZX) 1.
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Bringing this back to eq. (C.44) and eq. (C.45), we obtain that

(p;(X) + ¢;(X))* < h; : (exp <r : ZX;) + exp (—r : ZX;))

=1

and  (p;(X) - ¢;(X))* < %2 : (exp <T - iﬂ) — exp (—r : i)g)) . (CaT)

We notice that according to the method of collecting samples,

J

X1 A(0;,1) and 9j~(1—h).50+g-5r+g-5_r,

which implies
“\ h h
ZXj ~ (1—h)-N(O,n)—|—§~N(nr,n)—|—§~./\f(—nr,n).

Next, we notice that for Gaussian random variable X ~ N (u, o), we have

Efexp(aX)] = exp (oz,u + 0‘22”2) .

Bringing this back to eq. (C.47) we obtain that

exp (2r . zn:Xl) + 2+ exp (—27” . Zn:le)]
i=1

h2

E [(p;(X) + ¢;(X))?] < Z K

2

(1 —h + 5 €XP (27“ n) + gexp (—27‘271)) + "

rn) -
( )<z>] 2

= eXp (27“271) 1 —h + — exp (27“ n) + gexp (—2r2n)) — %

= —exp

E[(p(X) - ;(X))’] < - E

Hence if conditions
mr’ <1 and nr*<1 (C.48)

both hold, we have the following inequalities:

E [(p;(X) +¢;(X))*] <300%,  E[(p;(X) — ¢;(X))*] < 30h%n,
and exp(mr?) + exp(—mr’) =2 < 2m*r", exp(mr?) — exp(—mr?) < 3mr?.

Bringing them back to eq. (C.46), we obtain that

E[PO; =0; # 0| X) (exp(mr?) — 1) +P(0; = —0; # 0 | X) (exp(—mr?) — 1) + 1]
< 14 30h%2m2r* + 45R>mnrt < 1 + 75h2mm“4,
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where the last inequality uses the assumption m < n. Bring back to eq. (C.43), we obtain
that

X (Po, Z|X | P1zix | Pox)]
< HIE (0; =0, #0| X) (exp(mr®) = 1) + P(0; = =0, # 0 | X) (exp(—mr®) — 1) +1] — 1

< (1 + 75h*mnr*)? — 1.

Hence according to eq. (C.42), this implies that

TV(Poxyz, Prxvz)? < /(14 75h2mnrt)d — 1. (C.49)

Finally, we calculate the probability (I'°) and p(Bz(g)). According to our choice d =
d(I',n, ), when sampling @ = (0y,--- ,0p) ~ p, with probability at least 1 — ¢ we have

p — p p ’
ay Ay Qg

D
A 0,7 dhr? 1P - \/2dlog(2/0)
> o Do St

where the last inequality uses Hoeffding inequality. Additionally, when sampling 6 =
(01, ,0p) ~ p, with probability at least 1 — § we have

D d
2 _ 2 2 _ 2
t — - - .
E |6, ] E |07 > dhr® — 1= - \/2d1og(2/6)
t=1 t=1

As long as h%d > 24, with probability at least 9/10 we have both

2. |6,)p 2dh 2 1
Z d,;“ and YO (0 > L
t=1 t=1

I/\

We choose d = d;(I",n,€) (here d;(I",n,¢) is defined in eq. (4.23)), then we have
(ag)Pn"T > 192¢2.

We further let

962 1
cn and r=—.

d ’ vn
According to the first inequality in eq. (C.39), and also eq. (C.40), we have n < d/(96€?).
This implies that h < 1. Additionally, according to eq. (C.39) we have

96ein? _ 96e* d _ 24
> C— > —
T d? 4et T d
Hence with probability at least 9/10 we have both

h? =

2—p

D
0, _ 2dhrr "
Z% ar <1926 a; <1, and Z|9t|22
d d

l\DI»—l
|

146



which implies that
1

p(T) + 1(Ba(e)) < 7o

Additionally, by our choice of r and also eq. (C.39), eq. (C.48) always holds. Hence by

eq. (C.49),

Therefore, according to eq. (C.41), we obtain that

1
inf max sup P(¢¥(X,Y,Z 7 -
uf me sup (( ) # i) > 1

which implies that eq. (4.10) fails.
Above all, we have verify that we must have

dl<Fa n, 5)

mn = 964

in order to let eq. (4.10) satisfied.

C.6.3 Proof of Theorem 4.23
We present the proof of Theorem 4.23 in this section.

Proof of Theorem 4.23. Suppose px = N(0”,1), py = N (8, I) and p;
0° = (01.c), 0" =(01c), and 6% =(6].).
We let D = D(T,¢), and we define 0,00 cRP as

~T

and we further define D-dimensional distributions

1
TV(Poxvz, Prxvz)” < v/(1+ T5h*mnrt)d — 1 < o

9 = (07,---,05), 6 =(,---,6%), and 8 = (0;,--

=N, 1

=N@O ., Ip), pr=N@O . Ip), and p,=N@ Ip).

According to the definition of D, we have for any = (0;..) € O,

- 2\ 16,2 2 <A 2
S 0 < a0 3 2 o 32 <
t=D+1 t=1 =1\t

(i

~

<

D),

£
9 J

), and we let

where (i) uses the fact that |6;|/a; < 1 for any t, and (ii) uses eq. (4.26). Therefore, since

16, — 8,2 > <.

we have

™

18, — 0,12 > 118, — 0, ls — 116, — 0.]1> — (18, —8,]>>c— = —

w
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Hence via taking the testing scheme in section 4.4.2 for the first D coordinates, and also
replacing ¢ with /3, we have that as long as (m,n) satisfies

]_ du F7 9 du F? Y
{(mﬂz): mz =, nZ—(zng) and ng%},
5 € €
then v is a feasible testing scheme which satisfies eq. (4.10). ]

Proof of Theorem 4.24. We set d = d;(T',n, ). We consider the following subset of T":

p
Fd:{0:<91m)z<’zi|)p§17 and Ht:O, VtZd—l—l}gF
t=1

Then if we can do likelihood-free hypothesis testing with (m,n) samples for I', then we
can also do likelihood-free hypothesis testing with (m,n) samples for I';. Notice that to do
likelihood-free hypothesis testing, the data from coordinates greater than d are completely
independent to the pyx, py and p;. Hence without loss of generality we can assume that the
model consists of dimension-d distributions. Therefore, according to Theorem 4.22, we get
the desired result. 0

C.6.4 Missing Proofs in section 4.4.2
Proof of Theorem 4.25. We notice that the I' defined in eq. (4.4) is an infinite dimensional ¢;
body with a; = 1/t. Therefore, we can calculate that

1 1
D(F7€) = -, and dl(r,n,f) = du<F,n,€) = ﬁ,
g ne

where in the above equations, we use < to hide constants and log factors of n and ¢ as well.
Therefore, according to Theorem 4.24 and Theorem 4.23, we obtain the feasible region of
likelihood-free hypothesis testing:

{(m,n): m>e 2 n>e 2P mn?’/Q,Zs_G}.
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Appendix D

Proofs for Chapter 5

D.1 Finite Class Lemmas

We first provide a version of [109, Lemma 10].

Lemma D.1. Suppose €1, are n i.i.d. Rademacher random variables, i.e. &1., i
Unif({—1,1}), and G1.,, is a filtration which satisfies that Ele; | G| = 0 for any t € [n]. Given
n sets Sy, ...,S,, we suppose s1,Sa,...,8, are S, Ss, ..., Sy-valued random variables such
that s; is Gi-measurable, i.e. o-algebra o(s;) C G;. For class A of tuples a = (ay,as, ..., ay)
with a; : S — R for all t € [n], we have for any X\ > 0,

log |A]
{EStEEt}t 1 lsupzat St )‘at<3t) ] S 2\ )

where we denote a = (ay,as, ..., a,).

Proof. We observe that

{E,E.,}, [supZat St)er — Aag(sy) ]
cA

t=1
(Z) 1

2)\ log {E,,E., }, sup [exp (QAZat si)er — 2\ %ay(s;) )]

(1) 1 n
S ﬁ lOg Z {EStEEt}tzl exXp (2)\ Z &t(st)a’ft — 2)\2at($t)2>

acA t=1
logz {E.E.,}-, [exp (2/\Zat St)er — 2 at(st)2>
acA
‘E,, [exp (_2)\2an(3n)2) (eXp(Q/\;n<5n)) 4 eXp<_2;‘an(5n))) | gn} ]

(423)

n—1
< oy 10gz {]EStE€t}t 1 €Xp <2>\Zat(3t)5t - 2)\2at(3t)2> )

acA t=1
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where in (i) we use the Jensen’s inequality, in (i) we use replace the sup by the sum since
the terms inside sup are always positive, and in (ii7) we use the inequality exp(z?/2) >
exp(z)/2 + exp(—x)/2 for any z € R. By repeating the argument n times we obtain that

log |A|
I

{EsEc, }i, SupZat s )er — Aag(sy)?| < —l Zl =

]

Theorem D.1 implies the following upper bound for non-offset Rademacher processes,
which enables us to bound the Rademacher process with random coefficients that are only
small on average.

. ) ) ii.d.
Lemma D.2. Suppose e1., are n i.i.d. Rademacher random wvartables, i.e. €1, ~

Unif({—1,1}), and G1.,, is a filtration which satisfies that Ele; | G| = 0 for any t € [n]. Given
n sets Si,...,8,, we suppose S1,Sa,...,S, are S81,So, . ..,S,-valued random variables such
that s; is Gi-measurable, i.e. o-algebra o(s;) C Gy. For class A of tuples a = (ay, as, ..., a,)
with a; : S — R for all t € [n], we have

{]Est Est }?:1

supZat(st)et] < y/2log|A|-,|E
acA —1

In particular, for S = {£1}71 and s; = (e1.4-1) € Sy,

sup Z at<5t>2] :

acA —1

n n

SUPZ at(gl:t—l)gt] < V2log|A[-|E SUPZ at(51:t—1)2] . (D.1)

acA —1 _aE.A t=1

E

€lin

Proof. According to Theorem D.1, we have for any A > 0,

log | A
N

acA

{Es.Ec, }i, [supZat St)E )\at(st)2] <
We let
5 = {EStE8t }:L:l [SUBZCLt(St)Q
ae =1

supZat S¢) ] .

aE.A

By choosing A\ = 4/ 102 IBAI > 0, we obtain that
{Es Ee, }i-, [SUB Z Clt(&s)&]
ac

<A{EE.};, [supZat S1)Er — )\at(st)
cA

t=1

+ A A{E,E., i, [supZat S¢) ]

t=1

1
< Oi';” T A8 =/2Blog|A] = 2log |A] - , | E

sup ag(s¢)?].
aE.AtZ1 t( t) ]
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Theorem D.2 is an improvement on the finite class lemma in [118, Lemma 1]|; the latter
result was proved with the supremum (rather than the expected value) over 1., under the
square root in (D.1).

D.2 Proof of Theorem 5.2

D.2.1 Proof Outline

The proof has the following structure. Our first step is to write the minimax regret in the
dual form using the minimax theorem. This technique is widely used in the analysis of
minimax regret of online learning [17, 18, 109, 213-215]. The next step is to truncate the
functions and forecaster’s strategies away from 0. This analysis technique is also used in |16,
214]. Our main steps in the proof include constructing an offset Rademacher process using a
symmetrization argument [216] and using chaining techniques [104, 217] to analyze the offset
Rademacher process. The analysis of the chaining steps involves complex dependence of the
Rademacher variables and the coefficients, and this is one of the technical hurdles.

Conversion to Dual Form Game

We have the following standard result (see e.g. [18, Lemma 6| or [17, Eq. 27])):

Lemma D.3. For any Q € A(Y"), the minimaz regret R,(Q) has the following dual form
representation

Rn(Q) = sup EprRn(Qa b, y)a
P

where the supremum is over all joint distributions p € A(Y™) and
R.(Q,p,y) = suplog (@) : (D.2)
qeQ p(Y)
Proof of Theorem D.3. We notice that

Rn(Q) =infsupR,(Q,p,y) = infsupEy 5 [Rn(Q.P.y)].
p p

y 1

Since A(Y™) is compact, and Ey,[R,(Q,P,y)] is convex with respect to p and concave with
respect to p, von Neumann minimax theorem [218] gives

Rn(Q) = supinf Ey ,[R.(Q,P,y)] = supEyp[R0(Q,P,y)],

p P p

where the last inequality uses the fact that the infimum of infz Ey.p[R.(Q, P, y)| is attained
when p = p. ]

In the remainder, we upper bound the minimax regret for E, ., R,(Q,p,y) for any fixed

p €A™
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Truncation of Functions and Probabilities

For p € A(Y™) with p(y) = [}, pe(v: | y) for every y € Y™, and § < 1/(4]|Y|), we define
distribution p® € A(Y™) with p°(y) = [[;-, 1} (v | y) for every y € Y™, where

0 if pe(ye | y) <0
Py |y) = { pelye | y) R s it 6 < iy |y) <29, .
1- e (y|y)I[0<pi(yly)<26]—d I[pt (yly) <o .
iy | y) - —=ey 1_zy€ypt<y|y>nmt<y|y>i’§§f if py(y | y) > 20.
(D.3)

It holds that p¢(- | y) € A(Y) for any y € V" and t € [n]. Additionally, we notice that
1
1 - ze;pt(y | Y0 < pi(ye |y) < 20] = 526;11[1%(?; [y) <ol 21=[Y][-20= 5,
y y

which implies that pd(y; | y) > %pt(yt | y) if pi(y: | y) > 26. Hence, for any y € V", we
always have

(e |y) >a.
For class @ C A(Y"), we define @° = {q’ | q € Q}. Then we have the following lemmas:

Lemma D.4. Suppose § < N For any p € A(Y™), y € Y" and Q C A(Y"), we have

1
i
Ru(Q,p,y) < R.(Q°,p,y) +4ns - |V|.
< 1

5. For any @ C A(Y™) and p € A(Y™), we have

Lemma D.5. Suppose TR

1
Eyop [Ra(Q%,p,y)] < Eyops [Ra(Q°,p°,y)] + 202 V|6 log 5

The proofs of Theorem D.4 and Theorem D.5 are deferred to appendix D.2.2. In the
following, we use A, (™) to denote the following joint distribution set:

Ay(V") ={a € AY") raulye |y) = 1/ (| Y]), Yy € Y} (D.4)

Symmetrization and Construction of Offset Rademacher Process

To facilitate the symmetrization argument, we define the following function ¢ : Rt — R: for

any t > 0,
J2(Wt-1), t<1,
Q(t)_{zlog(%, . (D-5)

For the justification of this choice of { see section 5.4. We next introduce the following three
properties of the function (, whose proofs are deferred to appendix D.2.3.

Proposition D.6. For every 0 < z < n?|Y|,

1

™ Togap) ™ o

logz < ((x)
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Proposition D.7. For any distribution f,p € A(Y), we have

- (ﬁi?) B 410g(1n|y|) ¢ <%>1 > 0.

The above proposition can also be obtained by noticing that function —((z)

E

y~p

1
 Alog(nfY]) |
¢(x)? is convex in x, and the result follows from the property of f-divergences [219, Theorem

7.5].
Proposition D.8. For any p,q € [0,00), we have

¢(p) = Cla)| < 21v/p — Vdl.

Next, we state the symmetrization argument. The symmetrization argument will use the
following circle-dot product distributions.

Definition D.9 (Circle-dot Product Distributions). For label set Y and any distribution
p € A(Y"), we define the Circle-dot product distribution ©p € A({—1,1}") x A(Y™) x
A(Y") x A(Y™) such that (e, w,y,z) ~ ©p are sampled according to the following process:
first sample € = (£1.) RS- Unif{—1,1}, then repeat the following process for sampling
w = (w14),y = (Y1) and z = (z14) from t =1 to n: sample y, z RS- (- | wig—1), and set
wy =1y if g =1 orw, = 2z if e = —1.

Lemma D.10 (Symmetrization). For any joint distribution p € A, (V™) where A, (V™)
is defined in eq. (D.4), suppose (e,w,y,z) ~ ©p. Then for any joint distribution class
Q C A, (Y™), we have the following upper bound:

]EprRn<Qa p, y)

(el | w) 1 ar(ye | w)\*
<E |sup) e (orra) ~ oo () ]
- G (2 | W) 1 gz | w)\*
#2320 (H10) - T (i ) ] -7

where the expectation is with respect to (€, w,y,z) ~ Op.

The proof of Theorem D.10 is deferred to appendix D.2.3. It is based on the aforementioned
properties of function ¢, and the symmetrization technique in [116].

Chaining

We next analyze the right hand side of eq. (D.7) using a chaining argument. For simplicity
we only upper bound the first term, and the bound on the second term is similar.

To adopt the chaining argument to the Rademacher process defined in the right hand
side of eq. (D.7) while keeping the offset term, we need to establish certain properties of
the sequential cover of the function class. Specifically, for any joint distribution q € Q, we
are required to have some instance v in the cover, such that the fs-norm of the coefficients
with q is lower bounded by the f>-norm of the coefficients with v, as is the following lemma,
whose proof is deferred to appendix D.2.4:
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Lemma D.11. Fiz joint distribution p € A(Y™) and class @ C A(Y"). Let V(a) be a
sequential square-root cover of Q at scale o > 0. Then for any q € Q, v/ € V(a) and
w,y € V", there exists v.€ V(a) U {p} such that

(D.8)

and

n 2
(Y
2e(rinm) =15 Glorw) 09
t=1
Remark D.12. The above lemma is similar to [17, Eq. (40)], [109, Eq. (46)]. The additional

atom p serves as the ‘zero’ element in [17, Eq. (40)].

This lemma enables us to keep the offset terms during the chaining process. We now
detail these steps. We fix N scales 0 < a; < ap < -+ < ay, and let V(a;) to be the smallest
cover of Q at scale ; under Theorem 5.1. Then we have the following lemma.

Lemma D.13. For anyi € [N—1], we firv|q,p,w,y, ;] € V(a;). Supposev|q,p,w,y,ay| €
V(an) U{p} satisfies eq. (D.9) with v = v|q,p,w,y,ay]. We then hwave

o> e (L) - e () 0
z{(—)()ﬂ

+ZE suptigt{gv(v q,p,wy,o@]<ytrw>>_C<vt[q,p,w,y,am1<yt|w>>}]

<E

qeQ pe(ye | W) pe(ye | W)

- ve(ye | w) _ 1 ) ve(ye | w) ’
VEV(SO}iI))U{p}; {6t€ <pt(yt | W)) 16 log(n|Y|) ¢ <pt(yt | w)) }] ’

where the expectation is with respect to (€, w,y,z) ~ Op.

+E

The proof of Theorem D.13 is deferred to appendix D.2.4. Next, we further upper bound
the three terms in eq. (D.10). Specifically, we will use Cauchy-Schwarz inequality to bound
the first term. The second term is a form of sequential Rademacher process. The third term
is an offset Rademacher process. However, the key difficulty in dealing with the second and
third terms is that the coefficients of the Rademacher random variables are not uniformly
bounded by a constant, and directly applying prior techniques does not provide the desired
upper bounds. To overcome this issue, we employ a technique that uses offset complexities
instead, as in the proof of Theorem D.2 (see Theorem D.14 in the proof of Theorem 5.2 for a
discussion). The formal proof of these arguments, together with the full proof of Theorem 5.2,
is deferred to appendix D.2.5.
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D.2.2 Missing Proofs in appendix D.2.1
Proof of Theorem D.J. Given the formula of R, (Q,p,y) in eq. (D.2), we only need to verify

n

1
sup sup — —4n|Y|d. (D.11)
qu; @ (ye | qegé 1 @(ye | y)

Notice that according to our construction of truncation in eq. (D.3), we have for any y €
and p € A(Y),

logp(s) ~ log /() =log 500 < “log (120 P <48 Y1, (D)
where the last inequality uses the fact that § < 4|y| and —log(1 —t) < 2t for any ¢t < 1/2.
Hence after noticing that Q° = {q° : q € Q}, we obtain eq. (D.11). H

Proof of Theorem D.5. For any s € [n+ 1], we use notation p>® = (pi°, ..., p5%) to denote a
joint distribution such that

s,0 pt(yt | Y) lft < S, n
P (v ly) = . Vy € Y.
C {p?(th) ift > s.

n+1,0

Then we have p'? = p® and p = p, and we can decompose

]Ey~pR (Q°,p,y) —EyopsRa(Q°,0°,y)

_Z Eyps15Rn(Q°, P y) — Ey s R (Q°, p*y)] - (D.13)

We expand the right hand side of eq. (D.13) for each s € [n]:

Eprs+1,5Rn(Q6, p8+1,5’ y) y~p-5 6R (Q 7 7Y)
s—1 6 .s+1,6
= {Eytht('|Y)}t:1 [Ey5~ps(~|y){E ye~pl () }t S+1R (Q P o ,y)
~ Eyps () (et () s 1 R (Q°, D%, 3)]. (D.14)

Next, we fix y7.,_1 and upper bound the expression inside the expectation:

ys~ps (1) {E ye~pl (ly) }?*S—HR (Qé pSH’éaY) = Eyoopi |>’){E yerpl (-1y) }t s+1Rn (Q ’6»3’)
E s~ps (- |Y){E ye~pl (ly) }t s+1 [RR<QJ7PS+1 o ) (Q5 85 )]

+ By ) (B gt ) st R ( Q0 P, ¥) = By s (i) 1Byt (1) Hest1 R (Q°, 27, )]
(D.15)

E

For the first term in the right hand side of eq. (D.15), when fixing y € V", we have

Ro(QFp 10 y) — R(Q Zl < zg | y))) g <p§<ys | y>>’

v |y Ps(Ys | Y)
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which implies that
]Eys~ps(-|y){Eyt~pt(~|y)}?:s+1 [Rn<Q6a ps+1’67 Y) - Rn(Q§7 ps’§7 Y)}

)
—Ey i) [log (%)] Dy | 90 | ¥)) < 0.

For the second term in eq. (D.15), when fixing y;.s_1, we have
Eypaly) {EytNP?CIy)}?:sH (Q(; >, y)— Ey.picly {Eytwpt (ly) }t s+1 (Q(;’ ps’éa)’)

s—1
“ Gy |y) Z qtyt\y
= E s~Ps(* {E ~ (. }nZS Sup IOg +
Ys~ps (1y) Voyenp) (-|y) S t=s+1 Legs tzl (Ve |'y) P pt Yt | y)

s—1 n
a(ye | y) 4y | y)
Eysz.s( ly) {Eytht( ly) }t s+1 lsup {Z log LA + Z log gt—

cor | ol ly) = T ly)

@) @y |y)
verpaC9) Byt (1y) imaa LGQ ; Py |'y)

Qt(yt | Y)
—E, {E i~ } s sup lo 8 S Tv) | (D-16)
PIC1Y) Voyrapd (-ly) Jt=s+1 Legs ; P (yt |y)

where (i) uses the formula of R,,(Q, p,y) in eq. (D.2) and the form of p*?, and (i) uses the
fact that for t < s — 1, pi(y; | y) cancels out in both terms, hence we can replace them by
p0(y: | y) at no additional cost. Notice that § < pd(y; | y) <1 and § < ¢’(y | y) < 1 hold for
any q € Q°, y € Y" and t € [n]. Hence,

~. e ly)
sup log ———%
aeQ’ ; Py | y)

which implies that when fixed y;.5_1,

1
Snloggv V}’Gyn

1
RHS of eq. (D.16) < 2TV (pa(- | y),p{(- | ¥)) - nlog 5.
Based on eq. (D.3), we can calculate that

TV (ps(- | ¥). 00 1¥) = > (6= psly | ¥)) VO < V6,

yeY
which implies that

n s n s 1
Eyszs(“)’){EytNPf(-\y)}t:s—l-an(Q(Sa p 767 Y)_Eyswpg('b’){Eytwpf(~|y)}t:s+1Rn(Q67 | Y 767 Y) < 2n|:)}|(S 1Og g

Bringing this upper bound back to eq. (D.15) and then further back to eq. (D.14), we
obtain that

1

Eprs+1,5Rn(Q6, p T y) — Eprs,(sRn(Q‘s,ps"s,y) < 2n|Y|d log 5

Hence, according to eq. (D.13), we have

1
Ey-pRn(Q",P,Y) < By piRn(Q',p’,y) + 20 Y|dlog .
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D.2.3 Missing Proofs in appendix D.2.1

Proof of Theorem D.6. We first verify the upper bounds part in eq. (D.6). When 0 < x <1,
using the inequality log(1 + t) < ¢ — ¢?/2 which holds for any —1 < ¢ < 0, we have for n > 7,

_ ) (VT 1P = () — Lo Ly
logz = 2log (V) <2 (Ve —1) = (Vo = 1) = ((w) = 7{(2)* < ((x) 21Og(nD)’)C(ﬂf) :
For x > 1, we first notice that function

~ 2log((z +1)/2) — log(x)
) = 2 + 1))
is a monotonically decreasing function on [0, c0), and for every n > 7 we have
2Nog(m2|Y] +1)/2) —log(r?¥) _ 1 _ 1
log?((n?|Y] +1)/2) — 2log(n?|Y]) ~ 4log(n|Y])’

UANIE

which implies

§(z) > E(n*|V]) > Vo < n?lY.

1
— 4log(n|Y])’
Hence we obtain for any 0 < z < n?|Y)|,
1

logz < ((x) — W

¢(x)”.

Proof of Theorem D.7. First notice that for any x > 1 we have ((x) > 0, and

1
log<x—2i_ )g\/g_c—l.

Hence, we only need to verify

(e N )Y
E[ ? ( o) 1) Tlog(n]]) <2 ( o) 1>>]>0‘

This can be verified by
1w )
Eyey { p) 1 2o ( ») 1)]
) L i)
2 B [ pw) T2 ( p(y) 1)]

= 5 |-V + 000) ~ 00+ TG - 50(0)

yey

=0.
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Proof of Theorem D.8. We only need to verify that the function

2(t—1) ifo<t<1
t)= 1+t -
2log ift >1

is a Lipschitz function with Lipschitz constant 2. This can be seen from

dh(t)_{2 if0<t<l1,

dt lj% ift >1,

which satisfies ‘%(tt) <

[]

Proof of Theorem D.10. Fix distribution p € A, ()"), and suppose random variables (¢, w,y, z) ~
©p. Noticing that the marginal distribution of w is p, we have

EypRn(Q,P,Y) = Ewep supz log gi(wy | w) — 10gpt(wt\W))]

[a€Q
[ & qi(wy | w) _ 1 au(we | w) 2
< B |22 {C (o)~ e (o) } |
(D.17)

where the last steps follows from Theorem D.6, and the fact that p € A,(Y") and @ C A(Y™).
Next, we define random variables v = (vy,,) coupled with random variables (e, w,y,z) ~ Op,
in the way that

vy=zifeg=1 and v, =y if g = —1.

Then the marginal distribution of v; conditioned on wy,;_; is py(- | w). Hence Theorem D.7
gives that for any q € Q and ¢ € [n],

B (ZE'\?J?) 4log<1n|y!) ( Evli’fﬁ) ‘“’] =" D15

Hence we can further upper bound

E

e { ) o (221) )

28 o o (k) - ot (k')
Sen e (et - () o]
3o (mm) - C(fotii:vvi)
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_ 1 C(Qt(wt|w>)2_ 1 C(qt(vt‘w)>2 (D 19)
Alog(n|V[) " \pe(w: | w) Alog(n|Y])” \pi(ve | w) ’
where in (i) we use eq. (D.18), in (i7) we use the Jensen’s inequality. According to the
construction of random variables €,y, z, w, v, we have

qe(wy ’W))Q (qt(vt |W))2: (Qt(yt |W))2 (Qt(zt IW))2
() +<Gired) =< Ganra) +<Gieraa)
Bringing this back to eq. (D.19) and further back to eq. (D.17), we obtain that
EypRn(Q:P,Y)
)) _ (qt(zt|w))
228; {5" ( ) e W)
B 1 c ( (e | W )2 B 1
4log(n|V])” \pe(yr | W 4log
- qe(ye | W)) _ 1 (Qt(’yt | W)>2
B D {51‘ <pt<yt W)~ Tlog)° \pulye [w)

- {(_gt)c (o) ~ T (e 3)}] |

where the last inequality uses Jensen’s inequality. ]

and

=
<
VR
S
R
2|2
N——
no
—
| I

<E

+E

D.2.4 Missing Proofs in appendix D.2.1
Proof of Theorem D.11. We fix p € A(Y™). Forq € Q, v/ € V(«) and w,y € V", if we have

n

t=1 t=1 Pelye |

then we let v = v’ and it is easy to see that eq. (D.8) and eq. (D.9) both hold. Next we

assume . ,
a(ye | w vy
¢ (—> ¢ ( ) | (D.20)
2t 1w Z w)
With v = p € V(a) U {p} we will verify eq. (D.8) and eq. (D.9). First, since ((1) = 0, we

have
n

S zomike )

t=1 t=1 Pe(Ye |
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hence eq. (D.9) holds. Next, according to eq. (D.20) and Cauchy-Schwarz inequality,
2

- qt (e | W))2 - (v,ﬁ(yt | W))2 > - (Qt(yt | W)) (vé(yt | W))
<;< (i ) (24 o) ) 2\ Gt ) Gw) )

we have ) e o .
< Garw) 222 Ginrw) < i)

which implies that

hence eq. (D.8) holds. O

Proof of Theorem D.13. According to our choice of v[q, p, w,y, ay] € V(ay)U{p}, eq. (D.9)
holds with v = v[q, p, w,y, a]. Hence, we can upper bound the left hand side of eq. (D.10)
as follows:

3 e () e () |
“minef ) (5]
; WZC (e W))z - WZMZC QEZ—‘!‘Q)}
L 3o {o (Afiag) - (Home )
+ Z { (P )~ e (T W)>2} }
R )

- viye [w)\ 1 vi(ye | w)\*
+vev<i?f>’um{; {5t< (eired) ~ o i) }} 2
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E

where (i) uses the condition eq. (D.9), and (i7) uses the Jensen’s inequality and the chioce
v|q, p,W,y,an] € V(ay) U {p}. Next, we introduce v|q, p, w,y, ;], and further upper
bound the first term above via telescoping;:

a3 fo (4 i) o (Morpial) )

o { Z 1 Grrrag) < (o) )

S e (el o (Hargmael) |
3o (M) - (em ) )

. ZE S { : (vt[q,p,w,y,amyt | w)) e (vt[q,p,w,y,ai+1]<yt | w)) }] |

acQ = Py | W) pe(ys | W)
where the last inequality is due to Jensen’s inequality. Bringing this back to eq. (D.21), we
obtain eq. (D.10). N

D.2.5 Proof of Theorem 5.2

Proof of Theorem 5.2. First of all, according to Theorem D.3, for any joint distribution class
Q C A(Y"), we have
RH(Q) = sup EyNPRn(Qv | oF Y),
)

where the supreme is taken over all p € A(Y™). According to Theorem D.4 and Theorem D.5,
we have

1
Eyp [Ra(Q.P.¥)] < Eyps [Ra(Q°, P, y)] + 6n*| V|5 log

5
Choosing 6 = 1/(n?Y)|) for n > 2, we conclude that
E[Ra(Q,p,¥)] < E[Ra(Q",p,y)] + 12log(n|Y]).

Hence in order to prove Theorem 5.2, we only need to prove that

By [Ro(Q 03] = O (int {nv/DT+ VDT [ \/Ha( 0. + M, )})

(D.22)
holds for any p € A, (V") and Q C A, (Y"), where A, (V") is defined in eq. (D.4). To prove
this, we first notice that according to Theorem D.10, for p € A, (V") and Q C A, (Y"), we
have

Ey pRn(9Q,P,Y)
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<2 e (20133) - o (e 3)]
R e e et

In the following, we will upper bound the right hand side in the above formula. For convenience,
we only provide upper bounds to the first term in the right hand side. The upper bound to
the second term in the right hand side can be obtained similarly.

Next, we choose N positive real numbers a; < -+ < ayy (values to be specified later). We
let V(a;) be a smallest sequential square-root cover (as per Theorem 5.1) at scale a;. For any
q€ Q,w,y € YV"and t € [n], we let

v mvon = (3 (¢ (S05) - GRR)) | o

According to Theorem D.11, there exists some v|q, p,w,y,ay| € V(ay) U {p} such that

z”: (g (qt(yt | W)) ¢ (vt[q,p,w,y,aw](yt | W)>)2

— Pe(ye | w) Pe(ye | w)

and

ic<m>22%ig(vt[q,p,w,yjazv](yt|W)>2' (D.25)

—1 pe(ye | W) pe(ye | W)

both hold. For 1 <i < N — 1, we use V(q;) to denote the sequential cover of Q at scale ;.
For every q € Q and w,y € V", we let

v[a, p,W,y, 0] = arg min {Z (c (M) ¢ (M))} . (D20)

vev(es) | 45 Pe(ye | w) pe(ye | w)

Then according to Theorem D.13, we have

i‘égg& {C (o)~ e (o 3)}]

xS s (Gt < (g

e Sm{Ee e () (e
el o {5 Gt - e G )
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<E

. (D.27)




In the following, we upper bound the three terms in eq. (D.27) respectively.
We let

v|q, p, W, ay| = arg min {maxmax‘m — m‘} . (D.28)

veV(ay) L tEln] yey

Then for (e, w,y,z) ~ ©Op, we have

R e )
e o (012) < (fomn )
(i)
<E

a(y | w)\ . (wla,p,w,an](y | w) )\’

W)) C( pe(ye | W) )) ]

\/m ) \/vt[q,p,w,aNKyt W\
peye | W) peye | w)

>

—1 pe(ye | W)

w3 (o

(iid) "
< 4K [sup

(i)
< 4K

n 2
N 2
sup g — | =4dax-E
a€Q pe(ye | W)] N

()
< dnai|Y), (D.29)

where (i) uses eq. (D.24), (i) uses the definition of v'[q, p, w,y, ay] in eq. (D.23), (i) uses
the Lipschitz property of ¢ function in Theorem D.8, (iv) uses the definition of v in eq. (D.28)
and Theorem 5.1: for fixed p,q and w, for any ¢ € [n] and y; € ),

Vaulu Tw) = Vaida o w,ax]( [ )]

= min maxma W (V) w
veV(an) t€ln o) ye)i( ‘\/qt Y | \/ ¢ yt | ’

< sup max min maxmax‘\/qt ye | W) — yt\w)‘ < ay,
qeQ WEYT veV(an) te[n] yeY

and finally (v) uses the fact that for any ¢ € [n], conditionally on w1, the distribution of
Yo 1s py(- [ W), hence

. [m]

Then similar to eq. (D.29) (the definition of v[q, p, w,y, «;] for 1 < i < N —1 is similar to the
definition of v'[q, p, W, y, an], hence the following inequality can be obtained by starting from
the second line of eq. (D.29)), we can show that with (e,w,y,z) ~ ®p, for any i € [N — 1],

Supzn: (g (M) e (“t[q’p’w’y>o‘i](% | W>>)2] <dnallY|.  (D.30)

a€Q pe(ye | w) Pe(ye | W)

> oy | w)- <y|w)] =Y.

yey

E
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We are now ready to provide upper bounds for the three terms in eq. (D.27). For the first
term in eq. (D.27), we have

e R Sl
e JZ@ (Mrag) (™))

t=1
(i7)
<Vn J

E

a3 (6 (M) o (Moo )
2 onany/ L (D.31)

where (i) uses Cauchy-Schwarz inequality, (i) uses Jensen’s inequality and (iii) uses eq. (D.30).
We next analyze the second term in eq. (D.27). Notice that for any i € [N — 1] and A > 0,
we can decompose the second term in eq. (D.27) as

el (i) (el

E

qeQ
. ?;gg{igf{c( [q,p,]:tV(yi’,|O:V])(yt|W)> C(vt[q,p,vgt,é;?%](yt|W)>}
) - (eeger) Y
e a3 (“t[q’pgﬁ’yf’ﬁf)(% ) (Ut[q’p";é; )y

(D.32)

For fixed p and ¢ € [N — 1], we define set U; as
U; = {u:u=u[v,v'"] for some v' € V(o) and v'*! € V(ay11) U {p}},

where for v! € V(«;) and v"*! € V(a;11) U {p}, the element u[v’, vi*!] is defined as (u1.,)
with u = us(- | +) : ¥ x Y1 — R defined as

i z—i—l

wi(ye | w) :g(w) —g(M) . VYwyeYiandten).
pe(ye | w) pe(ye | w)
Then we have [U| = |V(a;)| - (|V(ai+1)| + 1), and we can further upper bound eq. (D.32) by
sup th {C <Ut[qa P,wW,Yy, ai](yt | W)) . C (Ut[q7p7w>Y7 ai—i—l](yt | W)) }
—1 pe(ye | W) pe(ye | W)

qeQ

E
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supz {gtut Yo | W) = A (e | W)Z}]

N Supi {C (vt[q,p,w,ym](% | W)) ¢ (vt[q,p,w7y,oci+1](yt | W))}2

acQ Pe(ye | W) Pe(ye | W)

+A-E

(D.33)
For the first term in eq. (D.33), we adopt Theorem D.1 with
Sg = (wl:t—layt>7 G, = U(ylmzlzt,wl:t—l) and at(St) = Ut(yt ’ W),

it is easy to see that E[e; | G| = 0, and o(s;) C G;. Hence we have

ueZ/I

< 10g IUl < Jog(V(ei)[(W(@irn)| +1)) _ 2log [V(ai)]
-2\ T 2\ - A ’

supz {5tut Ye | W) — A (e | W)2}]

(D.34)

where the last inequality uses the fact that «; < a;4q hence [V(aii1)| < [V(«y)|. For the
second term in eq. (D.33), we have

\-E supzn: {C ( va, P, W, Y, o) (e | W)) —¢ (Ut[q>p>WaYaai+l]<yt | W)) }2
a€Q ] pe(ye | W) pe(ye | W)
(i) i , 2
§2>\E SupZ<C <Qt<yt’ )) C(Ut[q7p7w7y7al](yt‘w)))
acQ 4 (4 [ w) puye | W)
+2\-E supzn: (( (Qt(yt | W)) —¢ (Ut[Q7p7W7y7ai+1](yt | W)>)2
acQ =3 pie(ye | W) pe(ys | W)

(id) (i)

< 8 na? | Y] + 8 naZ  |V] < 16Anai, |V, (D.35)
where (i) we uses Cauchy-Schwarz inequality, (i) we uses eq. (D.29) and eq. (D.30), and (i)
uses a; < ;1. Finally we choose A = %. Then bringing eq. (D.35) and eq. (D.34)

i1

into eq. (D.33), we obtain

E & Ut[qapaWaY7ai](yt | W)> i <Ut[q7p7w7y7ai+1](yt | W)) }
act {;Et {C < pe(ye | w) ‘ pe(ye | w)
2log [V(ai)| 5
<— 5+ 16 na? 1|Y| < 8aiy1v/2n|Y|log |V (ay)|. (D.36)

Remark D.14. Let us briefly discuss the novel and key aspect of the approach used to upper
bound the left-hand side of (D.36). In the classical case when the coefficients are non-random,
one simply observes that the supremum is a maximum over a finite collection. Unfortunately,
here the squared increments are themselves random and only small in expectation, due to the
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presence of the py(y; | w) term in the denominator. The key technical observation here is
that one can alternatively work with the offset process (D.34), which can be controlled for any
predictable coefficients irrespective of their magnitude, as well as the expected squared distance
between the coefficients in (D.35). We believe that this technique, which is summarized in
Theorem D.2, will be useful beyond this paper.

Finally, we analyze the last term (offset term) in eq. (D.27). We let the filtration
Gi = 0(y1.t, 214, €14—1) for t € [n]. Then we have E[e; | G;] = 0, and according to the process
of getting wy.,, o(wy4—1) C G;. We let s; in Theorem D.1 to be (wy.—1,¥:), and

Ut(yt | wl:t—l)

——— 2| for any t € |n| for some v € V(ay) U
Pe(ye | wl:tl)) Y ] (an) {p}}

A= {a = (al,-“ ,an) ’ @t(wlztflayt) = C (

Applying Theorem D.1 with A = m, we obtain
- vy | W) 1 vy | w)\?
E sup ¢ ( > — ¢
veV(an)Uip} {; { S\ pelye | w) 16log(n|Y])> \ pe(y: | W)
< 8log(n|Y]) - log([V(aw)| + 1). (D.37)

Finally, we specify the scales o;; = 2! for some positive integer [ > N. Bringing eq. (D.31),
eq. (D.36) and eq. (D.37) into eq. (D.27), we obtain that

su - c @y | w) _ 1 @y | w) ’
up )= {g (i)~ tieme (o) H
< 200 [V + 3 S /2019 - VIog V)| + 8log(nlY) - (log [V(an)] + 1)

=1
(i) N-1
S nanV/[V+ D ainy/nlY] -\ Hea(Q, iy n) + log(n]Y]) - Heg(Q, )

< non |y| + Z — O 1 V nly \/ sq Q g, N + log n|y| sq(Qaann)
21\7 l
VAN B / JHe(Q, ) + log(n[V]) - Heg(Q, 2V ),

where (i) uses the definition of the covering V(«;) we have log(|V(a;)| + 1) < Hso(Q, a, 1)
for any p € A(Y"), (i) uses aj11 = 20y = 4ay—1, and (i) uses the fact that for any
Qi1 S o< o,

E

%sq(Qaaian) S qu(Q,O./,TL).

For 0 < § <~ <1, letting [ = log,(1/9) and N = [+ log,(7), and according to Theorem D.10,
we obtain that for any p € A, (Y"),

Eyop [Ra(Q. . y) <nwry+¢n|y/ V2Hua(Q. 0 m)der + 0g(]Y]) - Hag( Q.. 1),

hence eq. (D.22) is verified. O
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D.3 Missing Proofs in section 5.3
D.3.1 Missing Proofs in section 5.3.1
Proof of Theorem 5.4. We write the proof for

G(Y1ms T1in) = }Ieljfrz ((f (20), 9e),

but it will be clear from the following that this particular structure is not used. When / is
convex with respect to its first argument, we can write

Rn(F) = {SUPiQfSUP} B lzg(ﬁmyt) - }gjfrzf(f(xt),yt)]

x¢y Pt Yt

= {sup inf sup Eyt,\,pt} 25(@7 i) — }gﬁzg(f(xt)v Ye)
t=1 |

Tt Pt pe t=1 | =1

= {SUp sup lnnywpt} > D) — }gﬁzﬁ(f(fct),yt)

=

Tt V43 t=1 | t=1
= {supsupEywpt} [Z ingytht D, Yt) — mf ZE (x4) yt]
Tt Dt t=1 | =1 t
.. n n
@ sup {sup Eytht} Zigf Ey,p l(Dr, ) — mf Z€ (x(y
X Pt t=1 | =1 bt
= infE,, . 0(py,y) — inf 14 ,
sup {S}.ipﬂ% ” pt} _ [Z Be,yt) ;ng (f(z:(y)) w)]
(@) sup {igf sup} [Z Dty Yt) — 1nf ZE (x4(y ]
x bty t=1 | =1
= sup R,,(F o x),

where (i) and (7i7) use the minimax theorem for convex-concave functions [220, Theorem
1.(i1)], and also the fact that ¢ is convex with respect to its first argument, and (iz) uses the
fact that interleaving the supremum of x; and expectation over y; is equivalent to taking the
supremum over trees x first (or, skolemization). O

Proof of Theorem 5.6. For a given function F C [0,1]% and depth-n X-valued tree x, we
define a class F(x) = {f(x) : f € F} € A({0,1}") of joint distributions over {0,1}" as
follows: for y = (y1.,) € {0,1}", the probability of joint distribution f(x) takes value y

equals to
= [T/ &)elw 1y),

t=1
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and
< _ ) flady)) if y, = 1,
f( )t(yt ’ Y) {1 B f(:Ct(y)) it 4, = 0.

According to Theorem 5.4 (see also [18, Lemma 6|, [112] and [17, Eq. 27]), we can write

(D.38)

Rn(F) = Sup By pRn(F(x), P, y) = sup [Ru(F(x))],
where R, (-, p,y) is defined in eq. (D.2), and R, (F(x)) is the Shtarkov sum eq. (5.3) for joint
distribution class F(x).

In order to prove Theorem 5.6, we only need to verify that Heq(F, o, n,x) < Heq(F(x), 1, )
for any tree x. In the following, we verify this by showing that the sequential square-root
covering of F o x defined in Theorem 5.5 can form a sequential square-root covering of F(x)
defined in Theorem 5.1 of the same size.

Suppose V(«) is the sequential square-root covering of F o x at scale « defined in
Theorem 5.5. We define U (a) C A({0,1}") from V:

U(o) = {u[v] e A{0,1}"),v e V(« Hut (v | y),Vy € {0, 1}”}

{vt(y) if y, =1,

wlv](ye | y) = 1 —w(y) ify,=0.

Then we have |U(a)| = |[V(a)|. And according to Theorem 5.5 we have for any f € F, and
w € {0, 1}", there exists u € U such that for any t € [n],

max‘\/uty|w V(%) y|w‘§a.
ye{0,1}

Therefore, U(a) is a sequential square-root covering of F(x) according to Theorem 5.1.
Noticing that [U(«)| = |V ()|, Theorem 5.6 directly follows from Theorem 5.2. O

Proof of Theorem 5.7. Theorem 5.7 follows from Theorem 5.6 after replacing Hsq(F, o, n,X)
with O(a™?) and the following choices of v and 9:

n_ﬁ,n*) if 0 <p<2,

775 = 1
(1:9) 1,n_5> if p > 2.

(D.39)

]

D.3.2 Missing Proofs in section 5.3.2

Proof of Theorem 5.8. This proposition directly follows from the following inequality: for
any p,q € [0,1] with p € [§,1 — 6],

max {5 - vl [VT=p - vI=q} < P
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In fact, we have

max {|V5 - vl |vI—p - v1-d|}

—\p—QI~maX{

1 1 }<|p—CI|
VPV VT=p+VT—q) = V5
0

Proof of Theorem 5.9. This proposition is a direct corollary of the standard inequality,
e.g. [221, (7.22)], which shows that the squared Hellinger distance and TV distance satisfy
the bound:

H(p,q)* < 2Dpv(p, q).

D.4 Missing Proofs in section 5.3.3

In this section, we will present the formal proof to Theorem 5.10 and Theorem 5.11.

D.4.1 Proof of Theorem 5.10

To prove Theorem 5.10, we define a dimension of function classes which characterizes the
difficulty of sequential learning with the class. We will relate both the sequential square-root
entropy and minimax regret to this dimension of the function class.

First, we define distance h between two real numbers in [0, 1]:

h(a,b) :max{‘\/a— Vo

,‘\/l—a—\/l—b‘}, Va,b € [0, 1]. (D.40)

Definition D.15. Suppose F € [0,1]" is a function class and 0 < 3 < a. An X-valued
depth-d tree x is said to be (v, B)-shattered by F distance if there exists a [5,1— 5] x [, 1—f]-
valued depth-d tree s such that: for any path'y = (y1.4) € {0,1}¢, s:(y) = (s:(y)[0], s:(y)[1])
with s¢(y)[0] < s¢(y)[1], and also there exists f¥ € F such that

| (xe(y)) = sl < B and  h(si(y)[0], s:(y)[1]) >, VL€ [d].

The dimension ©(F, «, B) is defined to be the largest d such that there exists a depth-d tree x
which is («, 5)-shattered by F.

The following proposition relates the dimension ©(F, «, 3) to the sequential square-root
entropy.

Proposition D.16. For any class X, function class F € [0,1]%, positive integer n and
a >0, we have

sup Hsq(F, o + 1/26,1,%x) < D(F, a, B) log <%> ,

where the supremum is over all depth-n X -valued tree x.
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The following proposition relates the dimension ©(F, «, ) to the minimax regret R, (F).
Proposition D.17. Suppose the function class F C [0, 1Y satisfies D(F,a,a’/16) =
Q(a™P). Then for any positive integer n,

Ro(F) = 0 (n7'2) .

With the above two propositions of the dimension D (F,«, 3), we are ready to prove

Theorem 5.10.

Proof of Theorem 5.10. Suppose class F satisfies sup, Heq(F, a,n,x) = Q (a?). Then ac-
cording to Theorem D.16, we have

1 -
O(F,,0/16) 2 sup Heo( F, 2 + 02/ (22, m,) - og ™ ( Z”) = (a).

Hence according to Theorem D.17, we have
Ru(F) = Q <nT> .
O

The following two subsections will be devoted to the proof of Theorem D.16 and Theo-
rem D.17. A more general treatment of this approach, including the non-sequential analogue,
will appear in the companion paper [110].

Proof of Theorem D.16

Before proving Theorem D.16, we first prove a similar results for sets of discrete-valued
function classes. Suppose § € (0,1) satisfies M = 1/(2/) is an positive integer. We define
set:

And we further define the dimension ®(F, «) for the discrete-valued function class F which
contains functions mapping & into the set Ug.

Definition D.18. Fiz real number 5 € (0,1) which satisfies 1/(25) is a positive integer.
For function F C (Ug)* and real number o > 0, a depth-d X-valued x is said to be
shattered by F at scale «, if there exists a depth-d (Us x Ug)-valued tree s such that: for
any y € {011, su(y) = (s:(y)[0], se(y)[1]) satisfies 5,(y)[0] < s(y)[1], and for any t € [d],
h(s:(y)[0], s¢(¥)[1]) > a (where h is defined in (D.40)), and for any y € {0,1}%, there exists
1Y € F such that f¥(x:(y)) = si(y)[y:] holds for all t € [d].

The dimension ©(F,«) of F is defined to be the largest d such that there exists a depth-d
X -valued tree x shattered by F at scale c.

The following lemma indicates that for discrete-valued function set F, the sequential
square-root covering number of class F can be bounded by the dimension D (F, «) of class F.
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Lemma D.19. For function class F : X — Upg, then for any depth-n X-valued tree x, we
have
en

D(F,a)
Mq(FO X, &, TL) § (E)

Proof of Theorem D.19. For any > 0 such that 1/(2/) is an integer, we define

gs(n,d) = zd: C) (M —1)",

i=0
which satisfies [132]
g3, d) = gs(n — 1,d) + (M — 1) - ga(n — 1,d — 1), (D.41)

We will prove this result by induction with the following induction argument:
&(n,d): For any function class F C (Us)™ with D(F,a) < d, and any depth-n X-valued
tree x, Ng(F ox,a,n) < gg(d,n).

Base: There are two base case: n < d and d = 0.
When n < d, we let

V:{V[117127”' 7ln]:ll7.” 7ln€Uﬁ}7

where vlly, -+ ,l,] denotes the tree which takes value [; at depth ¢ along any path. Then
it is easy to see that for any f € F, depth-n X-valued tree x, and any path y € {0, 1}",
there exists some v € V such that f(z:(y)) = v (y) for all ¢t € [n]. Hence V is a 0-sequential
covering of F o x, hence V is also an a-sequential covering of F o x as well. Hence we have

- 2
=0

d
Ne(Fox,a,n) < |V|=|Ug|" = M" = Z <n> (M —1)" = gs(n, d).

When d = 0, there is no depth-1 X-valued tree which shatters F at scale . This implies
for any two z, 2" € X', we always have h(f(x), h(z")) < a (otherwise we can construct depth-1
tree x with 1(0) = = and x;(1) = 2/, then this tree is shattered by F). For any z, € X', we
construct depth-n [0, 1]-valued tree v which always takes value f(xo) no matter the path and
depth. Then for any f € F, depth-n X-valued tree x and any path y € {0,1}, we always
have h(f(z(y)),vi(y)) = h(f(zi(y)), f(x0)) < a. Hence V is an a-sequential covering of
F ox, and it satisfies |V| = 1 = gs(n,0).

Induction:  Suppose the induction hypothesis &(n — 1,d — 1) and &(n — 1,d) both holds.
We will prove induction statement &(n,d). For fixed function class F with ©(F,«) = d and
depth-n X-valued tree x, we will construct a a-sequential covering to F o x whose size is
no more than gs(n,d). Suppose the root of tree x is zy, the left subtree of z; is x', and the
right subtree of x; is x". We partition the function class F as:

F:.F1UF2U"'U.F1/25 where .Fk:{fe./_"f($1):(2k—1)6},v1§k‘§]\/[
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Then we have D (Fy, ) < D(F,a) =d for all k € [M]. Welet K = {k € [M] : D(Fy, ) = d}.
Then for any a,b € K and a < b, there exist two depth-d X-valued trees x® and x?, and also
two depth-d (U x Ug)-valued trees s® and s” such that for any y € {0,1}¢ and ¢ € [d],

h(si (¥)[0], st (¥)[1]) > @ and  h(s;(y)[0], 5, (y)[1]) > e

and further for any y € {0,1}%, there exists f¥ € F, and fJ € F, such that for any ¢ € [d],

f (2 (y)) = s;(¥)lye] and £ (27(y)) = st(¥)[wl,

If we further have h((2a — 1)5,(2b — 1)) > «, we construct a depth-(d + 1) X-valued tree x
with root x¢, left subtree of the root to be x?, and right subtree of the root to be x’, and
also a depth-(d + 1) Us x Ug-valued tree s with root ((2a — 1)3, (20 — 1)), left subtree of
the root to be s%, and right subtree of the root to be s®. Then we can verify that for any
y € {0,1}%! and any ¢ € [d + 1], we have s%(y)[0] < s%(y)[1], and h(s;(y)[0], s:(y)[1]) > a.
Further we let y' = (y2, 93, - - , yar1) € {0,1}%, and if y, = 0, then by letting f¥ = f¥ we can
verify that f¥(x,(y)) = si(y)[y] for any ¢ € [d + 1], and if y; = 1, then by letting f¥Y = fg',
we can verify that f¥(z,(y)) = s:(y)[y] for any t € [d + 1]. Hence, F is shattered by tree x
of depth-(d + 1), leading to contradiction. Therefore, we have

h((2a —1)5,(2b — 1)) < a, Va,b e K (D.42)

Next, for any k € [M] with ®(Fy,a) < d — 1, according to induction hypothesis
®&(n—1,d — 1), there exists a sequential cover V! of size gg(n —1,d — 1) for the depth-(n —1)
X-valued tree x', and also a sequential cover VI of size gg(n — 1,d — 1) for the depth-(n — 1)
X-valued tree x". We then combine the elements in V., and V§ into a set V. of depth-n
Ug-valued trees. We let v; = (2k — 1) € Ug. Then according to the construction of Fj, we
have for any f € F, f(x1) = v; hence h(f(x1),v1) < a. For vl € Vi and v" € V[, we define
depth-n Ug-valued tree v[v!,v"] as: for any path y € {0,1}", we let y' = (ya.,) € {0, 1},
and let vy [v!, v"](y) = v;. If y; = 0, then let v;[v!, v"](y) = vl_,(y’), and if y; = 1, then let
v [V, vT](y) = vl (y'). We construct V), = {v[v!,v"]} with |V;| < max{|VL|,|Vi|} to make
sure that every element in V! and V[ at least appear once in the construction of V. Next, we
will argue that V is a a-sequential cover of Fj, ox. For any f € F, andy € {0,1}", if y; =0,
then since V! is a a-sequential cover of Fy, there exists vi € V! such that for any 2 <t < n,
h(f(z:(y)),vi(y)) < a. Suppose v = v[vi,v"] € V; for some v € VI, and we also have
h(f(x1(y)),v1(y)) < « according to the construction of Fj. Hence for any ¢ € [n|, we always
h(f(x(y)),v(y)) < a. Therefore, V' is a cover of Fj. Further by induction hypothesis we
have max{|V.|, |[Vi|} < gs(n —1,d — 1). Hence |Vi| < gs(n — 1,d — 1).

If IC =0, then by letting V = Ugean Vi, V will be a a-sequential cover of F o x, and also

where the inequality follows from the fact that gs(n —1,d — 1) < gg(n — 1,d) for any n,d,
and the last equation follows from eq. (D.41).

Next, we consider cases where || > 1 We construct F' = UpexcFg, then we have
D(F',a) <D(F,a) =d. According to the induction hypothesis &(n — 1, d), there exists a
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sequential cover V' of size gg(n — 1,d) for the depth-(n — 1) X-valued tree x', and also a
sequential cover V' of size gg(n—1, d) for the depth-(n—1) X-valued tree x'. We then combine
the elements in V! and V" into a V' of depth-n Ug-valued trees. We let v; = f(z;) € Up
for some f € F’. Then according to the construction of F' we have for any f € F/,
h(f(z1),v1) < a. For vl € V' and v € V", we define depth-n Ug-valued tree v[v!, v"] as: for
any path y € {0,1}", we let y = (y2.,) € {0,1}"71, and let v;[v),v'|(y) = v1. If y; = 0,
then let v;[v!, v"](y) = vl_,(y’), and if y; = 1, then let v:[v!,v"](y) = vi_,(y’). We construct
V' = {v[vi,v"]} with |V'| < max{[V'|,|V"|} to make sure that every element in V' and V"
at least appear once in the construction of V'. Next, we will argue that V' is a a-sequential
cover of F' ox. For any f € F and y € {0,1}", if y; = 0, then since V' is a a-sequential
cover of F', there exists v/ € V! such that for any 2 < t < n, h(f(z(y)),vi(y)) < a.
Suppose v = v[vl,v"] € V' for some v" € V", and we also have h(f(z1(y)),v1(y)) < «
according to eq. (D.42) and the construction of F’'. Hence for any ¢t € [n], we always
h(f(z(y)),vi(y)) < a. Therefore, V' is a cover of F’. Further by induction hypothesis we
have max{[V!|, |V"|} < gs(n — 1,d). Hence |V'| < gs(n — 1,4d).
We further let V = V' U (Uggx Vi), and we have

where the last equation follows from eq. (D.41). Above all, we finish the proof of induction
statement &(n, d).
Hence by induction, we have

D(F,«x)

Ne(Fox,a,n) < gs(n, D(F,a)) = > C,L).(M— 1)' < (%)Q(M) - (%Y’(Ra)

1=0

Equipped with Theorem D.19, we are ready to prove Theorem D.16 that works for
real-valued function classes.

Proof of Theorem D.16. For > 0 where 1/(2f) is an integer, we let M = 1/(25), and we
define

Us ={p,38,56,---,(2M — 1)8}.
And for every u € [0, 1], we define |u]s = argmin,;, [u —r|. For any function f € F, we
define |f|g: X = Us as
Lfls(x) = [f(2)]s.

We further let |F|g = {|fls : f € F}. According to Theorem D.15 and Theorem D.18
we know that if |F| is shattered by some X-valued tree x at scale a, then x also also
(o, B)-shattered by F. Hence we have

D(F, ) > D(|F)s ).

Hence Theorem D.19 gives that for any depth-n X-valued tree x,

D(|F]p,) D(F,a,B)
N(Lﬂﬁox,a,ms(%) ’ g(g) |
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We let V to be the covering of | F |4 at scale o with size no more than (en/3)°"*#). Hence
for any f € F,x € X and y € {0,1}", there exists v € V such that for any ¢ € [n],

h(Lfs((y)), uly)) < @

According to the construction of | f|g, we have || f]s(x:(y)) — f(x:(y))| < B, which implies
that

h(Lf]a(ze(y)), f(:(y)))”

C/Uha& v?@%602+(¢r—UM@uw>— 1—fuww02

< [Lf1p((y)) = Flay)DI + 11 = LfJa(z(y)) = (1 = fa(y)))| < 26,

) —
where the first 1nequahty uses the fact that (a — b)? < (a —b)(a +b) for a,b > 0. Therefore,
for any ¢ € [t], we have

WS (@i(y)), ve(y)) < h(LfL(xe(y)), f(2e(3)) + B (Lf(2e(y)) v(y)) < a+ /28,

which implies that V is an (« + +/20) sequential covering of F, i.e.

D(F,,p)
NFoxa+ B << ()

Taking supremum over x, we obtain that

sup Hsq(F, a +1/28,n,%x) = suplog N (F o x,a + 1/28,n) < D(F, v, ) log (en)

g
m
Proof of Theorem D.17
Before proving Theorem D.17, we present the following helper lemma.
Lemma D.20. Suppose real number p,a, 3 € [0,1] and integer n satisfies B < a® and
p(1—p)
l—a— d < 1. D4
a+pB<p< a—pfF, and n< IR v (D.43)
We collect n samples from Ber(p) to form an empirical estimation p € [0,1], and we define
1 fp >
- Io=p (D.44)
—1 if p<p.
Then we have
. ptea—p N l-p—eca-75 a?
E |plog——— + (1 — p) log > , D.45
{ 1 -9) 1—p 8p(1 —p) (D.45)
where the expectation is over p and . Additionally, when choosing n = Lg(;;f;)] V 1, we have
. ptea—p N l—p—ca—-p 1
-E |plog———— 4+ (1 —p)1 > ) D.46
n {pog +(1-p)log - T (D.46)
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Proof of Theorem D.20. Without loss of generality, we assume p < 1/2 (otherwise we replace
p with 1 — p and the argument follows similarly). Then we have o < 1/2 and § < 1/4.
Consider the following three cases:

(1) 1/36 < o < 1/2,
(i) a4+ B >p/2 and o < 1/36,
(14i) o+ B < p/2 and o < 1/36.

When 1/36 < o < 1/2, since p(1 — p) < 1/4 and o > 1/1296, we always have n = 1,
which implies

E {ﬁlog ptea—p
p

1
+ (1 —p)log
1—p

i) o — ([ (i iii 2
:p-log(1+a—_ﬁ> +(1—p)-log<1+a_ﬁ) (Z) a_p (Z)Q(Z)a—
p l=p 4
where (i) uses o — > 0 and either (« — 5)/p > 1/2 or (o — )/(1 —p) > 1/2 and
log(1+ x) > x/2 for 0 < x < 2, (i4) uses the fact that @ < 1/2 and 8 < o?, and (4i7) uses
the fact a <pand 1 —p > 1/2.
When a + 3 > p/2 and a < 1/36, since 8 < a? we have a > p/3, which implies that

—p—ea—ﬁ]

n<p(1 p)

< o1 V1<1/p.

Hence p < p, i.e. ¢ = —1 if and only if p = 0. Therefore,

— 1 —p—cor —
E |plog 2525 L (1~ p)log pl_gg‘ 5}
_ _ 1l—p—a—
—Pr(p=0)-log (1+%) +E Kﬁlogfy+(1 —ﬁ)mg%pﬁ) 1[p > 0]} .

(D.47)
Since p < 1/2, we have o+ 3 < 1/36+1/36% < (1 —p)/2, which implies (a+3)/(1—p) < 1/2.

After noticing that log(1 + x) > x — 22 holds for all z > —1/2 and also a — 8 > 0, we can
further upper bound eq. (D.47) by

o ((222)- <ﬁ:ﬁ>2) | |
=\ (( )6 Jooon ((G5)-())) oo
() () ) e (50 - ()]

)E[i _5(1—pp ] { 1:?}—(04—%5)2-]E[§+(11__5)2}

=E

\_/@

V=




@) g {a(ﬁ—p)a N —6(19—23)04} _ 98— (a+ B) (%JFL)

P I-p L—p
P —p| (a+ )
.E {p(l—p)l “¥ Ay
i) p-pl] 2
s ok [p(l—p)} p(1—p)

where (i) uses [ea — 5| < a+f, | —ea— S| < a+  and E[p] = p, (ii) uses the definition of
e in eq. (D.44) and (7ii) uses the fact that 0 < 8 < a? < 1/1296. According to Khintchine
inequality [222], we have

. p(1 —p)
Ellp — p|] >
19—l 2 /22,
which implies
a 20/ o

LHS of eq. (D.45) > — > ,
¢ (D45) = 2np(1 —p) p(l—p) ~ p(l—p)

where the last inequality uses the fact that

p(1—p) o p 1
= 732402 (1 —p) Ve p(l—p) ~ 3v2

When o + 5 < p/2 and a < 1/36, we have (p —a — f)/p > 1/2 and also (1 —p — a —
B)/(1 —p) > 1/2, then for any € € {—1,1},

p+ea—f
p

21, and 1—p—€a—ﬁ21‘
2 1—p 2

Notice that log(1 + x) > x — 22 holds for all z > —1/2, which implies

LHS of eq. (D.45)

>E :ﬁ- ((mp_ﬁ) - (mp_ﬁ)2> =P ((f&f_pﬂ) - (%_PBY)]

_E ﬁ(mp_ﬁ) L1-p) (%‘pﬁ) —ﬁ(m;ﬁ)Q—(l—@ (%;ﬁ)]

gE 52?044__5(1_@04} —BE[E—F%} _(a+ﬁ)2-E[£+ 1_]/)\}

L P 1—p p 1-— P> (1—p)?
@) g |eP—pa  —elp=Pa] o a1, 1
E{ p I—p } 26— (a+F) ( +1—p)
[Iﬁ—pl]_ _(a+p8)?
p(1—p) p(1—p)
G T p—pl] 2
s ok p(l—p)} p(1—p)
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where (i) uses [ea — | < a+f, | —ea— S| < a+ [ and E[p] = p, (ii) uses the definition of
e in eq. (D.44) and (74) uses the fact that 0 < 8 < a? < 1. According to [223, Theorem 1],
we have

. p(1 —p)

El|p —p|] > /22
15—l 2 /252,
which implies

202 o?

(0
LHS of eq. (D.45) > — > ,
(D-45) 2np(1 —p) p(l—p) ~ p(l—p)

where the last inequality uses the fact that

p(1—p) a p 1
n<™"" v and —— < a- < .
32402 Vp(L=p) p(I—p) = 3v2

Above all, we have verified eq. (D.45), and eq. (D.46) follows from eq. (D.45) directly. O
Now we are ready to prove Theorem D.17.

Proof of Theorem D.17. Let xg € X be an arbitrary context. For fixed positive integer n, we

let
1
_ 4
ay, = ar%éréax{@(./'-,a,& /16) - ([1620&2-‘ Vv 1) < n} )

Since ®(F, a, a?/16) = Q (a™?) for every o > 0, we have

D(F, o, /16) = Q <n$> :
In the following, we will prove that for any positive integer n, we have

D(F, an, 0y /16)
> L .
Rl F) 2 5184

We fix n, and let a = a,,, d = D(F, o, al /16). We let x to be the depth-d X-valued tree
shattered by F at scale (a,, it /16). Then according to Theorem D.15, there exists a depth-d
[0,1] x [0, 1]-valued tree s such that for any path y = (71.4) € {0,1}¢, there exists f¥ € F
such that

) = s(3)la] < (;—6 and  h(s(Y)[0], s:(y)[1]) =2Vt € [d], (D.48)

After noticing that h(u,v)?/2 < |u — v| for any u,v € [0, 1], we have

P - sl < BP0 ()1

We define depth-d [0, 1]-valued v as

u(§) = s¢(y)[0] 42— St(y)[l]’

vy € {0,1}". (D.49)
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We can further verify that

h(s:(3)[0], s¢(3)[1])*
= (5:(7)[0] — s:(¥)[1]))”

1 1
aX{(\/St(S’)[O]+\/3t<~ "(VT=s(3)0] + /1 - s:(3) }

- N 9 1 1
< ()0 = s (st@m P £ Y e = g st<y>m)
_2(s3)0) — si3)[1)°

v () (1 = vi(9))

Next, we will show R, (F) > d. According to Theorem D.3, for any p € A({0,1}") and
depth-n X-valued tree x, we have

(D.50)

Ru(F) > Ey pRu(F(x),P,Y)- (D.51)

In the following, we will construct specific p and x so that the right-hand side in the above
inequality is lower bounded by d. For a fixed a path y € {0,1}", we first define an auxillary
{0,1}-path § = (§1.4) € {0,1}¢ of length-d and also d integers: ki, ks, - , kq in the following
way: calculate y1.4 and k.4 by turn:

k= { vg){ = vi(g) QJ V1,  Vteld. (D.52)
324 (s¢(y)[1] = s¢(¥)[0])
and .
th = H{ Zyk1+---+kt71+j > kt ’ Ut(&)}? Vit € [d]7 <D53)

j=1
where v;(y) is defined in eq. (D.49). Notice that according to the above definition, k; only

depends on ¥y, , Yk, 4-tk,_,» a0d Y depends on yq, -+, Yy 4.4k, Additionally, according
to eq. (D.50) and eq. (D.48), we have

1
k< ——V1 vVt e |d
"= 16222 " 7 €ld
which implies k1 + - - - + kg < n always holds according to our choice of o = «v,,. Hence k.4
and 7.4 are all well-defined.
The value of (x1(y), z:(y), -+ ,x,(y)) are in the following form:

(}(9)71< ) ( 2\2( ) ( ) 72(5}27 7EZ(S’)7d(S})7 7d($’)j Lo, Lo, " - 7179 )7
k1 ;;ces ko ;;ces kq ;gaces (n—k1—ka —f—kd) pieces

Similarly, the value of (p1(y),p:(y), - ,pn(y)) are in the following form:

(3116’)77}1(5’)7‘“ ) ( 273]2< ) ( ) 7U2(927'” 7Ud<y)7vd(y)7”' 7vd(5’,27\f9<x0)7f5’(x0)_,_ff’(x02>7
k1 ;ieces ko &ces kq ;:i,eces (n,]ﬂ,]@,‘:,kd) pieces
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where x is the state we fixed at the beginning of the proof.
Then we write R, (F(x), p,y) in terms of segments 1 to d, and after noticing that f¥ € F
for any depth-d path y € {—1,1}¢, we obtain

Ru(F(x),p, y)
= sup ZZ] ykl“‘ Ak 147 | Lhey 4o they 1+j(Y))
fer = = Prytoothe 4§ Yhkatoth a4 | Y)

n—ky——kq

LTS g H s | xk1+...+kd+j<y>>}

o Phytotlegtd (Yha ot bogg | Y)

n—ky——kq

_Sup{ZZIO ykﬁ- tki_1+] | t( )) + Z lOg f(ykﬁ— A kgt |£L‘) }
Zl
7=1

fer Ot (Yy ke 45 | Y) = JY Yk otk | o)

S

t=1

ykl-i- ki_1+] ‘ t( ))
Uy yk1+ +ki—1+] |Y)

(D.54)

where the last step takes f = f¥ € F. Next, for fixed y, we define

N
=7 E Ykrt-the—1+5s

ke =

]:

and let
2 5) = SO 5] D55
Then using inequality h(u,v)?/2 < |u — v| for any u,v € [0, 1], we have
5) > MO @O o D56
Notice that ¢(y) and v,(¥) is independent t0 Y, thy 1415 * s Ykytotihy_ 1 +he> WE CAN TEWTiteE

eq. (D.54) as

d y _ry ~
RolF60:py) 2 )k '(“tlogf i(.sy))) “‘ﬁt“ogllf—q%;y))))'

Next, we will calculate Ey.p, [R,(F(x),p,y)]. According to the above equation, we can
separate the expectation into the sum of d expectations as follows:

= Ed:E [kt- (@tlogm +(1 —@t)logw)]

2 u(¥) L= u(®)
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N iE {E [kt , (@t log sG] — a?/16 (1 — ) log L= s(y)l5] — a4/16) ‘ y1z(k1+~-~kt1)H

- u(y) 1—w(y)

=

Z;E{ {kt <Utlog ()+e(w)z;()?)—%(&)2

+ﬂ—ﬁﬂbgr_wwaT2%@)_%®V)'%MﬁWRJ} (D.57)

~

)
where (i) uses the choice of f¥ in eq. (D.48), and in (ii) we define

A {1 if 9, > v,(F),

—1 if ’IA)t < Ut(y>.

and it follows from our construciton of g; in eq. (D.53) and also a?/4 < (y) from eq. (D.56).
In eq. (D.57), conditioned on yy.(k, 4...+k,_,), there is no randomness on k¢, v;(y) and also t(y),
hence all the randomness of the inner expectation comes from ¢, and also s;(¥)[g;]. With our
choice of ;(y) in eq. (D.55), we can further verify that v, (y)+7:(¥)* < s:(y)[0] +7:(y) < ve(y).
Hence, after noticing eq. (D.52), we can verify that the conditions in Theorem D.20 hold
with a = 4(y), 8 = 1(y)? p = v:(y) and n = k;. Additionally, according to our construction
of p(y), when conditioned on y1.(x, 4...+&,), we have

ii.d. ~
Yki k141 5 Yk kg +he ™ vt(' | y)

Hence eq. (D.46) in Theorem D.20 implies that

E [kt . (@t log vi(¥) + (@) n(y) — %(¥)? (15 log

ik 1 —v(¥) — e(o)v(y) — ’Yt(S’)Q) ’ . 1)} .

1 —wv(y)
Bringing this back to eq. (D.57) and then further back to eq. (D.51), we obtain that

1 D(F aa"/16)
5184 5184

Rn(F) > Ro(F,a,a*)/16 > d - ()

D.4.2 Proof of Theorem 5.11

We present the proof of Theorem 5.11 in this section. We first present a lemma showing that
when f,p € [¢,1 — ¢], we have h(f,p) < |f — p|.

Lemma D.21. Suppose ¢ to be a positive constant in (0,1/2), then for any f,p € [¢,1 — ],

we have
|f=nl |f=»l

\/5 < h(f,p) < 2\/5.
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Proof. As for the lower bound part, we notice that

h(f’p)22%.((ﬁ—\/ﬁ>2+<\/1—f—\/1—p)2)
_ 1 f 2. ! :
=5 (=) (<ﬁ+m2+<¢1—f+ﬂ—p>2)
1 2 1 !
Zi(f—p) .(2(f+p)+2<2_f_p))
Z%U—@%

where the second and third inequalities both use Cauchy-Schwarz inequality.
Next we prove the upper bound part. Since f,p € [¢,1 — ¢|, we have

(Vf+vp)?>4c and (V1—f+4+/1—-p)? >4

which implies that

< (- = U

We are now ready to prove Theorem 5.11.

Proof of Theorem 5.11. Since sup, Heq(F,, n,x) = Q(aP), by choosing § = /2 in Theo-
rem D.15, we obtain .
D(F,a,0?/2) =Q(a?), Va>0.

Hence if we choose [ such that

B =sup{p € (0,1/16) : D(F,B,°/2) = n},

we have 8 = Q (n‘l/ p). And according to Theorem D.15, there exists a depth-n X'-valued

tree x shattered by JF at scale (3, 3%/2), i.e. there exists a depth-n [0, 1] x [0, 1]-valued tree s

such that for any path y = (y1.) € {0, 1}, s¢(y) = (s:(y)[0], s:(y)[1]) with s:(y)[0] < se(y)[1],
and also there exists f¥Y € F such that

2

¥ (e (y)) = se(y)lwel| < % and  h (se(y)[0], s:(y)[1]) > B, Vi€ [n]. (D.58)
We further define [0, 1]-valued tree u where for any y € {0,1}¢ and t € [n],

st(y)[0] + s:(y)[1]
. .

u(y) =

Since F C [7/16,9/16]*, according to Theorem D.21 we have for any y € {0,1}", 3/8 <
st(¥)[0] < se(y)[1] < 5/8, which implies that

st ()] = s:(¥)[0] = 2v/3/8 - h(s:(y)[0], :(¥)[1]) > 5.
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Hence we have u(y) € [7/16,9/16], and for any y € {0, 1}",

Z.8
5 2

Pyl oy) —wly |y) = 8-
We next notice that for any f € F,y € {0,1}" and t € [n],

f e | 2e(y))

w (e | y) > fye | ze(y)) = 7/16,

hence according to inequality log(1 + z) > x — 32?/2 for any x > —9/16, we have

Pl o) oo [ (fwla) )3 (fulat)
Ezb s ZE:{(IMM\W -2 (s }' (D59

t=1

We choose f = f¥ in the above inequality. After noticing that

we have P | 21(y)) L 7/16 5
Yy | 2y - _2
TN R R 7 T A

Therefore, we have

(M_l)_;(w_l)z

uy(y: | y) u(y: |y
4 (P ylaly)
27( w(yi 1y) Q

S Pl aly) -l | y) = 2

2’

where inequality (i) uses the fact that w:(y; | y) < 9/16 < 4/7. Bringing back to eq. (D.59),
we obtain that

Supz":bg ¥ (e | xt(y))] L™ _g ().

D.5 Missing Proofs in section 5.3.4

We first prove Theorem 5.12.
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Proof of Theorem 5.12. Recall from Theorem D.3 we have

- 1 - 1
R, (F) = supsup log——— — inf log————
) x y~p ; pe(yely)  ter 7 flu | a(y))

Hence we only need to prove that for any path y = (y1.,) € {0,1}",

suleogf Yye | 2:(y)) < sup Zlogf Ye | 2(y)) + 2. (D.60)

fer fe}—l/nt 1

According to the definition of Hilbert ball class eq. (5.17), for any f € F, there exists
w € By(1) such that

Pl | muly) = - <—1>y;<xt<y>,w>.

Next, we notice that for any real number a € (—1,1), we have

(I1—-1/n)a+1 n

+1 a+n/(n—1)
arnjinz ) 1
2 Rl

log aT < log < log

(L-1/mat1 1

<1 .
=108 2 n—1

Therefore, we obtain

L+ (" (@ify).w) _ L4+ (D" (@ily), (L= Ynw) |1
2 - 2 n—1

which implies that

il—i—(—l)yt i (y N A xt(}zf),(l—l/n)w> "’nﬁl-

t=1 t=1

Since for any w € Bs(1), we always have (1—1/n)w € By(1—1/n), according to the definition
of function class JF;,, we have

supZIng v | 2(y))

feF
n
< sup log f(ye | ze(y)) +
f€f1/n ; n-— 1
< sup ) log f(y | z:(y)) +2,
fe-Fl/n tzl
which proves eq. (D.60). O

We next prove Theorem 5.13. Our proof requires the following definition of skipping
binary tree.
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Definition D.22. For a given binary tree x, we say a binary tree y is a skipping tree of x if
1. The set of vertices of y is a subset of the set of vertices of x.

2. For two vertices a,b of y, if a is b’s left child in y, then a is a descendant of b’s left
child in x; and if a is b’s right child in 'y, then a is a descendant of b’s right child in x.

We have the following properties of coloring over binary trees.

Lemma D.23. We consider k-coloring over the vertices of a depth-n binary tree x, where
each vertices has been colored in one of k colors. Then when n > k(d —1) 4+ 1, x has a
skipping tree of depth d whose nodes are of the same color.

Proof. We prove a stronger result: For integers dy,ds, ..., d; > 0, if binary tree x has depth
at least dy +dy + -+ dip + 1, and is colored in 1,..., k. Then there exists 1 < i < k, such
that x has a skipping tree of depth d; + 1 whose vertices are all in color <.

We will prove this result by induction on dy + - -+ + dj.. When d; + - - - + dx, = 0, we have
dy = -+ =d = 0. In this case, assuming the root is colored in i, then the root itself is a
skipping tree with depth d; + 1.

Next we assume that this result holds when d;+---+d, = m. Whend; +---+d, = m+1,
we assume the root a is colored in j (1 < j < k). If d; = 0, then we already have a skipping
tree with only one vertex a in color j at depth d; + 1. Next, we assume that d; > 1. We
consider the left binary tree x; rooted at the left child of a, and also the right binary tree x5
rooted at the right child of a. Then both x; and x5 are binary trees with depth

m:d1+"'+dj—1+(di_1)+dj+1+"'+dk;:CZI+“'+CZk~

where we let czz =d; if i # 7 and cZI =d; — 1 if i = j. According to induction, 31 < iy,15 < k
such that there exists x;’s skipping tree u; of depth czil + 1 whose vertices are all in color ;
and also x,’s skipping tree u, of depth ci,-Z + 1 whose vertices are all in color iy. If iy # 7,
then we have czil = d;,. Hence the skipping tree u; is also a skipping tree of x with depth
d;, + 1 whose vertices are all in color ;. This skipping tree is desirable. If iy # 7, similarly
we can also find a desirable skipping tree of x. Finally if ¢; = i, = j, we consider the tree y
with root 7, and two subtrees of j’s left child and right child to be u; and u,. Then since the
root of u; is a descendant of j’s left child the root of uy is a descendant of j’s right child,
y is a skipping tree of x. And we further know that vertices of y are all in color j and the
depth of y is d; + 1. Therefore, y is a desirable skipping tree. And we have finished proving
the result for dy + --- +dp = m + 1.

According to induction, this result holds for any dy,...,d, > 0. n

Now we are ready to prove Theorem 5.13.

Proof of Theorem 5.13. First by choosing 3 = a?/2 in Theorem D.16 and replacing o by 4a,
we obtain

2
SUp Heq(Fi/n 50,0, %) < D(F, 4av, 02/2) - log ( e”) .

a2
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Therefore, in order to prove Theorem 5.13, we only need to verify

1
D(Fijn, 4, 02/2) = O ( 052”) . (D.61)
We let tree x’ of depth d’ to be the largest tree shattered by Fi, at scale (4cr, o®/2). Without
loss of generality we assume d’ is an odd number and d’ = 2d+ 1. Then there exists a depth-d’
([0,1] x [0, 1])-valud tree s’ such that for any path y’ € {0,1}¥, si(y’) = (s}(y")[0], s,(y")[1])
with s/(y")[0] < si(y")[1], and for any y’ € {0, 1}%, there exists w¥’ € By(1 — 1/n) such that

L+ (Y, 2(y'))

— )l < 5 and B (sOO0L SN > o Ve [d)

2
(D.62)
We further construct a depth-d’ [0, 1]-valued tree u’ where for any y’ € {0,1}% and t € [d],
(0] <u(y’) < s ()] A(uy(y’), si(y)[0]) = 200 and - A(uy(y’), si(y)[1]) = 20

According to eq. (D.62), we have for any y’ € {0,1}% and t € [d],

2y — 1) - (1 + <wy;’ 7 (y")) —u;(y’)) >0 and h (1 i <wy/’x;<y,)>,u;(y’)> > a.

2

We color the tree x” with two colors according to u(y’): for each node x}(y’), if uj(y’) < 1/2
we color it with color 1, otherwise we color it with color 0. According to Theorem D.23, there
exists a skipping tree of depth d = (d’ — 1)/2 such that every node in this tree are of the
same color. Without loss of generality, we assume that the skipping tree is in color 1. In
the following, we only consider nodes of x’ in this skipping tree, and also the corresponding
nodes (along the same path) of u’. And we obtain a tree x of depth d and an [0, 1/2]-valued
tree 1 of depth d such that for any y € {0, 1}¢, there exists w € By(1 — 1/n) such that for
any t € [d],

-1 (PO y)) 20 wa n (PO )

We next notice that since function 2v/z and log x — 24/x are both monotonically increasing
function over [0, 1], for any p, f € [0, 1] we have

| logp — log f| > 2|v/B — VfI.

Additionally, since for any p € [0,1/2] and f € [0, 1], we always have

A ] (V2+Dlp—f] |
VP Vil= S m 2 ey~ (VD VImp = VI

which implies that |\/p —+/f| > h(f,p)/4. Hence we obtain

Y




By letting depth-d R-valued tree s to be s;(y) = log ii;(y) for any path y € {0,1}¢, we have
that for y € {0,1}¢, there exists w € Bo(1 — 1/n) such that for any ¢ € [d],

(2y; — 1) - (log M — St(}’)) > %

Since x4(y) and s;(y) only depend on w41, by choosing y; = 1, we obtain for some
w € By(1 —1/n),
1+ <w7 g (y)>

1
og 5

—s(y) > % > 0,
which implies that

1+ (w, z:(y))

< tog Lt Il 1

si(y) < log < log —5— = 0.

Similarly by choosing y; = 0, we obtain for some w € By(1 — 1/n),

L+ (w,aly)) o

; sly) < =5

1
og 5

<0,

which implies that

14 (w,2.(y)) 1-(1-1/n)
2

> log

> log = —log(2n).

]_ _
si(y) > log ||w||22||95t(}’)||2

Hence we obtain that for any ¢, we always have s,(y) € (—log(2n),0).

Next, we will color the binary tree x with [log(2n)] number of colors 0,1,. .., [log(2n)]:
for y € {0,1}4, if s;(y) € [~k — 1,—k), we will color vertex x(y) in color k. According to
Lemma D.23, there exists some i such that there exists a skipping tree v of depth d > %
whose nodes are all colored in k.

We consider a sequence of nodes v1(y) — v(y) — -+ — v4(y) in the skipping tree v.
Here we assume v;41(y) is the left child or descendant of the left child of v; if y; = 0, or the
right child or the descendant of the right child of v; if y; = 1. We let

i(y) =20 = - = @iy, = Vi (y) (D.63)

to be the sequence of nodes in tree x from v;(y) to v;4+1(y), where x4 5 is the right child of
x1,1, and z; ; is a child of z; ;1 (since v;41(y) is a descendant of v;(y), there must exist such
a path). We consider the following sequence of nodes in tree x:

11— X1 > Ty, —» Too —> > Ty, —» X3o —> > T3y —7 Lo — '”x(j,lg'
(D.64)
We define length-d {0, 1}-valued path

where ¥, ; is chosen to be 1 if x; ; is the right child of z; ;_; and be 0 if ; ; is the left child of
Tij1, and Ygyqq, Y1, —1 Can be arbitrarily chosen with lj,, —1=d—1; —---—l;+d.
Then according to the construction of this path we have

Gia =y, V1<i<d.
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Suppose the vertices we meet in tree s along path ¢ at the same depth as z; ; to be s, ;(¥).
Then according to our assumption, there exists some w € By(1 — 1/n) such that

1 i - .7 .
(20 — 1) - <1og%’“> - si,j(y>> >Z, VI<i<dl<j<l. (D)

We further define depth-d R-tree u = (u1,...,ug) as

ui(y) = si1(y).

Choosing j =1 in eq. (D.65) and notice that v;(y) = z;; from eq. (D.63) and y; = g, ; from
eq. (D.64), we obtain

@%—no%ii@ﬁ@ﬁ—mwﬂz

V1 < i <d.
2 b _/L_

| e

According to our coloring and the definition of s; ;(y), we know that u;(y) = s;1(y) € [~k —
1, —k) holds for any 1 < i < d. Therefore, for any y € {0,1}¢, there exists w € By(1 —1/n)
such that for any 7 € [d],

<wrwmo%ii@ﬁ@ﬁ—mwoz

5 and  wu;(y) € [k —1,—F). (D.66)

| e

The above inequality is equivalent to for any y € {0, 1}, there exists w € By(1 — 1/n) such
that for any i € [d],

(w,v(y)) > 2" @2 1 ify, =1, and (w,v(y)) < 2e4We 2 _ 1 if y, = 0.
] (D.67)
For any given path y € {0,1}%, we call the w € By(1 — 1/n) which satisfies the above
inequalities as w[y]. We use vy = v1(y) to denote the root of the tree y. Then for any path
y = (y1,...,yg) with y; = 0, i.e. turn to left subtree in the first step, according to eq. (D.67)
we have
(wlyl, vo) = (wly], vi(y)) < 2em e —1 <27 — 1,

where in the last inequality we uses the second inequality in eq. (D.66).

In the following, for every vector v, we decompose it into the parallel component and
perpendicular component with respect to vector vg: v = v+ 4 vl where v/l || vy and vt L vg.
Then we have

lwly)M2llvolls = [{wly], vo)| = 1 —2¢7".

Noticing that ||vg||a, [[w[y]l]]2 < 1, we will have ||vo||a, [[w[y]!]]2 > 1 — 2¢7*, hence

w[y]l+uolla < 1=(1-2e7%) =2e7* and |Jw[y]* | < V1 = (1 —2e7F)2 < 2e7%2. (D.68)

Next, we consider any node v;(y) on the left subtree of y, where we require the path y to the
node satisfies y; = 0. By letting y; = 0 (since v;(y) does not depends on y; so we can assign
arbitrary value of y; to obtain some properties of v;(y)), according to (D.67) and the second
inequality of eq. (D.66), we obtain

(wly], vi(y)) < 2" e/ — 1 < 2e7F — 1,
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which implies

[wly] +vi(y)ll2 < \/Ilw[Y]H% + o3+ 2(wly], u(y)) < V2 +2(2e7F — 1) = 2672,

Choosing ¢ = 1 in the above inequality we obtain |Jw[y]+v |2 < 2e7#/2. These two inequalities
together indicates that
lve(y) = voll> < 4e™/2.

Hence we have,
[o:(y) ll2 < lloe(y) = voll2 < e, (D.69)

Next, we decompose the inner product into the sum of inner product of parallel components
and perpendicular components:

(wly], ve(y)) = (wly]", ve(y)") + (wly]*, vi(y)™*).

Noticing [|wly]*|l2 < 2e7%/2 and |jv,(y)*|l2 < 4e7*/2 from eq. (D.68) and eq. (D.69), we
obtain that

(wiy)l, ve(y)1) = (wly], v (y)) = (wly]" vi(y)*") < 2e7F = 14272 4e™/? = 10e7* — 1.
Since ||w[y]l]ls < 1 and [Jo(y)l]|2 < 1, we have [|w[y]!||2, [[v:(y)]|2 > 1 — 10e~*. Hence,
wly]" + ve(y)[ls < 1= (1 = 10e7*) = 10e7F,
This inequality together with the first inequality of eq. (D.68) indicates that
[va () = woll2 < 12¢7F.

Finally, we construct a tree z of depth d — 1 shattered by the following function class G
at scale 1/(20e) (definition of the shattering in the sense of [214]), hence according to [224,
Page 67-68| we have an upper bound on d.

g= {f|f(x) = <w7 I>7 w,x € 32(1)} (D70)
For any y € {0,1}97!, we let
4(y) = 1 (0.9 + 2o (O ), VI<t<d—1, (D.71)

where we use (0,y) to denote the path of length d whose t-th element equals to y,_; for t > 2
and the first element equals to 0. Then according to eq. (D.69), for any path y we have

1 1 4 1
el < e 2 (©,3)) e + = loess (O3 < 5 + 2 = 1,

5
which implies that z;(y) € B2(1). We further notice from eq. (D.68) that

lo((0,3)) +volla < 2¢7* and  [lw((0,5))*[|2 < 2¢72.
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Hence by choosing

B(y) = 76 (w((0.9)! + ) + 3¢ (0, 7)), (D.72)
we have
iyl < 36" (03! + o], + 36 (., < 5+ 5 =1

which implies that w(y) € Bs(1). According to our choice of w(y) in eq. (D.72) and z/(y) in
eq. (D.71), we have

(w(y), z(y)) = (@), 2)) + (@y)*", 2(y)")

= =" (w((0,y)) + vo, i1 ((0,5))1) + 2—106k (w((0,3))*,ve41((0,y))")
= o ((0((0,)), ve1((0,¥))) + (w0, ve1((0,5))))

We construct another (d — 1)-depth R-valued tree § as: for any path y € {0, 1}‘5_1,

1 1
§t(y) — %ekeutﬂ((&y» (ea/2 + e—a/2) + <U07Ut+1((0;}’))> . 2—06k.

The above defined S is a tree since u and v are both trees. When y; = 1, according to the
first inequality of eq. (D.67) and also u¢y1((0,y)) > —k — 1 according to the second inequality
of eq. (D.66), we have

1

(@(3), 2(3)) = 5:(y) = o€+ (((0.3)), w1 (0,y)) — €109 (22 4 eme2) 4 1)

1
> %ek . (26ut+1((07Y))60‘/2 — 1 — eut+1((0y)) (604/2 + e_O‘/Q) + 1)

= L kg (03 (o2 _ a2y

20
1 1 1
Z %ekeuH—l((Qy))a Z %eke—k‘—la — 2_O€a,

where in the second inequality we use the fact that e*/? —e=*/2 > . And when y; = 0, we
have

1

(0(y), 2(y)) = 5u(y) = 55¢" - (W((0,3)), v141((0, 7)) — e OV (22 e72) 1)
< %ek (2emn (O g2 | quenn(O) (o2 1 mo/2) 4 1)
_ _%ekeuzﬂ((o»’))(ea/? ol
< —iekeut“((o’y))a < —ieke_k_loz = —La.
=20 =20 20¢

Therefore, tree z € By(1) is shattered by function class G (defined in eq. (D.70)) at scale
1/(20e)a.
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According to [224, Page 67-68|, the sequential fat shattering dimension of G at scale « is
upper bounded by 16/a?. Hence we have

S 16 6d00e2
~ (1/(20e)a)2 a2

This inequality, together with the fact that d > [bz;(;;M’ implies that

400 1
dg1+ﬂog(2nﬂ-(1+628€ ) :o(og”).

a2

Therefore, we have

1
D(Fiyn, 4o, a?/2) =0 ( ogn) ,

o2
which verifies eq. (D.61). O

D.6 Renewal Process and Hardness through Sequential
Square-root Entropy

We consider the following class of renewal process, originally introduced in [111].

Definition D.24 (Renewal Process Class [111]). This class Q is defined over the alphabet
Y ={0,1} and parameterized by a distribution p € A(Z.). Given p, we sample T; & p and
sety, =1ift="T,+---+T; for some i > 1 and otherwise y, = 0.

For this class Q the work [111] established that log-loss regret is ©(y/n). Their proof
leveraged sophisticated estimates on the partition number by Hardy and Ramanujan. Unfor-
tunately, as we show in this appendix, the entropic bounds that we developed in this work, as
well as those that were proposed before, are not able to yield correct upper bound on regret.

Specifically, we will verify that the sequential square-root entropy (defined in Theorem 5.1),
and also the sequential log entropy defined in [4, 16] are both ©(n), no matter what scale we
choose. Therefore, by simply applying Theorem 5.2 or the entropy bound in [4, 16| will only
give a vacuous bound O(n) on regret.

Proposition D.25. For any 0 < a < 1/6, we have Hsy(Q,a,n) > n. As for the log
entropy (entropy with respect to distance eq. (5.7)) defined in [4, 16], we have Hog(Q, v, n) >
(1 —log2)n —o(n).

Proof. For any € € {—1,1}", we construct a distribution p* € A(Z,) as

pe(t)_ﬁ<%+35t'a)—ﬁ<%+3€t-a>.

i=1 i=1

It is easy to see that p® is a distribution on Z,. We let ¢¢ to be the distribution in @ which
is parametrized by p®. Then we can calculate that with y° = (0,0,---,0) € {0,1}",

1
(0 ]y°) = 5 +3e-a, Vie[n].
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We first lower bound the sequential square-root entropy (defined in Theorem 5.1). Suppoose
V is a finite cover of Q at scale a. Then for € € {—1,1}", there exists v¢ € V such that

Vol W) = Ve Tw)| <o

max max max
w ye{0,1} te[n]

which implies that

max | /£ (0]¥°) = VEO[y?)| <

te[n]

If there exists € and €’ such that v = v&', then

V@& O]y =g 0] y°)
However, if ¢, # £}, then

, 1 1
‘\/qf(()lyo)—\/qf(owo) Z\/§+3a—\/§—3a>2a,

leading to contradiction. Therefore, for any € # €, we have v # v¢. This implies that
|V| > 2™, hence

max
te(n]

< 2a.

H(Q,a,n) > n.

Next we lower bound the log-entropy Hiog, which is the entropy with respect to the
distance defined in eq. (5.7). Suppose V is a finite cover of Q at scale a. We first define set
E C {—1,1}" such that for any two distinct items €, € F, we have

S ze)z 0.73
t=1

According to the lower bound of packing number under Hamming distances (see [221, Theorem
27.5]), there exists such set F which satisfies

log |[E| > (1 —log2)n — o(n).

Next, since V is a covering of Q, for any € € F, there exists v € V such that

> sup(log of (v | y) — log f (i | ¥))* < na?,
t=1 Y

which implies that

n

> (logvf(0 | y°) —log g (0 | y°))* < na.

t=1
If there exists € and € such that v& = v&', then

n

> (ogaf (0] y°) —log g (0 ]y°))* < 4na’. (D.74)

t=1
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However, if ¢, # ¢}, then

o
> 6a,

log € (0 | y°) — log ¢ (0 | y°)| >
|logqf (0| y") —loggf (0]y")] > T 6o

log

which implies that

n

Z(log ¢ y°) —logg (0y°)? > 36a°- ZI[[st # ¢l > 9na?,
t=1

t=1

where the last inequality follows from the construction of set E, i.e. eq. (D.73). This
contradicts to eq. (D.74). Hence for any £,& € E, we have v¢ # v¢. This implies that
|V| > |E|, hence

H(Q,a,n) > log|E| > (1 —log2)n — o(n).

]

We see that the root cause of entropies being 2(n) is the same: both definitions of Hsq
and Hjog in Theorem 5.1 and (5.7) take supremum over the “true path” y on the tree. In the
example above, this corresponds to simply taking a path on the very left of the tree. The
process class is so rich that already on this left-most path the entropy is 2(n). However, this
should not concern log-loss prediction as this left-most path would not happen too-often,
unless p in (D.2) places all mass on all-0 input, in which case the R,,(Q,p) = 0. Searching
for the correct definition of entropy to handle this class is left to future work.
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Appendix E

Proofs for Chapter 6

E.1 Missing Proofs in section 6.2

E.1.1 Proofs of Theorem 6.3

Proof of Theorem 6.3. Without loss of generality we assume X = {xy, s, ...,2,}, since the
largest subset of {z1,...,x,} shattered by F is also a subset of X’ shattered by F. In the
following, we only need to consider cases where

4d(F, ) log(eMn) < n. (E.1)

In cases where eq. (E.1) fails, by taking the covering of all functions which map {z;.,} to
[M], we have the covering number estimate

N (F, T1m, a) < M™ = exp(n-log M) < exp(4d(F, a)log(eMn)-log M) < exp(16d(F,a)log®(eMn)).

In the following, we let d = d(F, ). We will use an approach similar to that in [128] to
prove Theorem 6.3. We define the packing number M (F, x1.,, @) of class F under design
Z1., at scale a: we say F C F is a packing if for any f, f' € F,

max ¢(f (), f'(z1)) =

te(n]

and we let M (F, 1., @) be the size of the largest packing of class F. Then according to
covering-packing inequality we have

N (F, 210, @) < Moo(F, Ty, @0).
Hence, it suffices to prove
log Moo (F, Z1m, @) < 16d1og?(eMn). (E.2)
For set X = (z1,...,2;) C {x1,}, and tuple s = (s1, S2, ..., s;) where s; = (s¢[—1], s¢[1]) €

[M] x [M] for any t € [l], we say the pair (X,s) is shattered by F if the following two
properties both hold:
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(a) for any t € [I], c(si[—1], se[—1]) > o5
(b) for any € = (1) € {—1, 1}, there exists f¢ € F such that f¢(x;) = s;[¢;] for any ¢ € [].
We define function

t(h,l) == min max{k:V F C F such that |F| = h and Vf, f’' € F, maxc(f(x), f'(z)) > a,

XCXx,|X|=l T€EX
F shatters at least k pairs (X,s) where X C X'}. (E.3)
(if no packing of size h exists, t(h,[) is defined to be infinity). According to the definition of
d = d(F,a), if (X,s) is shattered by F, then we have |X| < d. Additionally, for fixed X,
there can be at most (M?)X| choices of s such that (X,s) is shattered by F. Therefore, by
choosing h to be the size of largest packing, i.e. My (F,Z1.n, ), the number of pairs (X, s)

shattered by the largest packing is no more than the number of pairs (X, s) shattered by F,
which implies that

d
n )
i o] ) my 9 < : M2Z- E4
MutFrr)m =3 (7) (B.4)
It is sufficient to argue that for any r +1 <[ < n,
t(2(2AM*)" 1) > 2. (E.5)

Indeed, with eq. (E.5) holding, it is easy to see from the definition of function ¢ in eq. (E.3)
that for hy < he and any [, t(hq,1) < t(ho,l). Notice that according to eq. (E.1),

d
n > ddlog(eMn) > log, P : <”> M”J +2.
1

=1

Hence, if
n

Moo<f,$1;n,a) > 2(2nM2)10g2LZ?=1 (%)MQ"”'JJrl7
we have

n

HMoo(F, w1, @),m) 2 ¢ (2(2n02) 550 (M1 )
d
> gloga 330, ()M ]+1 ™\ a2
which contradicts eq. (E.4). Therefore,

n

log N (F, 1n, @) < 10g Mo (F, w10, @) < log (2(2002) 55 (DM11) < 16d10g2 (e M),

In the remainder of the proof, we argue that eq. (E.5) holds by induction. We will verify
the following two properties:

t2,0)>1  VvI>1, (E.6)
t(2AM? - 2m, 1) >2-t(2m,l —1)  Ym>1,01>2. (E.7)
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We first verify eq. (E.6). For X C X and any packing F C F with |F| = 2, there exists
f1, f2 € F such that

max ¢(f1(2), fo(2)) = a.

TeX

We let X to be the one which takes the maximum in the above inequality, and let X = (CXx
and s = {s;} with s; = (fi(x), fa(x)) € [M] x [M], then (X, s) is shattered by F. Therefore,
t(2,0) > 1.

We next verify eq. (E.7). Without loss of generality we assume the minimum over X C X
with |X| = [ in eq. (E.3) is achieved by X = {z1,}. Suppose packing F C F satisfies
|F| > 4IM? - m. We arbitrarily pair up functions in F' to form:

2AM?m

F= U {fe:9:}-

For any ¢ € [2IM?m], since F is a packing, there exists z[t] € {x1,} such that
c(fe(z[t]), ge(=[t])) = e

Next, for any = € {x1,;} and i,j € [M] with ¢(i,j) > «, we define the set
T(z,i,5) = {t € [2IM?*m] : z[t] = z and f,(z[t]) =1, g,(z[t]) = j}.

Then we have
U 7)) =[200Pm].

.Z‘E{.Z‘l;l}
1,j€EM (i) >

According to the pigeonhole principle, there exists some x4+ € {x1,} and i*, j* € [M] with
¢(i*,5*) > a such that |T (x4, %, j*)| > 2m. We define two function classes Iy, F» C F' as

Fy={fi:teT(af,i*,55)} and F,={g :teT(z},i",5)}.

Then we have |F}| = |Fy| > 2m. Since functions in Fj all take value i* at x4+, F} is a packing
under design {z1,}\{zs}. Hence, there exists a set V' consisting of pairs (X, s) shattered by
class Fy, and |V| > t(2m, [ — 1). Since functions in F) takes the same value at x;., for any
(X,s) € V, zpe ¢ X. Similarly, there exists a set U shattered by Fy with |U| > t(2m,[ — 1),
and for any (X,s) € U, x4+ ¢ X. Since F} C F and F, C F', any pairs (X,s) in U UV are
also shattered by F. Additionally, for any pair (X,s) € U NV, we construct a new pair
(X U (z4+),sU (i*,7%)) € UU V. Since ¢(i*, j*) > «, this pair is also shattered by F. Hence
F shatters at least

UNnV|+|UuV|=|U|+|V]=2t2m,l—1)

pairs, which implies that ¢(41M?*m,[) > 2t(2m, [ — 1). This completes the proof of eq. (E.7).
With eq. (E.6) and eq. (E.7), when » <1 —1 we have

t(2(2IM3)", 1) > 27(2,1 — 1) > 2",

which verifies eq. (E.5). O
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E.1.2 Proof of Theorem 6.6
Proof of Theorem 6.6. We define distance ¢’ : [M] x [M] — R, U{0}:

¢ (a,b) = c(uq, up). (E.8)

For any f € F, since f maps & into [—1,1], we define f : X — [M] to be an arbitrary
function mapping & into [M], which satisfies that for any » € X, ¢(f(2),uz,)) < 8. We
construct function class F = {f : f € F} C {X — [M]}. We use d,(F,q) to denote the
non-sequential gapped dimension (defined in Theorem 6.1) of integer-valued function class JF
at scale o under distance ¢, and for simplicity we let d = d,(F,«). Suppose z1.4 € X is
shattered by F. Then there exists 51 = (51[—1], 51[1]), ..., 54 = (54[—1], 54[1]) such that for
any € € {—1,1}¢ and t € [d], ¢'(5:[—1],5:[1]) > «, and also for any € € {—1,1}%, there exists
f¢ € F such that f&(z;) = §[e,] for any ¢ € [d]. Notice from the definition of F that there
exists some f€ € F such that f€ = (f"’)

We next verify that z;., is also shattered by F at scale («a, ), according to the definition
Theorem 6.4. We construct s; = (s1[—1], s1[1]), ..., sa = (sa[—1], sa[1]) according to 5;.4 as
follows:

St[_l] = Ug[-1) and St[l] = Ugy[1]-

Then according to the definition of ¢ in eq. (E.8), we have for any t € [d],
c(s:e[=1], se[1]) = ¢'(5i[=1], 8:[1]) = e
Additionally, for any € € {—1,1}%, there exists some f¢ € F such that (f¢)(x;) = 5;[e,] for
any t € [d], which implies that
(f (@), silen]) = o(f (20), use) = o(f (1), Uigey,y) < B, VE € ],

where the last inequality follows from the definiton of f. Therefore, 1.4 is shattered by F at
scale (a, ), and, according to Theorem 6.4, we have d(F,«a, 3) > d.

Next, we will upper bound the non-sequential covering number of F in terms of d.
Accordlng to Theorem 6.3, for any x;. n € X" there exists a non-sequential covering V of
F with size no more than exp (16d log? (enM )) Hence, for any f € F, there exists some
V = (01.,) € V which satisfies

I(f(xy),v) <a  Vten]
which implies that

o(f(xr), um) < e(f (@), Ufay) + (U@, us) < B+ Vi€ D],

where the first inequality uses the triangle inequality of c, and the second inequality uses the
definition of function f. For every v € V, we construct v¥ = (v}.,) € [—1,1]": for any t € [n],
vy = ug,. We further let V ={v¥:v € V} Then V is an (« + [3)-cover of F on xy.,, which
implies

log N (F,x, o+ B) < log|V| = log |V| < 16d log?(enM) < 16d(F, a, B) log?(enM).
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E.1.3 Missing Proofs in section 6.2.3

Proof of Theorem 6.8. We only need to prove that if 1. € X% is shattered by F at scale
(e, B) according to Theorem 6.4, then xq.4 is shattered by F at scale o — 28 according to the
traditional notion of shattering as in Theorem 6.7.

If x1.4 is shattered by F at scale (a, ) according to Theorem 6.4, then there exists s1.4
where s; = (s]—1], s;[1]) € [-1,1] x [=1,1] for any t € [d], such that s;[1] — s;[—1] > « for
any t € [d], and also for any € € {—1,1}¢, there exists a function f¢ € F which satisfies
|f€(z¢) — seled]| < B for any ¢ € [d]. We let

se[—1] 4 se[1]

Ut:#, Vte [TL]

Since a > 23, we have for any € € {—1,1}¢,

€ - (fe(fft) —Ut) > ——p,

|9

which implies that z1.4 is shattered by F at scale a — 23, according to Theorem 6.7. O

Proof of Theorem 6.9. Let d = vc(F, «), then there exists z1.4 shattered by F according to
Theorem 6.7. Hence there exists vy, € [—1,1]% and also function f¢ € F for eache € {—1,1},
such that for any € € {—1,1}¢,

e (S () —vp) >

DR

Further notice for every € # €', there exists t € [d] such that e; # &}, which implies that for
this specific t,

/() = /< (2)| =
Hence {f¢ : € € {—1,1}?} forms a a-packing of F under £,.,-norm under design x1.4. Therefore,
the covering-packing duality indicates that

Nw(Fa wl:vc(]—',a)a a/g) 2 2d = 2VC(]——’a)- (Eg)

Next according to Theorem 6.6, we have for any n and z., € X",

N (F, &1, o+ B) < 16d(F, , B) log? (%) .

Hence by replacing a in eq. (E.9) with 3(« + ), and choosing n to be ve(F, 3(a + 3)), we
obtain that

log2-ve(F,3(a+ ) < sup  1og N (F, T1we(Fsat8) @+ 0)

T1ve(F,a+B)
< 16d(F, o 8) log? <2e : vc(]—",;(oz + 6))) ,

which implies

(E.10)

ve(F, 3(a + B)) < 32d(F, v, B) log? (6VC(F’ Sla+ B”) .

B
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Additionally, we notice that log(z) < v/2 - ¢/, hence

6ve(F, 3(a + ﬁ)))m
/B b

ve(F, 3(a+ 8)) < 64d(F, a, B) (

which implies that

ve(F,3(a+ ) < 64° - 67 d(fﬁ—‘;‘mg

Bringing this back to eq. (E.10), we obtain that

ve(F,3(a+ B)) < 288d(F, a, ) - log? (M) '

B

The second part of Theorem 6.9 is implied by Theorem E.2 below. Indeed, if x4 is
shattered by F at scale a according to Theorem E.1, then x1.4 is also shattered by F at scale
(o, B) according to Theorem 6.4. O

Finally, we provide the proof of Theorem 6.10.

Proof of Theorem 6.10. Let d = |log(1/a)| and X = {z1,...,z4}. For any € = (£1.4) €
{—1,1}¢, we define

d
i+l
a€:a+2%~22_1-a.
i=1

Then for any €, we have
a§a5§a+a-(2d—1)§1.

We define function class F = {f¢ :e € {—1,1}}, where f¢: X — [—1,1] is defined as
fo(xi) =g-af, V1<i<d.

Then it is easy to see that {xy,...,z4} is shattered by F in terms of the classical shattering
(defined in Theorem 6.7).

Next, we will verify that the non-sequential gapped dimension d(F,«,3) = 1 for any
B < «/2. First of all, it is easy to see that {x;} is shattered by F, hence d(F,a, ) > 1. If
there exists a size-two subset {z;,z;} of X shattered by F, in terms of Theorem 6.1, then
there exists s; = (s;[—1], s;[1]) € [-1,1] x [-1,1] and s; = (s;[—1],5,[1]) € [-1,1] x [-1,1]
such that for any e = (e;,¢;) € {—1,1} x {—1,1},

Jele] € {-1,1}* such that |f€[e](x,») —sile)]] < B and |f5[e](xj) — sjles]| < B.

Hence, we obtain
A (@) — IO ()] < 28 <

According to the construction of function f¢, we must have e[(—1, —1)] = €[(—1, 1)], which
implies that

[5;(1] = s5[=1]] < |s;[1] = £ @) + [s5[=1] = fIO )| < B+ 5 <
This violates the definition of shattering in Theorem 6.1. Therefore, we have verified that

d(F,a,p) <1 for any f < a/2. ]
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E.1.4 Properties of Fixed-Scale Scale-Sensitive Dimension

We consider the following fixed-scale scale-sensitive dimension; the only modification with
respect to Theorem 6.7 is that the inequality is turned into an equality. In terms of fig. 6.1,
the requirement of shattering states that the vertices of the hypercube with side-length « are
in the set.

Definition E.1 (Fixed-Scale Dimension). Given a function class F C {X — [-1,1]},
we say that a set {xy,xs,..., 24} C X is shattered by F at scale o > 0, if there exists
S1y.--,84 € [—1,1] such that for any € = (e1.q4) € {—1,1}%, there exists some f€ € F such
that o

ee - (f%(xr) — st) =5 Vit € [d].
The fized-scale dimension vcag(F, ) of F at scale v is the largest d such that there exists a
size-d subset of X shattered by F.

We have the following proposition showing that if the function class F is convex, then
the scale-sensitive dimensions defined in Theorem 6.7 and in Theorem E.1 coincide.

Proposition E.2. If function class F is convez, then for any o > 0, ve(F, ) = veae(F, ).

Proof of Theorem E.2. According to Theorem 6.7 and Theorem E.1, we have vc(F,a) >
veex(F, ). Hence we only need to prove that vcex(F,«) > ve(F,a). In the following, we

will show that if {x1,...,24} is shattered by F at scale « under witness sy, ..., sq under
Theorem 6.7, then {z1,...,z4} is shattered by F at scale @ under witness s1, ..., sq under
Theorem E.1.

Since {x1, ..., x4} is shattered by F at scale o under witness s, . .., s4 under Theorem 6.7,

for any € € {—1,1}¢ there exists f€ such that

o
Et - (fe(xt) - St) 2 5 Vit € [d]
We next iteratively construct ff € F for ¢ =0,1,...,d such that ff satisfies
) (0 T . , (0 T .
et (ff(zy) — s¢) =3 ift <i and er - (fi(zy) — s¢) > 5 if t > i. (E.11)

For i = 0, we let f§ = f¢ and they satisfies conditions in eq. (E.11). Suppose we have
constructed f¢, and we will now construct f€ ;. For any &€ = (e1.4) € {—1,1}%, we let

€= (81,...,Ei,—€i+1,€i+2,...,€d). <E12)
Let ~
m=a i+ (1=a)- [}, (E.13)
where )
/24841 —f* (Tit1) e
af — FE(@ig1)—fE (i) if €31 =1,
a/2+f&(Tit1)—Sit1 if g1 = —1.

E(@it1)—fE(zit1)
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According to eq. (E.11), we can verify that of € [0, 1] for any . Therefore f£,; constructed
in eq. (E.13) belongs to F due to the convexity of 7. Next, we will verify that f7 , also
satisfies eq. (E.11). For ¢ < ¢, since

a
5 (1) :3t+5t'§
according to eq. (E.11), according to our choice of € in eq. (E.12) we have

e (Filae) —s1) = 5.

For t =i+ 1, based on our construction in eq. (E.13) and our choice of € in eq. (E.12), we
can calculate that

er - (ff(ze) —s¢) =

v 2

For t > i+ 1, since
e (fi () — 8¢) >

according to eq. (E.11), hence according to our choice of € in eq. (E.12) we have

|9

e (fElwe) = s) 2 5

Therefore, ff,, satisfies eq. (E.11) as well. By choosing i = d, we obtain that there exist
f5 € F such that

o

e (fq(we) —81) = 9
which implies that {xi,..., 24} is shattered by F at scale o under witness sy, ..., sq under
Theorem E.1. O

E.1.5 Missing Proofs in section 6.2.4
Proof of Theorem 6.11.

1 16
a, = - -argmin< d(F,a,a/(20nC)) - — <np.
2 a>0 a?

Since d(F, o, a/(20nC)) = Q (a™?) for every a > 0, we have

2

d(F, ap, o,/ (20nC)) A njn =Q (np%> , Vn € Zs.

In the following, we will prove that for any positive integer n, we have

sup E[R,.(F, p, x,€)] = Q(d(F, an, i,/ (20nC))) .

Hx

We fix n, and, for brevity, write

a=aqa, and d=d(F,am,a,/(20nC)) Ana’/4 < d(F,ay, a,/(20nC)).
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Let 1:d € X9 be a sequence shattered by F in the sense of Theorem 6.4. That is, there exist
s1 = (s1[=1], s1[1]), s2 = (s2[—1], s2[1]), ..., sa = (sa[—1], sa[1]) € [-1,1] X [-1, 1] such that
for any &€ = (£1.4) € {—1,1}¢, there exists f¢ € F such that

«

|F2(t) = si[&l]| < 20(nC)

and |[s[1] — s¢[—1]| >« Vt € [d]. (E.14)

Without loss of generality, we assume s;[1] > s;[—1]. We now define ji;.q € [—1,1]% as
/175 = (St[—l] + St[l])/Q and

= hstm —1st[—11>2J VIS e

for any ¢ € [d]. Then we have

d
Z kt S n.
t=1

Next, we construct xy., and py., with the following block structure:

(21m) = (1,1,...,1,2,2,...,2,....d—1,d—1,...,d—1, d.d,....d ),

J/

- -~ -~ -~

k1 terms ko terms kg_1 terms n—ki—...—kg_1 terms
(:ulln) = (;ula My ooy o1y p2y 42y« ooy 2y« ooy lbd—15 Bbd—15 + -+ 5 Hd—1, Sd[]']’ Sd[1]7 ceey Sd[l])
N TV 7\ TV - N VvV 4 Vv -
k1 terms ko terms kq—1 terms n—ki—...—kgq terms

Next we write R, (F, fi1.n, T1.n,€) in terms of segments 1 to d. For any € € {0,1}", we
construct & € {—1,1}%

k¢
g = 2]1{ D Chitthiati > o} -1, Vteld—1] and & =1
j=1

Recall that f€ € F for any sequence &€ € {—1,1}%. Then, using [t, j] to denote ky + ...+ k; + 7,
and defining the random variable & = kit Zf;l €it-1,5 € [—1,1] for fixed &, we obtain

Rn(fa Himn, :El:nvg)

d—1 k¢
~ fer { DD Crera (@) = Hi-1) — (F(@p-1) = pe-1,)°

ferF

t=1 j=1
nfklf...fkd,l
+ Y. Ceeaag(f(@porg) = pa-1q) — (f(@a-1) — M[dm])Q}
j=1

Qe & ~ & ~\2 o
> C el () = fue) = () = fue)” = 2C - —%

t=1 j=1 n

d—1 ) )
> ke (C-&(f5() = fu) — (f5(t) = u)?) — 4, (E.15)

1

-+
I
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where (i) uses the choice f = f¢ € F, and also |f¢(d) — s4[1]| < a/(20nC) < a/(nC) since
€4 =1, and also the fact that o < 2 due to eq. (E.14). According to eq. (E.14), we have for
any €,

= 5 o 5 o S 1 =51
|fE(t) — seléd]| < 20 and  s;[&;] — pe = sign(&) - w
eq. (E.14) also gives that s;[1] — s¢[—1] > «a, which implies
9 St[l] — St[—l] . —~ z - 11 St[l] — St[_]-]
S ] e B ) — ) < — . el
0 5 < sign (&) (f5(t) — fu) < 10 5

Therefore we can lower bound eq. (E.15) by

Next, we can further lower bound

Rn(Fa ,Ulzna xl:mg)

= 9 s —s =1 121 [s[1] — si[=1]\?
Zztlkt' ClEl 15 =3 _100'( 2 >>_4
= 9 sl —s—1 121 /s1] = s [—1]\?
=Yk crf) & s 121 (s ])>_4
= T 9 sfl]—s[—1] 121 [s[1] — se[—1]\?
e Tl R —mo'( > >>‘4 (E-16)

where the last inequality uses the Khintchine inequality [222]. According to our choice of ki,
1 1 4
ki = V1e , ,
t {(St[ll - St[—l])QJ [2(341] —si[—1])%" (se[1] - St[—l])Q]
which implies that 1/v/2 < v/k;(s:[1] — s;[—1]) < 2. Therefore, since C' > 2, we have

d—1

9C 121 d—1
HS of eq. (E.16) > —— — —— | Vsl — s -1 —4 > —— — 4.
RHS of eq. (E.16) > ;:1 (20\/5 200) Ve [si[1] = si[—1]] = 750

Therefore, we obtain that

d—1 ~ p
Sup E[Rn(f7 ﬂl:n7$1:n78)] > T —4=0Q <7’Lm> .

H1:n,T1:n

Proof of Theorem 6.12. We first transform V,,(F) into the following dual form

n n

; @ —y)* — }g]fr 2 (f (1) — yt)2]

Vo(F) = sup {inf sup Eywpt}
)

T1:n €X™ :T/\t pteA([7272] t=1
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n

Z (Ely: | yre—1] — yt>2 — inf (f(ze) — yt)2]

eF
t=1 f t=1

= Ssup sup EytNPt
wl:nexn ptEA([_212D

t=1

sup Y 2(ye — () (f(x0) = pe(y)) = (f () = ()

feF 3

=sup sup [Ey.p
T1n PEA([-2,2]")

where we use 1(y) to denote the expectation of y; conditioned on yy.;—1, i.e. p(y) = Ely |
Y14—1). Taking p = p1 @ p2 ® ... ® p, where p; € A([—2,2]) for each t € [n] in the above
equation, we obtain that

Vo(F)>sup sup E

T1:n pl;nEA([—ZQ]

Yt~pt 9

ilelp Z 20y — o) (f () — pre) — (f(2e) — Nt)z

t=1

where u; = E[y;] denotes the expectation of distribution p;.
We fix pq, ..., s, € [—1, 1], and choose distributions p; = Unif({u:—1, i +1}) € A([—2,2])
for all ¢ € [n]. Then we obtain that

Vo(F) >sup sup E,

Tl:n .U‘l:ne[_lvl}

sup Y 2e,(f(w0) = ) — (f () = Mt)2] ,

fer i
where &1, = Unif({—1,1}). O

Proof of Theorem 6.13. Since sup,, log N (F, &1y, a) = Q (a?), according to Theorem 6.6
we have

d(F,a,a/(40n)) = Q (a7P).
Next, we call Theorem 6.12, and Theorem 6.11 with C' = 2. Then we obtain

Vo(F) = Q (nT) .

E.2 Missing Proofs in section 6.3
E.2.1 Proof of Theorem 6.16
Proof of Lemma Theorem 6.16. We first define function

wina =3 (1)-ar-y

i=0
which satisfies (see [20])
gu(n,d) =gu(n—1,d)+ (M —1)-gy(n—1,d—1). (E.17)
We will prove the present Lemma by induction with the following induction statement:

For any function class F C {f : X — [M]} with d*9(F,«a) < d, and any

&(d,n): depth-n X-valued tree x, N39(F,x, ) < gu(d, n).
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Base: There are two base cases to consider: n < d and d = 0.
When n < d, we let

V =A{v[i1,ia,... 0 d1,...,10, € [M]},

where v[iy, ..., 1,] denotes the tree with values i; at depth t along any path. Then it is easy
to see that for any f € F, depth-n X-valued tree x, and any path € € {—1,1}", there exists
some v € V such that f(z,(€)) = v(e) for all t € [n]. Hence V is an exact (that is, « = 0)
cover of F on x; hence, V is also an a-sequential covering as well. Thus, we have

d

NIWF,x,a) < |V|=M"= Z (:L) (M — 1)i = gu(n,d).

1=0

When d = 0, there is no depth-1 X-valued tree which is shattered by F at scale «
under the metric ¢. This implies for any x € X and functions f, f’ € F, we always have
¢(f(z), f'(x)) < a. Indeed, otherwise we can construct depth-1 tree x with x; = = and
depth-1 tree s with s; = (f(z), f'(z)), and x is shattered by F. We let fy € F to be an
arbitrary function in F. For any depth-n X-valued x, we construct depth-n [—1, 1]-valued
tree v which takes the value fy(z;(€)) at depth ¢ along any path €. Then for any f € F and
path e € {—1, 1}, we always have c¢(f(z:(¢)),v:(€)) = c(f(z:(€)), fo(z:(€))) < . Hence V is
an a-sequential covering of F on x, and it satisfies |V| =1 = gy (n, 0).

Induction:  Suppose the induction hypotheses &(n — 1,d — 1) and &(n — 1, d) both hold.
We will prove induction statement &(n,d). For fixed function class F with @**9(F,«a) = d
and depth-n X-valued tree x, we will construct a a-sequential covering to of F on x whose
size is no more than gy/(n,d). Suppose the root of tree x is 21 € X, the left subtree of z; is
denoted as x!, and the right subtree of z; is denoted as x”. We partition the function class F
as:

F=FRUFRU...UFy where Fr={feF:f(xr)=k}, VI<k<M.

Then we have d**9(Fy,a) < d&**(F,«a) = d for all k € [M]. We let £ = {k € [M] :
d*®9(Fy, ) = d}. Then for any a,b € K and a < b, there exist depth-d X-valued trees x* and
x’, and also depth-d [M] x [M]-valued trees s* and s’ such that for any € € {—1,1}%, there
exists f¢ € F, and ff € F; such that for any t € [d],

fa(zi(e)) = sj(e)le] and  fi(xt(e)) = si(e)[ed],
«(s7(e)[~1], s7(e)[1]) > o and c(sy(e)[~1], s¢(e)[1]) > a.

For the sake of a contradiction, suppose it holds that ¢(a,b) > «. Then we can construct
a depth-(d + 1) X-valued tree x with root x1, left subtree of the root being x*, and right
subtree of the root being x°, and also a depth-(d + 1) [M] x [M]-valued tree s with root
(a,b) € [M]x[M], left subtree of the root being s?, and right subtree of the root being s”. Then
we can verify that for any € € {—1,1}4"! and any ¢ € [d+1], we have s;(¢)[—1] < s;(¢)[1], and
c(s¢(€)[—1], s:(¢)[1]) > . Further, we let & = (e9,€3,...,€a41) € {—1,1}¢, and if &; = —1,
then letting f& = f& we can verify that f¢(x,(€)) = s,(€)[e] for any ¢ € [d + 1], and if £; = 1,
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then letting f& = f£ we can verify that f¢(x,(g)) = s.(¢)[e,] for any ¢ € [d + 1]. Hence,
depth-(k + 1) tree x is shattered by F, which leads to contradiction. Therefore, we have

¢(a,b) < a, Va,b e K. (E.18)

Next, for any k € [M] with d**9(F, ) < d — 1, according to the induction hypothesis
&(n — 1,d — 1), there exists a sequential cover Vi of size gy(n — 1,d — 1) for F on the
depth-(n — 1) X-valued tree x!, and also a sequential cover V} of size gp(n — 1,d — 1) for
F on the depth-(n — 1) X-valued tree x". We then combine the elements in Vi and V} into
a set Vy of depth-n [M]-valued trees by a joining process as follows. We let v; = k € [M],
and according to the construction of F; we have for any f € F that f(z;) = v, and thus
¢(f(x1),v1) < . For vl € VL and v" € VI, we define depth-n [M]-valued tree v[v!, v"] as: for
any path € € {—1,1}", we let €’ = (e2,,) € {—1,1}"71, and let v, [V, v"](€) = v;. If &, = —1,
then let vi[v!, v"](e) = vl_,(¢'), and if £; = 1, then let v;[v', v"](e) = v/ ,(¢'). We construct
Vi = {v[v},v"]} with [V;| < max{|V}],|Vi|} to make sure that every element in V! and V;
appears at least once in the construction of V,. Next, we will argue that V), is an a-sequential
cover of F;, on x. This is easy to see by construction: for any f € F, and € € {—1,1}",
if e, = —1, then since V) is a a-sequential cover of F}, there exists v! € V. such that for
any 2 <t <mn, ¢(f(x:(€)),vl(e)) < a. Suppose v = v[vl, v"] € V, for some v" € VI, and we
also have c(f(z1(€)),v1(€)) < a according to the construction of F;. Hence, for any ¢ € [n],
we always ¢(f(z:(€)),v:(e)) < a. Therefore, Vy is a cover of Fj, on x. Further by induction
hypothesis we have max{|VLi|,|Vi|} < gayr(n — 1,d — 1). Hence |Vi| < gpr(n—1,d —1).

If IC = 0, then by letting V = Ugepan Vi, V is an a-sequential cover of F on x, and also

VI <M-gun—1,d=1) <gu(n—1,d)+ (M —1)gu(n—1,d—1) = gu(n,d),

where the inequality follows from the fact that gy (n — 1,d — 1) < gy (n — 1,d) for any n,d,
and the last equation follows from eq. (E.17).

Next, we consider cases where || > 1. Consider the function class F' = UgercFr C F.
We have d*9(F',«a) < d**9(F,a) = d. According to the induction hypothesis &(n — 1,d),
there exists a sequential cover V' of size gy/(n — 1,d) for the depth-(n — 1) X-valued tree
x!, and also a sequential cover V' of size gy/(n — 1,d) for the depth-(n — 1) X-valued tree
x!. As before, we combine the elements in V' and V" into a set V' of depth-n [M]-valued
trees. We let v; = f(x;) € [M] for some f € F', chosen arbitrarily. Then, according to
the construction of F’, we have for any other g € F', ¢(g(z1),v1) < a. For vl € V! and
v" € V", we define depth-n [M]-valued tree v[v!, v"] by joining them with v; at the root as
before: for any path € € {—1,1}", we let & = (£.,) € {—1,1}"71, and let vy [v!,v"](€) = v;.
If &1 = —1, then let v[v!, v"|(€) = vl _,(¢'), and if ¢, = 1, then let v;[v!, v"](€) = v]_,(&').
We construct V' = {v[v!,v"]} with [V'| < max{|V!|,|V"|} to make sure that every element
in V' and V" appears at least once in the construction of }’. Next, we will argue that )}’
is a a-sequential cover of 7' on x. For any f € F' and € € {—1,1}", if e, = —1, then
since V! is a a-sequential cover of F’ on the tree x', there exists v € V' such that for any
2 <t <n,c(f(zi(e)),vl(€)) < a. Suppose v = v[vl, v’] € V' for some v € V" (according to
the construction of V' such v exists). Then since f € F’, according to eq. (E.18) we have
¢(f(x1(€)),v1(e)) < a. Hence for any t € [n], we always c(f(z:(g)),v:(€)) < . Similarly,
if e; = 1, there also exists some v € V' such that c(f(z:(€)),v(e)) < a for any t € [n].
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Therefore, V' is an a-sequential cover of F'. Further by induction hypothesis we have
max{|V'], [V"|} < gu(n — 1,d). Hence [V'| < gy(n —1,d). We now let V = V' U (Upgxc Vi),
and after noticing that |[M]\K| < (M — 1), we obtain

’V‘ < (M_l)gM(n_17d_1)+gM(n_17d) :gM(nad)v

where the last equation follows from eq. (E.17). This finishes the proof of the induction
statement &(n,d).
We conclude that, by induction, we have for any depth-n X-valued tree x,

T n - (4) enM E=(F ) d*9(F )
sed( T seq( I - . 1\ M UF,«
Noo ( ,X,CY)SQM(TL,d ( ,Oé))— ;:0: (Z> (M 1) < (dseq(/—_-’a)) §(en ) )

where (i) follows e.g. from [118, Theorem 7]. O

E.2.2 Proof of Theorem 6.19
Proof of Theorem 6.19. We define distance ¢’ : [M] x [M] — R, U {0}:

¢ (a,b) = c(uq, up). (E.19)

For any F C {f : X — [-1,1]}, since f maps X into [—1,1], there exists f : X — [M]
such that for any = € X, ¢(f(x),uf,)) < . We define function class F = {f : f € F} C
{X — [M]}. We use d;%(F,a) to denote the sequential gapped dimension of integer-valued
function class F at scale o under distance ¢/, where the dimension is defined in Theorem 6.14,
and for simplicity we let d = d%(F, «). Suppose x is a depth-d tree shattered by F. Then
there exists a depth-d ([M] x [M])-valued tree s such that for any € € {—1,1}¢ and ¢ € [d],
¢ (5,(e)[—1],5:(e)[1]) > «, and also for any € € {—1,1}%, there exists f¢ € F such that

fe(x(€)) = 54(€)[ey] for any t € [d]. Notice from the definition of F there exists some f€ € F

such that f& = (fe).
We next verify that tree x is also shattered by F at scale («a, ), according to the definition
Theorem 6.17. We construct depth-d ([—1,1] x [—1, 1])-tree s according to s as follows:

si(€)[—1] = us,e)-1) and  sy(€)[1] = ug, @)

Then according to the definition of ¢ in eq. (E.19), we have for any € € {—1,1}% and ¢ € [n],

c(se(e)[=1], s:(e)[1]) = ¢'(5e(e)[-1], 5e(e)[1]) = .

Additionally, for any € € {—1,1}¢, there exists some f€ € F such that (f€)(x,(g)) = 5:(€)[e4],
which implies,

o (@i(e)). su(€)led) = e[ (@,(€)), usyern) = €l (@1(€)), uggeyioey) < B Ve € [d],

where the last inequality follows from the definiton of f. Therefore, x is shattered by F at
scale (a, f), and according to Theorem 6.17 we have d**%(F, o, 8) > d.
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Next we will upper bound the sequential covering number of F in terms of d. For a fixed
depth-n X-valued tree x, according to Theorem 6.16, there exists a sequential covering V
of F with size no more than (neM)?. Hence for any f € F and € € {—1,1}¢, since f € F,
there exists some v € V which satisfies

(f(z(e), mle)) <o VtE[n],

which implies that

c(f(7:(€)), unye)) < c(f(@e(€)), Ufaiien) + C(Uf(aye)) Unie)) < B+ V€ |[n],

where the first inequality uses the triangle inequality of ¢, and the second inequality uses
the definition of function f. For every v € V, we construct depth-d R-valued tree vy where
for any € € {—1,1}* and ¢ € [n], (vy)i(€) = ug,e), for every v € V. And we further let
V ={vg:v €V} Then Vis an (a+ f)-cover of .7-" on tree x, which implies

NEYF x, a4+ B) < V]| = |V] < (neM)™.

E.2.3 Missing Proofs in section 6.3.3

Proof of Theorem 6.21. We only need to prove that if a depth-d X'-valued tree x is shattered
by F at scale (a, ) according to Theorem 6.17, then x is shattered by F at scale a — 203
according to Theorem 6.20.

If x is shattered by F at scale (a, ) according to Theorem 6.17, then there exists a
depth-d ([0, 1] x [0, 1])-valued tree s such that for any € € {—1,1}", there exists a function
f¢ € F such that for any ¢ € [d], we have

[f5(2:(e)) — sile)[e]] < 6 and  [si(e)[1] — si(e)[-1]] = e (E.20)

Without loss of generality we assume s;(€)[1] > s;(e)[—1] for any € and t € [d]. We define
depth-d [0, 1]-valued tree v as follows: for any € € {—1,1}¢ and ¢ € [d], let

si(€)[=1] + su(e)[1]
5 :

vi(€) =
Since a > 203, according to eq. (E.20) we have for any € € {—1,1}",

e (Jo(ale) —ule)) = 5 — 6.

Therefore, x is shattered by F with v being its witness at scale a — 2/, according to
Theorem 6.20. O

Proof of Theorem 6.22. We first show that if depth-d X'-valued tree x is shattered by function
class F at scale «, according to Theorem 6.20, then we have

NEY(F x,a/3) > 2%, (E.21)
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We use depth-d [—1, 1]-valued tree s to denote the witness of shattering of x via F at scale a.
According to Theorem 6.20, for any € € {—1,1}%, there exists some function f¢ € F such
that

e (f*(xi(e)) — sule)) 2

Next we will prove eq. (E.21) via contradiction. Suppose there exists an {.-sequential
covering V at scale a/2 of size less than 2¢. Then for any € € {—1,1}¢ and function f € F,
there exists some tree v[f,e] € V such that

(E.22)

e

[f(zi(e)) —ule) < 5, VEeld. (E.23)

e

Since |V| < 2% — 1, according to the pigeonhole principle there exists different € = (g1.4),€’ =

(¢].4) € {—1,1}¢ such that v[f¢ €] = v[f, &']. We let
v[fe.el = v[fF.e]=v

We then choose 7 to be smallest nonnegative integer such that €, # ¢/.. Since € # €’ we have
1 <r <d. Then we have €.,y = €/.,_;, which implies that

z.(e) = z.(€"), v.(e) =v.(") and s,(€) = s.(¢). (E.24)
Therefore, we obtain that

5@ (€)) — £ ()] = | £ (arle)) — £ (o ()]
< 1F(20(€)) = vr(E)] + [on(6) = wee)] + [0n(E) — f €D £ 5+ 5 <
(E.25)

where the second inequality uses eq. (E.23) and the fact that v[f¢,e] = v[f¢,&'] = v. Next
according to eq. (E.22), we have

a&ﬂm@%w@»z%am.d(Faxw—&@»E%

According to the definition of r we have e, # ¢/. Again using eq. (E.24), we obtain that

’ [0 o
o)) ~ ) 2 2+ 2 =a
which contradicts eq. (E.25). Therefore, we proved eq. (E.21).
Next, according to Theorem 6.19 with ¢(a,b) = |a — b|, and tree x being the depth-
fat(F,3(a + ) X-valued tree shattered by F, we obtain that

2¢ - fat(F, 3(a + f)) ) TS an)

NE(F %0+ ) < ( -

According to eq. (E.21) we further have

./\/;Soeq(./_", X, o + B) > 2fat(]-',3a+36)'
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Therefore, we conclude that

log 2 - fat(F, 3(a + ) < d*I(F, a, §) - log (26 ' fat(faﬁ?)(a + 6))) |

which implies that

fat(F, 3(c + ) < 24°9(F, a, B) - log <6fat(f ’ i;(o‘ *+5 ») | (E.26)
Additionally, since log z < /z holds for any = > 0,
o 6fat(F,3(a+ )
fat(F,3(a+ B)) < 2d°°YF,a, 5) - 3 ,
which implies
24 (¢4 2
fat (. 3(a + ) < 224 (;’O"ﬁ)
Bringing this back to eq. (E.26), we obtain that
12 seq
fat(F, 3(a + ) < 48(F, o, B) - log ( d (;’0"@) |
]

Proof of Theorem 6.23. We first show that for any 0 < 20 < a < 1, &*9(F,a, ) = 1. It is
easy to see that the depth-1 X-valued tree x with x; = x is shattered by F at scale («, ),
according to Theorem 6.17, hence d**9(F,«, 5) > 1. Next we show that d**%(F,a, ) < 1.
Suppose there is a depth-2 X-valued tree x shattered by F, then all nodes equal to x
whatever depth and path. We let s to be the depth-2 ([—1, 1] x [—1, 1])-tree which is the
witness of the shattering. Then for any € = (g1,62) € {—1,1}?, there exists functions
f¢ € F such that |f¢(z) — s1(e)[e1]] < B and |f(x) — sa(€)[ea]| < B. Therefore, we have
|s1(€)[e1] — s2(€)[e2]| < 28 for any € € {—1,1}*. We choose € = (1,1) and &’ = (1, —1), then
we have
sie)ler] = s1(€)[e)]  and  [sa(e)[ea] — sa(€)[eR]] = .

When « > 23, the above inequality cannot hold. Hence we have d**%(F, a, ) = 1.

Next, we show that fat(F,«) > log(1/a). We let d = |log,(1/«)], and for depth-d path
e € {—1,1}%, we define the shattered tree x such that x;(¢) = x for any € € {—1,1}¢ and
t € [d], and the witness tree v as:

t—1
v(e) = g g - 247 q,
i=1
and we choose function f¢ as

d
fe(x) = Zai 207
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Since d = [log,(1/a)], v is a depth-d [—1, 1]-valued tree, and also f € F. Foranye € {—1,1}%,
we have

e (fS(zi(e)) —wi(e)) =& - (Z € " Zdi> o= (2dt — Z €i€¢L - 2di> o> o> %.

1=t+1

Hence tree x is shattered by F, which implies that fat(F, a) > |log,(1/a)]. O

E.2.4 Missing Proofs in section 6.3.4
Proof of Theorem 6.24. For fixed positive integer n, we let

1 16
a, = — - arg min {dseq(F’O"a/QO) 2 s n} '
a

2 a>0

Since d**9(F, o, /20) = Q (aP) for every a > 0, we have

2

dseq(]-",an,an/QO)/\nZn :Q<np%>7 Vn e Z,.

In the following, we will prove that for any positive integer n, we have

sup E[R,(F,p, x,€)] = Q (d*(F, a, v, /20)) .
X
We fix n, and let a = a,,, d = d*U(F, an, a,/20) A (na?/4). We let x be the depth-d
X-valued tree shattered by F. Then according to Theorem 6.17, there exists a depth-d
[—1,1] x [~1, 1]-valued tree s such that for any path & = (£1.4) € {—1,1}%, there exists f¢ € F
such that
£ — s @] < 5
— 20
Without loss of generality, we assume s;(€)[1] > s;(€)[—1]. We define depth-d [—1, 1]-valued

n as

and [s:(€)[1] — s:()[-1]| >  Vte]d], (E.27)

fy(E) = St(é)[—l]; si(€)[1] ,

In the following, we will construct trees x and p such that E[R,,(F, p,x,€)] > d/50. For
a fixed path € € {—1,1}", we first define an auxiliary path & = (£,.4) € {—1,1}¢ of length d,

Ve € {—1,1}%

as well as d integers ki, ko, ..., kg in the following way: calculate £1.4 and k;.4 iteratively as
ky = L ! J A Vit € [d]
L@ - s@)[-1])2 ’ ’

and

k¢
ét - 2]1{ Z€k1+.__+k;t71+j Z O} - 1, Vt € [d]

i=1
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Notice that according to the above definition, k; only depends on €y.4, 4. +,_,, and &; depends
On €1k 4. +k- Additionally, since |s;(€)[1] — s:(€)[—1]| > «, we have

k;<1 <4
t_ﬁ\/1_£’

which implies k1 + ... 4+ kg < n always holds due to the definition of « = «,,. Hence k.4
and &1.4 are all well-defined. We pad the tree x with an arbitrary value x, resulting in the

following block structure of (z1(g), x2(€), ..., z,(€)) :
(\1(5)’1(5)’71<é)72<é)72<é)772(5)/7751(5)7d(é)a>d(g)7 anwa-wxq )7
k1 ?errms ko ?errms kg ?errms (n—k1—k2 :rfkd) terms

Similarly, the values (uy(€), p2(€), . .., tn(€)) are of the form
(f(€), fu(€), . .. i (E), i2(E), fi2(E), ..., 12 E), .., ua(€), f1a(€), ... fia(E), f* (), f*(wo), .., f*(w0))

v~ ~~ '

~
k1 terms ko terms kg terms (n—k1—ko—...—kq) terms

We note that the construction of trees z;(¢) and p;(g) here differs slightly from the
construction used for the non-sequential setting in the proof of Theorem 6.11. In the
sequential case, p is structured as a tree and can adapt based on the history of ¢, allowing
us to choose p as f€(xp). In contrast, in the non-sequential case, the choice of u must be
independent of the history, so we are required to select global (i.e., fixed) values for u. For
this reason, Theorem 6.24 only needs d(F, a, /20) = Q(a?), while Theorem 6.11, with the
current proof, requires that d(F, o, a/(20nC)) = Q(a ™).

Next we write R, (F, i, X,€) in terms of segments 1 to d. Noticing that f¢ € F for any
depth-d path € € {—1,1}¢, if we use [t, j] to denote k; + ... + k; + j, we obtain

Ru(F, 1, %, €)

= sup { Z Z C -1, (f(@e-1,5)(€) = Hie—1,51(€) = (f(@m1,51(€)) = Hpe—1,5)(€))?

fer t=1 j=1

v ii C - e (f(2p-1,5)(€)) = p1a,j)(€)) = (f (#1a,51(€)) — ppa <6>)2}

7=1
k¢

> Y Cepr(ff(te) — (@) — (F(tle)) — fu(@)),

t=1 j=1

where in the last step we chose f = f& € F. Next, for fixed €, we define the random variable

é\ Z Elt—1,4]"
Since t(€) and y(€) are independent of €1 1), ..., €t—1,k,], We can write
d ~ ~
Rl Fopx,6) > Y k- (C-E(fE(te)) — @) — (f(t(e)) — ulE))?) . (E.28)

t=1
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According to eq. (E.27), we have for any &,

[F5(t(€) — su(€)[&]| <

Sl

and  s4(€)[&]

— 11 (€) = sign(&) -

eq. (E.27) also gives that s,(€)[1] — s;(€)[—1] > «, which implies

9 5@ = si(€)[]

10 2

< sign(&) (f°(HE)) — mu(€)) <

Therefore we can lower bound eq. (E.28) by

d
Ro(F,pm,x,€) > Z

(O@ | % 5@

2

11 st(é)[l] — st(é)[—l]‘

=10

2

si(E)[1] — s¢

2

100

~s@)-1 121 (

2

@] — si(E)[-1]

<é>[—11)2> |

We notice that in the ¢-th summand in the right hand side, the only term which depend on
E[t—1,1]:ft—1,k] 15 |E¢|, and all other terms only depends on ey._1.g). Hence we can lower bound

E[Rn(F,pu, x,€)] by
E[Rn(F, 1, %,€)]

))

>3k [k (0\@! R NECLUCE
Sl (OE CILTIS 5[] —;t(é)[—u R <

| T 9 s@)[1]-s6@)-1 121 [s@E)[1]-s
> E kt'<c\/2:/gt'ﬁ' 2 _100'( 2

<é>[—11)2>]

(E.29)

where the last inequality uses the Khintchine inequality [222]. Next notice that according to

our choice of k;,

1
= hst(am @)

1

4

J Ve [2<st<é>m

—5:(&)[-1)* (s1(E)[1] = s:()[-1])?

|\

which implies that 1/v/2 < vk (s,(€)[1] — 54(€)[~1]) < 2. Therefore, since C > 2, we have

(MO St<5>[—11>2)]

d

RHS of eq. (E29) > > E |k -

t=1

S

Therefore, we obtain that

<o

9C

[\ 202

19
2k 10

se(€)[1] — s:()[=1]

2

121

100

_ %) Ve - |s(8)[1] — st(é)[—l]l}

sup B[R (F, p, %, €)] =

22
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Proof of Theorem 6.25. Since sup, log N39(F, x, o) = Q (a™?), according to Theorem 6.19
we have

d*(F, a,a/20) = Q (a7?) .
Next, we call Theorem 6.24 with C' = 2. According to [109, Lemma 4|, we obtain

Ve F) = Q) (nT) .
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Appendix F

Proofs for Chapter 7

F.1 Missing Proofs in section 7.3

F.1.1 Proof of Change of Trajectory Measure Lemma

Proof of Theorem 7.3. In the following proof, for any trajectory 7 = (s1, a1, S2, a9, , Su, ag)
and 1 <wu < v < H, we use Ty, to denote the partial trajectory (Su, Gy, Sut1, Qut1, " » Sp; y)-
We use f(Tuw) =D _, f(Sn,an) to denote the cumulative reward in this segment. Without
loss of generality we assume for any trajectory 7, f(7) € [—1,1]. Since the state space of
the MDP is layered, we write {s;, € 7} for s, € S;, to denote the event that s, is the time-h
element of the trajectory 7. We let

L(n) = Prryg [|F(7)] = 0]
for every n > 0. For every real number r € R and 7, p > 0, we define the following sets:

Sh(r,n,p) = {Sh €S Prong <|7“ — f(Ther)| <1 ‘ sn € T) > 1 —p},
and Sﬁ(r,n,p) = {sh €S Prony <]7° — flrn1)] < ’ sy € T> >1 —p}.

Intuitively, Si(r, n,p) denotes subset of states in S, where, conditionally on arriving at that
state under policy 7og, with probability at least 1 — p, the total reward collected in the
first (h — 1) steps is n-close to r. Similarly, SZ(T, n,p) denotes subset of states in S, where,
conditionally on arriving at that state under policy m.¢, the probability that the total reward
collected in the last (H — h + 1) steps is n-close to r is at least 1 — p.

We further define sets

32(77729) = UTGRSZ<T7777P)7 St(%l’) = UTERS;;(Tvnap)'

We can now upper bound the occupancy measure of those states outside the set SZ(T;, p) or
8,&(77, p). This property is summarized in the following claim:

Claim 1 We have the following upper bounds on the occupancy measure outside 82(77, p)
and S,f(n, p):

L(n)

L
Py (TN SK ¢ S)(n,p)) < e and  Pror (T NS, ¢ Sy(n,p)) < %- (F.1)
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Proof We only prove the first inequality, as the proof of the second inequality is similar.
Notice that for any state s, € Sy\S} (77, p), according to the definition of S} (7, p) we have for
any r € R,

PTNﬂ'oﬂ' (|71_f(7-h:H)‘ < n ‘ Sy € 7') <1 —Pp.

According to the Markov property, when sampling 7 ~ 7og, T1.,-1 1L 7.z conditioned on
sp € T, which implies

Py (17 <1

= Erore |Prmroe ||/ (et) = (<S (i)l <0 | 7w sn € 7] [swer] <1-p.

Sh€7'>

Hence we have

L(1) = Promyg [1F(7)] 2 1] 2 Prory (T NS & S)(11,)) - p,

which implies the first inequality of eq. (F.1). The second inequality of eq. (F.1) follows
similarly. O]
Next, for every real number » € R and 7, p > 0, we define the set

Sn(r,n,p) = {Sh €ESh Prory <|r — f(rip—1)| <mand |r+ f(mhm)| <7 ‘ sy € T> >1 —p}-

This set denotes subset of states in S, where conditioned on arriving at that state under
policy 7o, the probability that the first (h — 1) steps’ total reward is n-close to r and also the
last (H — h + 1) steps’ total reward is n-close to —r is less than p. We further define the set

Sh(an) = UTERSIZ(T7 nap>7
Then we have the following claim, which shows that the occupancy measure of states outside

Sn(n,p) is also upper bounded:

Claim 2 We have the following upper bounds on the occupancy measure outside Sp,(n, p):

L(2n/3) | 4L(n/3)
Prooa (TN Sh & Su(n,p)) < — — T, (F.2)

Proof For state s, € Sy\Sh(n,p) but s, € S} (n/3,p/2) N St(n/3,p/2), there exists some
rT(s,) € R and r¥(s,) € R such that

Prne (|F(s0)" = F(ran)] < 3

sn € T) >1-— g and Pror (!f(sh)T — ()| <

w3

Sy € 7') >1-—
By union bound we have that for any such s,

and  |r'(sn) — f(mhem)| < g ‘ sp € 7) >1—p.
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r(sn) =" (sn)

If for some s;, € Sp\Sh(n,p), we have |r+(sp) + T (sp)| < %77, then by letting r = 5 :

we obtain
Prr (|1 = f(ri)l < mand |r+ flri)| <71 | sn € 7)

>P (w(sh) — f(rn)| < g and |1 (sn) — f(men)| < g ‘ sh € T)

>1—np.
This contradicts the definition of S,\Sy (1, p). Hence for any s;, € (S,\Sh (1, p))N(S] (n/3, p/2)N
St(n/3,p/2)), we always have |+ (sy) + r(s3)| > 20, which implies that
Py <|f(7)| > | s e ) > Prory (| (sn) = frunc)| < 4 and [ (sn) = f(mn)| < 5 | sw € 7)

>1—np.

Further notice that

L(20/3) = Prrry (|f(7)] = 20/3)
> Pror (T NSy C (S\Sk(n,p) N (SE(n/3.p/2) NSk (n/3,p/2))) - (1 —p).

Hence we obtain

L(2n/3
BT 151 © (S\SH(0.0)) 0 (S]0/3.0/2) N S§/3.p/2)) < 222
Additionally, according to our previous claim, we have
2L(n/3 2L(n/3
Py (TS C S3(1/3,0/2)) < % and P._. (TNS, C St(n/3,p/2)) < (;7/ ),
Combining the above three inequalities, we obtain that
L(2n/3) 4L(n/3
o (70181 ¢ Sl p) < T2 A0S,
-P p
and eq. (F.2) is verified. O

We next define the following sets of “good” state-action-state tuples:

Un = {(Sh; @hs Sni1) © Sn € Spyan € A, St € Spa,
Jr,r" € R such that s, € Sp(r,n,p), Sne1 € Sne1(r',n, p) and |f(sp,an) +r —r'| < 3n}

and also ‘bad’ state-action-state tuples:

Uy = {(Sh, an, Sh+1) : i € Shyap, € Ap, Sp1 € Shat,
Vr,r" € R such that s, € Sp(r,n,p), Snt1 € Shi1(r',m, p) and |f(sp,an) + 7 —1r'| > 3n}.

We will show that under policy 7.g, the encountered state-action-state pairs are ‘good’, i.e.,
belong to Uy, with high probability. Notice that the complement of set U}, satisfies

(Un)° C U;/L U {(Sha Apy Sh+1) @ Sh € Sh\Sh(U,p)} U {(3h7 Qhy She1) * Sht1 € 3h+1\5h+1(77,p)}7
(F.3)
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and according to the last claim we have

Prre (T NSy & Sh(n,p)) <

L(2n/3) | AL(n/3)
1— p
L(2n/3)  AL(/3) (F.4)

p
and  Proro (70 Sp1 & Shna(n,p9)) < —— P P

We next upper bound P, . (7 NUj, # 0), which is summarized into the following claim.

Claim 3 We have the following upper bounds on the occupancy measure of U :

L(n)
1—-2p

Brmon (T U, £ 0) < (F.5)

Proof According to the Markov property, we have

(s1,a1,-++ ,Sh—1,an—1) L (ap,spy1) conditioned on sy,

and  (Spy1,Gnet, - S, ag) 1L (sp,ap) conditioned on sp4q.

Hence for any (sp,an,Snt1) € U, there exists r and ' such that s, € S,(r,n,p) and
She1 € Spa1(r’',m, p), which implies

Py (1 (i1) = 1 <0 | (st 5061) € 7) =Py (1 (ria) vl <y | sw€7) 2 1-p

and
Prra (1 () + 7' <0 | (51 an 5101) € 7) = By (1) + 7' <0 | 511 €7) 2 1.

By union bound, we obtain
Prros <|f(71:h—1) —r| <mnand [f(mm) +7'| <1 ) (Sh,an, she1) € T) >1-2p.
Additionally (s, an, Sp+1) € U implies | f(sp, an) +r — r'| > 3n. Therefore, for any (s, an, Sp11) €
U,
Prors (£ 2 1 | (s, s000) €7) 2 1= 2p,
This leads to

L) = Prroe (IF(T)] 2 1) = Prcr (T U, #0) - (1 - 2p),

and eq. (F.5) follows. O
Combining eq. (F.5) and the two inequalities in eq. (F.4), and in view of eq. (F.3), we

obtain
t 2L(20/3) | 8L(n/3) . L(n)

PTNW NUy = < .
oH(T h Q)) 1 - p p 1 . 2p
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Next notice from the definition of state-action concentrability, we have for any policy m and
layer h € [H],

d”" (S, an, Sht1)
sup
ShGSh,ahE.A,S;H_lES}H_l dﬂ-OH (8h7 a’h? Sh+1)
_ sup d"(sn,an) - T(Snt1 | Snyan)
ShESh,anEA,5h+1ESh+1 droft (Sh, Clh) . T(8h+1 ’ Sh, ah)
d™(s,a)
= sup e E——
spESH,apeA dﬂ—OE(S’ a)

S C(sa (777 7Toﬂ)a

which implies that for any policy 7 and layer h € [H],

PTNW(T N uh - ®> = Z dTr(Sha Ap, Sh—‘rl)

(Shvah78h+l)e(8h XAXSh+1)\uh

< Caa(m, moft) - > d™" (Sh, ans Shi1)

(8h7ah,8h+1)6(3hXAXSh+1)\Z/[h
= C'sa (71" 7T0Ff) : PTNWOH (T N uh = (D)
2L(2n/3 8L(n/3 L
< O o) - (2n/3) | 8L(n/3) | L(n)
1—p P 1—-2p

Hence by union bound, we have for any policy T,

Pron(T AUy # 0, Vh € [H]) = 1 — HCy(, Tog) - (2L(2’7/3) 33, L) ) .

1—p P 1—-2p

Finally, we have the last claim showing that if for all h € [H], (sp, an, Spt1) € Uy, then
the total reward of the trajectory can be upper bounded.

Claim 4 For any trajectory 7 = (s1,a1,- -+ , Sy, ay) where (s, an, Sp11) € Uy, for every h,
we have

|f(7)] < 5Hn.

Proof We define tuple u, = (sp, apn, spy1) for h € [H|. According to the definition of U,
there exist real numbers r(uy,) € R and '(uy11) € R such that for any h € [H],

sn € Sp(r(un),n,p), Sny1 € Su(r'(wn),m,p), and |f(sn,an) + r(up) —r'(un)| < 3n.

Compare the condition on s, € S,(r(up),n,p) with s, € Sp(r'(up—1),n, p), we have

Prng (|T(Uh) — f(mn—1)| < | sp € T) >1-p and Pror g (IT’(uh_l) — f(rin-1)| < | sp € T) > 1—p.

When p < 1/2, by union bound we obtain

Prrog <|7“(uh) — f(rn-1)| <nmand |[7'(up_1) — f(rin-1)| < ‘ sy € T) >1-2p>0,
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which implies that there exists a trajectory 7 such that |r(up) — f(7.h-1)| < nand |7’ (up_1) — f(T10-1)| <
71 both hold. Hence we obtain

[ (un) = r'(un-)| < [r(un) = f(mn-0)l + [ (7en1) = r'(un)| < m+n=2n.

Therefore, we obtain that

@) =D fsnyan)| < 3Hn+ D {r' (un) = r(un)}| < 5Hy + |1/ (unr) — r(w)| = 5Hn,

where the last equality uses the fact that sy is the notational terminal state and s; is in
the first layer. O]
According to the previous proofs, we obtain that

2L(2n/3)  8L(n/3) = L(n)
1—p - p +1—2p)'

Prr (|f(7)| 2 5Hn) < HCs(7, 7ogt) - (

By choosing p = 1/3 and replacing n by n/(5H), we have
Prer (If(7)| 2 m) < HCwa(m, mo) - (6L(2n/(15H)) + 24L(n/(15H)) + 3L(n/(5H)))
%) ?)SHCsa(ﬂ-?Troﬁ) ’ L(T]/(15H)> - 33HCsa(7T7 7T0ﬁ"> ' ]P)TNWOH (‘f(7)| Z 77/(15]'1)) )

where (7) uses the fact that L(n) is monotonically decreasing with 7. Hence we obtain

B [f(r)?] / 2 P (1£(7)] = ) dp

0
1
< [ 20 33HC (. 7o) Bren (F(7)] = 0/ (15H))
0
15H
< [ 2 33HCw(m T Pron 10 2 0/ (15H) d
0
1
= B HCa(m, o) [ 20/ (15H)) - Prvy (1£(7)] 2 0/ (15H) dln/ (15H)
0
= T425H°Coy (7, ot) * B [ (7)),
where (i) uses integration by parts and also the assumption that for any trajectory 7,

f(r) € [-1,1]. Additionally, we upper bound the expected total reward under policy 7 with
Cauchy-Schwarz inequality:

Ernllf(D] € VEralf(7)2] S \/H?’Csa(?ﬂﬂoff) B [F(7)%].
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F.1.2 Missing Proofs in section 7.3.1

Proof of Theorem 7.1. For any reward model r, we use r*[r] = r — r* to denote the
difference between reward model r and r*. Then we have

Sy (1) = Jp(m) = J (),

For any reward r € R, we also have

TE€Dorm TE€Dorm

We notice that according to our assumption on the MDPs, for any trajectory 7 and reward
model 7, r(7) € [0, 1], hence r*[r|(7) € [—1,1]. According to Foster et al. [203, Lemma A.3]
and union bound over R, with probability 1 — p we have for any r € R,

1

4log(2|R|/p)
|Dorm‘

~E7.N7roﬁ [(7“*[7’] (T))ﬂ T |Dorm|

N | —

Y (PTM))* = Erm [(T)(1))] | <

TE€Dorm

(F.6)

When eq. (F.6) holds for all » € R, since 7 is the solution of optimization problem eq. (7.3),
we have

vierron2 |, Slog(2[R|/p)
Z (r*[F1(1)) +W

< 2 > (7«*[7»*](7))2+w

|Dorm| TEDorm ‘Dorml
. 161og(2|R|/p)
< 3B [ [](7)%] + Dovn]
_ 161og(2|R|/p)
|D0rm| ’

where the last equation uses r*[r*] = r* — r* = 0. Therefore, according to Theorem 7.3, with
probability at least 1 — p we have for any policy ,

Csa (7T, 7T0ff) ' 10g(|R|/p) '

Je(x) =T (1)] = i ()] S \H - Cua(m, Tott) - Brmg [(r*F)(7))?] S HY 2'\/ Dore

]

Proof of Theorem 7.2. Suppose 7* to be the best policy of the true MDP M*. By
Theorem 7.1, with probability at least 1 — 9, for any policy = we have

By H?Caa(, ont) - log(|R| /)
() — Ji( >rs\/ o .
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Especially since 7*, 7 € I, we have

H3053<7T*7 770&") : log(]'R]/(S) H3 sup eIl Csa(ﬂ'*v 7Toff) : lOg(|R|/5)
J(m) — Jo(m)| < < s
e \/ D D

and also

. - H3Co, (T, mogr) - log(|R]|/9) H3 sup .. Csa (7%, 7o) - log(|R]/0)
J . JF < ) < S

Next, by calling algorithm [, with probability at least 1 — § we have
max Jx(m) — Jo(7T) < aig(| D2, 9),
Hence with probability at least 1 — 24,

max J (1) = J(7) = J (") = J (%)
< Ji(7) = H(F) + O (\/HSCsa(Hv o) 10g(|M|/6)>

D, |

< max Jp(w) — J5(7) + O ( \/ H3C(I1, WOIFIfD)J log(|M| /5))
< ag(|D)2, 8) + \/ H3Cq (11, mr;)l-l log(|M]/6)

F.1.3 Missing Proofs in section 7.3.4

In the following, we will prove Theorem 7.4 and Theorem 7.7. Before the proofs, we first
present several useful lemmas.

Lemma F.1 (Lemma A.1 in [175]). Suppose Theorem 7.5 holds, and 7 satisfies

()

(F.7)

7 =argmaxE, . |7(7) — log
mell Tref ()

then we have
To(®5) = To(®) < Ernm o [ (7) = 1*(7) = 7(r) +7(7)].
Proof of Theorem F.1. We calculate

(1)

Tref (T)

. - N m5(7)
Jp(m5) = T(T) = Errery |17(7) — log

A Tref <T>

] —E; 7 {7‘*(7) — log

222



(1)

Tref (T)

] —E s {?(T ) — log

+ B [17(7) = ()] = Erar™(7) = (7))

where in (i) we uses eq. (F.7) and the realizability assumption Theorem 7.5. [

Lemma F.2 (Lemma C.5 in [177]). We define reward model 7

r(r) =1o )
(7) 1gw(7),

where T is giwven in eq. (7.9). Then with probability at least 1 — &, we have

2log(|11]/9)

E .. [(T*(T) . T*(%) _ ?(7-) + ?(7:))2] < K2 |'D| )

T, T~ Tref

where k = 16V 2 mex.

Lemma F.3. For MDP M = (S, A, T,r, H) with reward function f:S8 x A — [—1,1], then

for any policy ™ and 7, we have

Ern il f(7) = F(P] S \/H?’(Csa(mﬂoﬁ) V Cal@,mom) B g [(F(7) = £(7)°],

T, T ~ Toff

where Cs, (T, Tog) is defined in eq. (7.5).

Proof of Theorem F.3. Suppose the layered state space representation is S = U S),.
We construct a new MDP M’ with horizon 2H. The state spaces of M’ among layer 1 to
H, and among layer H + 1 to 2H, are both S;,--- ,Sy. The action space of M’ is A. The
transition model of M’ follows transition model T" in the first H layers, and then transits to
the initial state s; of M and follows transition model T" again in the last H layers as well.
The reward model ¢ in the first H layers are set to be f and in the last H layers are set to
be —f.

We define the policy ' of MDP M’, which follows policy m in the first H layers, and
follows policy 7 in the last H layers. We further define the policy 7/; of MDP M’ which
follows policy 7og in the first H layers, and in the last H layers as well. Then it is easy to
see that

Ereninzll f(T) = F(P)] = Ernmllg ()],
where the right hand side is the expected rewards in the new MDP M’. We also have

E sy |(F0) = FE))?] = Erang 0]

T,7 '~ Tof

Next, according to the construction of M’, we have

- d™ (s, a
Caa(m, Tof) V Ca (T, Tog) = sup  sup #
h€[2H] s€Sp,acA dTort (S, a)
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Hence according to Theorem 7.3, we have

d™(s,a
Erwllg(m)l] S \/Hg. sup - sub Ls0) B [9(77)?]

/
he[2H)] s€Sp.acA Aot (s, a)

= \HH(Caa (7, ) V Coal(, 7o) By [9(7)2),

which implies that

B ll(7) = S S 3/ HY(Coalr o) V Caslo o)) B [(F(7) = F())]
Now we are ready to prove Theorem 7.4 and Theorem 7.7.

Proof of Theorem 7./. According to Theorems F.2 and F.3, for any policy 7, with proba-
bility at least 1 — 6,

Eremrmne[[7*(r) = (') = 7(r) + 7(r")]

PR [(’I“*(T) — 7‘*(7~') — 7“\(7') + ?(%))2]

< 32V o2Vmax \/(Csa(ﬂ'a Tref) V Csa (', Trer) ) log(|R|/6)
~J max |D’ 9

where the second line uses Theorem F.2 with the class of policies {7 : T(7) o 7 (7) exp(r(7)) Vr €
R}. O

Proof of Theorem 7.7. Let T to be the policy given in eq. (7.9). We define the reward

model 7" as N
(1)

Tref (T)

Then it is easy to see that 7 is the solution of eq. (F.7) according to the above reward model.
Since 7 € Il and 7 € II according to Theorem 7.5, with probability at least 1 — ¢ we have

7(7) = log

#or [ (7) = 7 (F) = 7(7) + (7))

S HP - C(ID, mref) - ET i [(7"*(7) —r(7) =7(7) + ?(7:))2}
D oy \/ Ol g ()5)

where (7) uses Theorem F.1, (i7) uses Theorem F.3 with the reward model to be r — 7, and
(#ii) uses Theorem F.2. O
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F.2 Analysis of ARMOR with Total Reward

ARMOR is an offline RL algorithm introduced by Xie et al. [161]. Given n trajectories of

data in the form of (s1,aq1,71, -+, Sy, am,ry) ~ o, they proved that for the optimal policy
7, the output policy 7 of their algorithm satisfies
N H? - C(m*, mog) 1 )
J(?T*) . J(ﬂ) S\/ (7T & ff) Og(|M|/ ) (FS)
n

Notably, this error bound scales with the best-policy concentrability C(7*, o) rather than
the all-policy concentrability sup, C(m, 7o) shown in Theorem 7.2. A natural question arises:
can we develop a variant of ARMOR that takes data in the form of trajectory plus total
reward, i.e., (s1,a1,- -, Sy, ay, R), while maintaining the sample complexity that scales with
best-policy concentrability instead of all-policy concentrability? In this section, we answer this
question affirmatively by presenting and analyzing such a variant of the ARMOR algorithm.

Algorithm 4 ARMOR with Total Rewards
1: Input: Batch data D, model class M, parameter «.
2: Construct version space

M, = {M € M : max Lp(M') — Lp(M) < a} :

M'eM

where for MDP model M with transition model Py; and reward function r;,

Lp(M) = Z Z_ log Py (Shy1 | Snyan) — <Z ra(sh, an) — R)

(s1,01,,sm,am,R)ED | h=1 h—1
3: Output the best policy with pessimism:

T =argmax min Jy(m),
- Mo

where Jy/(m) denotes the value function of policy 7 under MDP M

Suppose the learner is given a model class M, which realizes the ground truth model M™*.
The learner also have access to some offline batched data D, which is collected from policy
Toff- Specifically, D consists of i.i.d. sampled trajectories 7 = (s1, a1, -, Sy, ay) together
with its total reward R = r(7). Each of the trajectories is collected by executing m,g under
the ground truth MDP M*.

We consider Algorithm 4, which is a variant of the ARMOR, algorithm introduced in
Xie et al. [161] after specifically taylored for data of trajectories with total reward. We
have the following guarantee on its sample complexity, which only relies on the single policy
concentrability Cg, (7, o).

Theorem F.4. Suppose the model class M realizes the ground truth model M*. Then there
exists some positive constant ¢ such that for any 6 > 0, by letting o = ¢ - log(|M|/9d), with
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probability at least 1 — 0, the output of Algorithm 4 satisfies

e (7) = Jane(7) S \/ H? - Coa((m*, o) g | M /9)

n

Proof of Theorem F.j. Adopting the similar way as Xie et al. [161], we let

H-1

ED(M) = H H PM<Sh+1,Sh,CLh).

(s1,01, ,5m,01,R)ED h=1

Then according to Xie et al. [161, Lemma 8|, with probability at least 1 — ¢, we have

MeM

max log {p(M) — lp(M™) < log (%) :

where M* denotes the ground truth model. Additionally, according to Xie et al. [142, Theorem
A.1] (by letting v = 0 and merge states or actions across the entire horizon into one state or
action), we have

MeM
(,R)eD (,R)eD

Z (rar+ (1) — R)* — min (ra(7) — R)? < log <%) :
Combining the above inequalities together, we obtain that

M|
_ *) < L}
max Lp(M) — Lp(M") 5 log ( 5 )
Hence with our choice of a;, with probability at least 1 — § we have M* € M. Next, by Xie
et al. [161, Lemma 7|, with probability at least 1 — §, for any M € M,

H-1 H 2
B (o1 1 saam)~ms | O Drv(Par(snet | sn.an), Par(sna1 | sn.an)) + (Z v (Shs an) — TM*(Shaah))
h=1 h=1

maxyrem L£p(M') — Lp(M*) +log(IM]/4) _ log(|M]/0)

~Y

n n

S

. (F.9)

Finally, according to the optimality of 7, if letting M= arg min ;v Ja(7), we have

Taee (m7) = Jage (7) < Jage (77) — miin Jay (7)

© Jy+ () — max min Jy(7)
T MeM
< . *\ *
< max {Ju (77) = Ju(77)}
where (i) uses the definition of 7 in Algorithm 4. According to simulation lemma [e.g., 163,
Lemma 7|, we have

=

-1

| Jars (%) — Jur ()] < E(sh,ah)wd"* [Drv (Par(She1 | Snyan)s Pus(Shi1 | sn,an))]
1

>
Il
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+ Erns |70+ () — 700 (7)]]

< H'Y2. | O (%, mogt) Z E (sy.ap)~dmort [DTv(Par(Sn+1 | Snyan)s Par(Snt1 | nyan))?]
h=1

+ Erom [|rars (1) — rar(7)]]

where the last inequality uses the Cauchy-Schwarz inequality and the definition of state-action
concentrability. Additionally, according to Theorem 7.3, we have

B lrar (1) = raa(7)[] S HS/Q\/Csa (7%, o)+ Bormogs (a0 (1) = 700(7))?].
Therefore, with probability at least 1 — ¢,
T () = T (7) < max {[Jag: (%) = Jur ()} SV HCoa (%, 7o)

H-1

E(s1,01, sm.am)~mon [Z Dry(Pas(snsr | s an), Pas(sne | $nsan)) | + Brong (rag(7) = rags (7))
h=1

¢ |l ra] (AT
~ n
where the last inequality is due to eq. (F.9). O

We observe that similar to the ARMOR algorithm, the sample complexity of Algorithm 4
scales with the single-policy concentrability Cg,(7*, 7o) rather than the all-policy concen-
trability sup, Cs (7, To) as shown in Theorem F.4. However, unlike ARMOR, Theorem F.4
requires the assumption that the total reward is bounded by [0, 1]. Without this assumption,
if we include the scale of total reward in the proof of Theorem F.4, we would directly obtain

a sample complexity of \/ H-Caa(mt o) 0g(IMI/S) - Comparing this with ARMOR’s sample

n

complexity (eq. (F.8)), we observe a gap of H? (when obtaining an e-sub-optimality bound)
in terms of the horizon dependency.

We suspect this gap arises fundamentally from the extra horizon dependency in the Change
of Trajectory Measure Lemma (Theorem 7.3). To illustrate this, consider how changing
measures affects complexity (ignoring log terms):

e Change of state-action measure: For any function g : S x A — R,

H s
Zh:l ]E(Shﬂh)m‘d7r [g(sha ah)Q] < max ]E(Sh,ah)Nd" [g<sh7 ah)2] < max sup d (wa ah)

Zthl E(Sh,flh)wd’foff [g(sh, @h)Q] - helH] E(Sh,ah)Nd’Toff [Q(Sh, ah)2]  h€[H] 5,€8),,an€A dﬂ'OH(Sh, ah) '

e Change of trajectory measure (Theorem 7.3): For any function f:S x A — R,

E, .. 2 d"
—[f<7-) ]2 < H3max sup —(Sh’ an) )
Erwﬂoff [f(T) ] he[H] s, €8, ,acA drott (Sha ah)

While this gap in horizon dependency raises an interesting theoretical question, the
precise polynomial dependence on horizon is not the main focus of our paper. We leave a
more thorough investigation of this horizon dependency gap between outcome and process
supervision as an interesting direction for future work.
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F.3 Missing Proofs in section 7.4

F.3.1 Proof of Theorem 7.8
First we present a lemma.

Lemma F.5. For any MDP M = (S, A, P,r, H) and policy u, if we let A*: S x A — R to
be the advantage function of policy p (defined in eq. (7.10) ), then for any policy 7, we have
Jaun(m) = Jp(m) = Jo(p).-

Proof of Theorem F.5. In view of the performance difference lemma [190], we have
Jr(ﬂ') - Jr(ﬂ) =H - IE(s a)~d™ [Q“(S, CL) - Q#(Sa ,LL)]
= H -E(s0)~ar [Q"(s,a) — VH(s)]
= H - E(q)nar [AY (5, 0)]

= Jau(m).
O
Next we present the proof of Theorem 7.8.
Proof of Theorem 7.8. For any policy 7, we decompose
Jo(7) = Ju(F) = Ju(x) — J(m) + Je(m) — () + Jo(F) — ()
D Jau (1) = (1) + Jo(w) — Jo(®) + Jo(F) — Jau(7), (F.10)

where in (i) we use Theorem F.5. Next, we notice that for any policy m, we can write down
the value of policy 7 as the inner product between the occupancy measures of policy m and
the reward function, which implies that

Jan(m) — =H- ZZd” (s,a) - (A*(s,a) — (s, a))

S€S acA

ZZdW s,a) - (A*(s,a) —7(s,a))?

s€S acA

CH .\ JCa) Einmon [(A(5,a) — (s, a))7]

lll

< H \/ sa * Estat )

where (i) uses Cauchy-Schwarz inequality, (zz) adopts the definition of Cg,(v) in eq. (7.11),
and finally in (4i7) we use eq. (7.12). Additionally, according to eq. (7.13) we have

J?(ﬂ'> — J$(5T\) S max J$(7T) — J$(5T\) S €alg-
Bringing these inequalities back to eq. (F.10), we obtain that
() — o (T) < 2HA\/Csy (V) - €stat + Ealg-
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F.3.2 Proof of Theorem 7.9

Proof of Theorem 7.9. We construct M as follows: We let H = 2, A = {0,1}, and
S =81 US; where §; = {a} and Sy = {b, c}. We further define the transition model P as

P(b|a,0)=1 and P(c|a,l)=1,
and the reward function R as

1

R(a,0) = R(a,1) =0, and R(b,0)=1,R(b,1)=0, and R(c,0)=—-,R(c,1)= 5

GV )

The best policy 7* of this MDP M satisfies

hence J,.(m*) = 1. We next choose policy p as p(a) = 0, u(b) = p(c) = 1. Then we can
calculate that

Q"(b,0) = R(b,0) =1, Q"(b,1)=R(b,1) =0,

Q(e.0) = R(e.0) = 5, Q¥(e1)=R(e.1) = 5.
1

Q"(a,0) = R(a,0) + Q"(b, p(b)) = 0, @"(a,1) = R(a, 1) + Q"(c, ulc)) = 5.

Therefore, the greedy policy 7 with respect to the MDP with reward function to be Q" is

which satisfies

]

Remark F.6. With the same choice of MDP M and policy p in the above proof, we can
calculate the advantage function A" as

1 1
AH(b,0) =1, A#*(b,1)=0, and A*(c0)= 5 At(c,1) =0, and A*(a,0)=0, A#(a,1)= 3

And it is easy to verify that the greedy policy with respect to the MDP with reward function
to be A" coincides with 7*.
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Appendix G

Proofs for Chapter 8

G.1 More Related Works

We review more related works in this section.

The coverability coefficient has recently gained attention in the theory of online reinforce-
ment learning [153—156]. This condition is in the same spirit as the widely used concentrability
coefficient [142, 146-152], a concept frequently employed in the theory of offline (or batch)
reinforcement learning. A well-known duality suggests that the coverability coefficient can be
interpreted as the optimal concentrability coefficient attainable by any offline data distribution.
For further discussion, see [153].

A related body of theoretical work explores reinforcement learning with trajectory feedback
[27, 29-31, 193], where the learner receives only episode-level feedback at the end of each
trajectory. This category also encompasses preference-based reinforcement learning |28, 32,
34, 173, 188|, which relies on pairwise comparisons between trajectories. While most prior
work focuses on tabular or linear MDP settings, we take a step further by studying learning
with function approximation, and bound the complexity by the coverability coefficient.

In the context of Online Reinforcement Learning, numerous prior works have investi-
gated the complexity of exploration and policy optimization, introducing various complexity
measures such as Bellman rank [208], Eluder dimension [205, 225|, witness rank [226], Bellman-
Eluder dimension [200], the bilinear class [201], and decision-estimation coefficients [203].
These complexity notions characterize properties of the function or model class but are gen-
erally not instance-dependent. In contrast, Xie et al. [153] introduces the instance-dependent
notion of coverability coefficients to provide complexity bounds in online reinforcement learn-
ing. For further discussion on instance-dependent complexity measures, we refer the reader
to the discussions therein.

We further review some literatures on online preference-based learning or online RLHF.
[28, 34, 173, 189, 227, 228| provides theoretical guarantees for tabular MDPs and linear MDPs.
[182] studies RLHF with general function approximation for contextual bandits, which is
equivalent to the case where H = 1. [32, 35| use the Eluder dimension type complexity
measures to characterize the sample complexity of online RLHF, which sometimes can be too
pessimistic. [176, 177, 229] proposed algorithms for online RLHF with function approximation,
but their complexity depends on the trajectory coverability instead of the state coverability
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G.2 Technical tools

G.2.1 Uniform convergence with square loss

To prove the uniform convergence results with square loss, we frequently use the following
version Freedman’s inequality [see e.g., 230].

Lemma G.1 (Freedman’s inequality). Suppose that Z),--- , Z¢r) is a martingale difference
sequence that is adapted to the filtration (Fw)l_,, and Zw < C almost surely for all t € [T).
Then for any A € [0, %], with probability at least 1 — 0, for alln < T,

ZZ(t)<)\ZE Z(t) |S’(t 1)] log /6>

Lemma G.2. Suppose that (xa),ym), -, (xm),ym) is a sequence of random variable in
X x [0,C] that is adapted to the filtration (Fw)L_,, such that there exists a function F* : X —
0, 1) with F*(zw) = Elyw|Fe-v, xw| almost surely. Then for any function F : X — [0,C], it
holds that with probability at least 1 — 0, for all n € [T,

n n

Z (F(xw) — y(t))2 — Z (F*(xw) — y(t) > ZE (xw) *(xw) | S 1)] —10C? log(1/9).

t=1 t=1
Conversely, it holds that with probability at least 1 — &, for all n € [T},

zn: (F(xw) — y(t))2 — zn: (F*(zw) — y(t))2 <2 zn:E [(F(:L‘@)) F*(zw)) | T 1)] + 5C? log(1/6).

Proof of Theorem G.2 Denote

W(t) = (F(.I’(t)) — y(t)>2 — (F*(.’L'(t)) — y(t))2
= (F(zw) — F*(I<t)))2 +2(F(xw) — F*(zw)) (F*(z0) — y») .

Note that
E[Wwo|Fev] =E[(F(zon) — F*(zo) ‘Su n],
and
Zw =Wao—E[Ww|Fe-n) < Wao < C?

Therefore, using Freedman’s inequality (Theorem G.1), for any fixed A € [0, #z], we have
with probability at least 1 — 9,

1
ZZ<1)<)\Z]E [(Zw)?| Fav)] + ng), Wn € [T].
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Note that

E[(Z0)?| §e-n] < E[(Ww)?|Fe-v)]
=K [(F(I(t)) — F*(I(t)))4 +4(F(xw) — F*(:L’(t>))2 (F*(xw) — y(t))2| S(t—l)]
< 5C7E [(F(zw) — F*(z0))?] Fe-n] -

Therefore, by setting A = 502, we get the desired upper bound.

Similarly, for the lower bound, we can apply Freedman’s inequality with (—Z) to show

that for A = 10%, with probability at least 1 — 9,

log(1
_ZZ<t)</\ZE Z(t) ‘S(t 1)} og( /5)

<= ZE (zw) — F*(z0))?| §e-n] +10C%log(1/8),  V¥n € [T).

]

Proposition G.3. Fiz a parameter a > 0. Under the assumption of Theorem G.2, suppose
that H C (X — [0,C)) is a fived function class, and F* € H satisfies |[F* — FﬁHoo < Eapp-
Define

n

Lo(F):=> (F(zw) —yo), ZIE (z0) — F*(20))?| Fen] -

t=1

Let k := 15C%log(2N (H, a)/d) 4+ 3Cna + 4nel,,. Then the following holds simultaneously
with probability at least 1 —
(1) For each n € [T,

L,(F*) — inf L£,(F) < k.

F'eH
(2) For each n € [T], for all F € H,
1
- < — i ! :
2Sn(F) < L,(F) P}{Ié%{ﬁn(F )+ kK

Proof of Theorem G.3 Denote N := N(H,«a). Let H, be a minimal a-covering of H.
Then applying Theorem G.2 and the union bound, we have with probability at least 1 — 9,

the following holds simultaneously for n € [T7:
(1) For all F" € H,, it holds that

%gn( F') < Lo(F') — L(F*) + 10C2 log(2N/6).

(2) Tt holds that
L, (FY) — L, (F*) < 2&,(F*) +5C?10g(2/6).
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In the following, we condition on the above success event.

By definition, &,(F*) < ne2 . and hence

L, (F*) > L, (F*) —4ne?  —5C%log(2/0). (G.1)

app

Furthermore, for any F' € H, there exists F’ € H, with |[F' — F'||__ < a, which implies
|L.(F) — L, (F")| < 2Cna, |EL(F) — EL(F)| < 2Cna.

Therefore, under the success event, we have
1
5<€n(F) < L(F) — L, (F*) 4+ 10C*log(2N/6) + 3Cna.

holds for arbitrary F' € F. Hence, by (G.1), we have

%SH(F) < Lo(F) = Lo(F%) + 15C2 1og(2N/5) + 3Cna + dne?

app*

Noting that £, (F*) > inf ey £, (F') completes the proof of (2). Furthermore, using &,(F) >
0, we also have

L. (F*) < inf L, (F") +15C?10g(2N/d) + 3Cna + 4ne?
'e

app’

This completes the proof of (1). O

G.2.2 Uniform convergence with log-loss

We prove the following result, which is a direct extension of the standard MLE guarantee [231].

Proposition G.4. Suppose that { Py(y|z)}gco C (X — A(Y)) is a class of condition densities
parametrized by an abstract parameter class ©. Without loss of generality, we assume Y s
discrete.

A «a-covering of © is a subset ©' C © such that for any 0 € O, there exists 8’ € ©" such
that |log Py(y|x) — log Py (y|x)| < « for all x € X,y € Y. We define the covering number of
© under log-loss as

Nieg(0, @) := min{|©'| : ©" is a a-covering of O}.

Suppose that (xa), yw), -+, (xm,ym) is a sequence of random variables adapted to the
filtration (w)L,, such that there exists 0* € © so that P(yw = -|zw, Se-1) = Po(yw = -|zem)
almost surely for t € [T). Then it holds that for all n € [T], for all 6 € O,

n

& 1
ZE [DI2—I (Py(-|zw), Pg*(-lx(t)))‘ S(tq)} < — 5 Z [log Py(yw|zw) — log Pe« (yw|zw®)]

t=1 t=1
+log Niog (0, a) + 2na.
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Proof of Theorem G.4 Let © C © be a minimal a-covering, and let N := |©'| =
Niog (O, ). For each 6 € O, we consider

L@)(G) = log Pg(y(t)|x(t)) — log Py~ (y(t)|:v(t)).

Then it holds that

. Py(ylzwm)
=YV Polylzn) Py (ylao)

yey
=1- DI%I (Pg('|l’(t)>, P@*('|$(t))) .

Therefore, applying Theorem G.5 and using union bound over § € ©’, we have the following
bound: with probability at least 1 — 0, for any ¢ € ©', n € [T1,

n

> —log [exp (%La)(@')) ' f@_l)] g Z Ly(0) +1og(N/9).

t=1

In the following, we condition on the above event. Fix any 6 € ©. Then, there exists ¢ € ©’
such that |log Py(y|x) — log Py (y|z)| < afor all z € X',y € YV, and hence |Lw(0) — Lo (0')| <
« almost surely. Therefore, combining the results above and using logw < w — 1 for w > 0,
we have

tzn;E [ D (Pa(-|z), Pos (-|zw))| Fe-n] < 2”: —log {exp (%Lm(e)) ‘ }"(tl)}

t=1

- 1
< na+ Z —log [exp (§Lu)(9’)) ‘ F(t—l):|

t=1

< a——ZL ") + log(N/9)
< 2no — —ZL(t) +log(N/9).

By the arbitrariness of § € ©, the proof is completed. O

Lemma G.5 (Foster et al. [203, Lemma A.4|). For any sequence of real-valued random
variables Xy, - -+ , X adapted to a filtration (S(t))thl, it holds that with probability at least
1 =9, for alln € [T,

n

> —log[exp(—Xw)| Fu-n] <> X +log(1/5).

t=1 t=1
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G.3 Missing Proofs in section 8.3.1

G.3.1 Proof of Theorem 8.5

We first present a more detailed statement of the upper bound of Theorem 8.5, as follows.

Theorem G.6. Let 6 € (0,1), p € [0,1), and we denote Ceoy = Cooy(I1x), where Iy = {my :
f € F} is the policy class induced by F. Suppose that Theorem 8.2 and Theorem 8.4 hold.
Then with probability at least 1 — 6, the output policy T of Algorithm 2 satisfies

V¥(s1) = VE(s1) = = i WOBR)

t:l

<O(H)-

©

{bg( (p)/0) +TH?(p+e2pp)  ACeo log(T)
) T

Therefore, for any e € (0,1), with the optimally-tuned parameter X, it holds that V*(s1) —
Vi(s)) <e+ 0 (\/C'COVHQ&:app), as long as

A covH
T>0 (O -log N (e 2/(C’COVH‘L)))
Recall that we let Qf € Q, R* € R be such that
< ! _ R <
i K IR L NEE

For each t € [T], we write D) to be the dataset maintained by Algorithm 2 at the end of the
tth iteration, i.e.,

Doy = {(7™",r™") be<tnegn).

We summarize the uniform concentration results for the loss L35, and LE} as follows.
We note that these concentration bounds are fairly standard (see e.g. Jin, Liu, and Miryoosefi
[200]), and for completeness, we present the proof in appendix G.3.3.

Proposition G.7. Let § € (0,1),p > 0. Suppose that Theorem 8.2 and Theorem 8.4 holds.
Then with probability at least 1 — 6, for allt € [T], f € F,R € R, it holds that

H
1 kOﬂ‘ *
5 2 D BT (R(r) — R¥(r))* < L (R) — L3N (RF) + H,

k<t h=1

H
%Z STE™ (falsnan) — [Trnfua) (sn,an))” < L85 (f: R) — L5, (Q% RF) + H,

k<t h=1

where
= C (log N(p) + log(H/8) + THX(2, + p))

and C' > 0 is an absolute constant.
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Performance difference decomposition Denote V¥#(s1) := max,eca Q*(s1,a). Then it is
clear that |Vﬁ(31) — V*(sl)‘ < €app- Therefore, for any t € [T, by optimism (the definition
of (f®, R™)), it holds that

V*(51) = €app < VE(s1)

e ERE (@) £ O () | LEE (@4 R + B (7Y
B A

A
< fm( W@U DG U(fa }%”)+'£Ru U(R“U EBE D«Q }W>+_£D@ U(R>
A A ‘

Furthermore, by the standard performance difference lemma [190], it holds that

O (s, 7)) — V™ (s ZEW O (sny an) — [T (sny an)] - (G.2)

Based on (G.2), the existing approaches (with per-step reward feedback) bound the ex-
pectation of the Bellman error e}’ (s, ap) := fi" (sn, an) — [T;F fns1](sn, an) through various
arguments (e.g., eluder argument [200] and coverability argument [153]). However, in outcome
reward model, it is possible that E™" (27 (shy an) = [T ft1)(sns an)] is large even when the
sub-optimality of 7 is small, because the outcome reward is invariant under shifting of the
ground-truth reward function R*.

Therefore, we consider the following refined decomposition:

P(s) - v Z E™ (£ (sh,an) — [Treo fi11)(sm, an)]
) . (G.3)
+Eﬂ ZRS)(Sh,CLh) — ZRZ(Sh,Clh)] .
h=1 h=1

Coverability argument Following the coverability argument of Xie et al. [153|, we have
the following upper bound on the expected Bellman errors.

Proposition G.8. Denote e} := f” — T;* fuy1. Then, for each h € [H], it holds that

ZEW(t) ‘€(t> Sh,ap ‘ S QCCOV IOg (1 + CC;VT) '

2Tk + Z E™® e (54, ap)? ]

1<k<t<T
Following the ideas of Jia, Rakhlin, and Xie [199], we prove the following upper bound on
the reward errors.

Proposition G.9. [t holds that
T

S ET RO (r) - R(7)

t=1

C'COVYj
< . |8HC. log (1 + ) :

HTh+ Y S Er®am (RO(r) - Ri(r >>]

1<k<t<T h=1

Based on the results above, we finalize the proof of Theorem 8.5.
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Proof of Theorem 8.5 By optimism and the decomposition (G.3), it holds that for ¢ € [T7,

E%I(Et y(fO,RY) — L%I(Etfl) (Qﬁ’ Rﬁ)
A

SB (RO (r) — R () - S FD Lol (),

Ew(t) [6;:)(8}“&}1)] _

M=

V*(s1) = V™" (51) = app <

>
Il

1

A
Then, under the success event of Theorem G.7, we have
t 2HkK
WW;W@F%rj_
4 (k)
t) t ok t
<z( o] - L B >) o
h=1 k<t '
+E™ [RO(r) — R(r ZE”( ot (RO (7) — R*(7))” .
k<t h=1

Applying Theorem G.8 and Cauchy inequality gives for all h € [H],

T t C(COVjﬁ 1
S TE™ Jef (sn, an)| < ACeoy log (1 T ) 2\

t=1

2Tk + Z E™"e (t)(Smah)Q],

1<k<t<T

and similarly, applying Theorem G.9 and Cauchy inequality gives

T

> B |RO(r) — B (7)

t=1

C1COV7ﬁ
< 4AHC,yy log (1 + > + —
K

HTk + Z ZEn(k)ohﬂ'ref (RY (1) — R*(T))Ql ‘

1<k<t<T h=1

Therefore, we take summation of (G.4) over ¢ € [T], and combining the inequalities above
gives

T
t 4TH C’covT'
Z (V* s1) —y )(51)) < n cov 10g <1 + ) )
A K
t=1
This is the desired upper bound. O

G.3.2 Proof of Theorem G.8 and Theorem G.9

The following proposition is an generalized version of the results in Xie et al. [153, Appendix
D|. For proof, see e.g. Chen et al. [232].

Proposition G.10 ([153]). Let C > 1 be a parameter. Suppose that pay, -+ , pery is a sequence
of distributions over X, and there exists p € A(X) such that pw(z)/u(x) < C for allx € X,
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t € [T]. Then for any sequence ), --- ) of functions X — [0,1] and constant B > 1, it
holds that

T
2TB+ ) > Eaoputho(z)?|.

t=1 k<t

T
cT
D Eoopwtbw(r) < | 2Clog (1 + F)
t=1

As a warm-up, we prove Theorem G.8 by directly invoking Theorem G.10.

Proof of Theorem G.8 Fix a h € [H]. To apply Theorem G.10, we consider X =S X A,
and define

po =P ((spyan) =) € AS x A), = el | € (S x A —[0,1]).

By the definition of coverability (Theorem 8.1), for C' = Ci(II), there exists p € A(S x A)
such that pe(s,a)/p(s,a) < C for all (s,a) € S x A. Therefore, applying Theorem G.10
with B = k > 1 gives the desired upper bound. ]

Next, we proceed to prove Theorem G.9. Our key proof technique is summarized in the
following proposition, which is inspired by the (rather sophisticated) analysis of Jia, Rakhlin,
and Xie [199].

Proposition G.11. Recall that for any D = (Dy, : S x A — R), we denote

H

D(r) = ZDh<Sh,ah), V7 = (s1,a1, - ,sg,am) € (S x A,
h=1

Fiz a Markov policy T, we denote D1(s) = Dy 11(s) =0, and

H

> " Dy(se, ar)

{=h

Dy (s) := E™ef

sh:s], Vi<h<H,seS.
Then for any policy m, it holds that

H H
s a) e 2 TOpT
E E (Dh(sh, (Zh) + Dh+1(3h+1> — Dh<3h)) < 4 E E™n refD(T)Z.

h=1 h=1

The proof of Theorem G.11 is deferred to the end of this subsection. With Theorem G.11,
we prove Theorem G.9 as follows.

Proof of Theorem G.9 To apply Theorem G.11, for each t € [T], we consider

H H
Apw(s) = EmM Z R (s, ar) — Z R;(sp,ap)| sp, = s] , Yh=2,--- HseS,
t=h t=h
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Then, by Theorem G.11, it holds that for any policy 7,

H
ZEF (R;:)(Sh, an) — Ry, (sh, an) + Apr10(Spe1) — Ah(t)(3h>)2
h=1
i (G.5)
<4 BT (RO(r) — R ().
h=1
Furthermore,
H
E™|RY(T) — =E" D[R (sn,an) — Ry(sn, an) + Apsrw(sner) — Apo(sy)]

R (G.6)
< ZEﬂ |R} (s, an) — Ry (snsan) + Anaw(snr1) — Dno(sn)] -
h=1

Therefore, to apply Theorem G.10, we consider the space X = § x A x §, and for each
h € [H], we define

p(f)h = ]Pvr“) ((Sh7ah’sh+1) = ) S A(S x A x 8),
bon(s,a,8") = | Ry (s,a) = Ri(s,a) + Apyr(s’) = Apo(s)| .
Note that for any h, we have @, : S x A xS — [0,1]. Further, let up € A(S x A) be

the distribution such that ||d}/us|,, < Ceov for any policy m. Then we can consider the
distribution 71, € A(S x A x 8) given by 1, (s, a, s') = un(s,a)Tr(s'|s,a). Then it holds that

/ () ’
’ pf)h = sup pit)h(sa aa‘f) = sup dh (Sv a>Th<‘/S |S, a) < Oy,
Hr oo s,a,8’ /‘Lh(87 a, s ) s,a,s’ ,uh(S, CL)T}L(S |S7 (l)

Therefore, for h € [H], applying Theorem G.10 on the sequence (payp,--- ,pmy,) and
(Ywn, - ,Y) gives

T
2Tk + Z Z Eprhw)q/Jh(i)(x)Q

t=1 k<t

S C
Z ]Ex'\’ph t)q/}h(t) ) S QCCOV log (1 + cov )

t=1

To conclude, we combine the inequalities above and bound

) t *
E™ |RY(r) — R*(7)]

[M]=

~~
Il
—

E™ | R (sn, an) — Ri(sn, an) + Anp1o(sni1) — Anor(sn)]

]~
M=

m
I
=
I

I

H T
Eprh(t wh(t) Z Z Ea:~ph(t wh(t) )

h=1 t=1

]~
M=

~~
Il
—
>
I
—
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H
C1C0V7—Y
< 3| 2Ceoy log (1 + >
K
h=1

2HCoy log < Ceo T)

COVT>

where the first inequality follows from (G.6), the second last line follows from Cauchy
inequality, and last inequality follows from the definition of (pjw), ¥r®) and (G.5). O

T
2Tk + Z Z Ex~ph(k>¢h<t>(33)2]

t=1 k<t

<

H T
2T'Hk + Z Z Z Exwph(k)wh(t)(x)zl

h=1 t=1 k<t

_—

< | 8HC oy log <1 +

1<k<t<T h=1

Proof of Theorem G.11 For 7 = (sy,a1, - ,sm,ay) € (S x A, we denote 75, =
(s1,a1,- -+, Sn,an, Spt1) to be the prefix sequence of 7 for each h € [H|. Then, we note that

g

because the policy 7 oy, e executes the Markov policy . starting at the (h + 1)-th step.
Therefore, it holds that

H
E7onmret [ ) [ ( ’Th Z Dg Sg, ag) + E7OnTret [ Z Dg(Se, CLZ)

(=1 {=h+1

h
= > Dilse,ar) + Dnsa(snsa),

(=1

h 2
Eqpr (Z D(se, ae) + 5h+1(8h+1)> = En oropme (B [D(7)] 7))’

/=1
S ET'\Jﬂ'Oh’]TrefD<T>2 = ]:E7roh7'rref‘D(T)Q7

where the first equality follows from the fact that the policy 7 op, 7t executes 7 for the first
h steps. Therefore, for h > 1, it holds that

— 2
E™ (Dn(8h, an) + Dhs1(sag1) — Dr(sn)

~—

>

M

; Dy(s¢, a0) — Eh(&z))

1

h
=K, (Z Dy(s¢,a¢) + Dpsi(sps1) —

(=1

T

h h—1 2
< 2E, or (Z Dy(s¢, ar) +Eh+1(3h+1>> Erpjor < Dy (s, ay) h(Sh))
< 2E’r°h“ref[l;:(;)2 + Emormet D(7)2, .
For h = 1, because D;(s) = 0, we already have
E™ (Di(s1,a1) + Da(s2) — Di(s1))” = E™ (Dy(s1,a1) + Da(sy))” < E™met D(r)?,

Taking summation over h € [H] completes the proof. ]
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G.3.3 Proof of Theorem G.7

We prove Theorem G.7 in Theorem G.12 and Theorem G.13 separately. Recall again that
under Theorem 8.2, the function Q* € F, R* € R satisfy
max HQTj Qh

he[H]

Lemma G.12. Under Theorem 8.2, with probability at least 1 — 5, for any t € [T, for all
R € R, it holds that

< Eapps lf,rel%-}li HRﬁ Ry

< Capp-

%ZZWMWWW%W)ﬁwﬁ LR (R

k<t h=1
+15H log N(p) + 15(2/0) + 2T H?¢2 _ + AT H?p.

app

Proof of Theorem G.12 To apply Theorem G.3, we consider the whole history

(CR ) yp—

generated by executing Algorithm 2, and recall that De—1) = {(7%"", 7*")} o4 pem is the his-
tory up to the ¢-th iteration. Note that (7t r®D) ... (705 &) gre pairwise independent
given Dy-1), with

(&R (t)

Op Tref, E [T‘(t’h’)| D(t—l)’ 7—(f7h)] — R*(T(t,h)).

Also note that r € [0, 1] almost surely, and we regard R C ((S x A)¥ — [0,1]), and Rf € R
satisfies | R¥(7) — R*(7)| < Heayp for all 7 € (S x A)7.

Therefore, applying Theorem G.3 on the function class R and the sequence {(7“", 7“") }icrr) nepo,m
gives that with probability at least 1 — §, for all R € R, t € [T], it holds that

t H
% Z Z Eﬁ(k)ohwref (R(T) _ Z Z E [ e h) R*( (k, h) ‘ Die- 1)}

~ T

k=1 h=1 2D
< ‘C'D(t> (R) 'C'D(t> (Rﬁ) + 15 10g<2N(R7 Hp)/é) + 2TH3 ipp + 4TH2/)
Finally, we note that log N(R, Hp) < Zthl log N(Rp,p) < Hlog N(p). This gives the
desired upper bound. O

Similarly, we prove Theorem G.7 (2) as follows, following Jin, Liu, and Miryoosefi [200].

Lemma G.13. Fizh € [H] and § € (0,1), p > 0. Suppose that Theorem 8.2 and Theorem 8./
holds. Then with probability at least 1 — 9, the following holds:
(1) For each t € [T,

Epw (@, Qhypyi BY) — nf Epa #(9n, @ho1s B) < O (THe?,, + THp + log(N(p)/5)) .
(2) For each t € [T, for all fr, € Fn, fns1 € Fna1, and Ry € Ry,
t
1
QZWMM%W—mMM@MW
< Epw y(frs fry1; Ri) — mf 5D<t> #(Gns far1s Re) + O (THel,, + THp +1og(N(p)/9)) ,

where we use O (+) to hide absolute constant for simplicity.
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Proof of Theorem G.13 Fix h € [H] and denote N := N(p). We let F; , be a
minimal p-covering of Fj, 41, and let R} be a minimal p-covering of R,. By definition,
Fal < NIR}| < N

In the following, we adopt the notation of the proof of Theorem G.12. Recall that
conditional on D¢y,

(®)

60 (60 (4,0 (t,6) (t,6)
7—( )= (81 Op¢ Tref,

cay e sy ayl) ~

and 7Y ... 7¢ are independent conditional on D¢-1). For simplicity, we denote x.0 :=

(s, ay”)-

Fix fp1 € Fpq U {Qh+1} and Ry, € R, U{R!}, we consider
yoo = fapa(sy) + Ru(sy " a?).
and it holds that
E [yw.o| De-v, xeo] = [Trafrr](zeo).
Then, for any g, € Gy, it holds that

¢ H
Epw w(Gn, frar; Ri) = Z gn(Two) — yan)?,
k=1 (=1
and we also have
¢ H ¢ H
Z ZEW(%M‘“ (gn(Sh, an) = [Trpfus1](Sh, an))” = ZE gn(xw0) = [Trnfre](xen) ]Due y]
k=1 (=1 =1 (=1

Then, applying Theorem G.3 with the function class H = G, yields that with probability at
least 1 — %, the following holds:
(a) For each t € [T, for any gy, € Gy,

—ZE“ (gn(snyan) — [Tanfosa](sh, an))?

ngp(t), (gh, frat; Rh) — mf 5D(r) h(gha frat; Rh) +0 (10g(N/5) +THe: + THp) .

app
(b) When fj41 = Q%ﬂ and Ry, = Ri, the function Qi € Fi C Gy, satisfies the inequality
195, — Eﬁ,hQiHHoo < 3eapp, and thus

Epw n(Qhy Qhy1i B} < nf Epw (9, Q413 By) + O (log(N/8) + THe2,, + THp) .

Therefore, taking the union bound, we know that the inequalities (a) and (b) above hold
simultaneously with probability at least 1—0 for all f;1 € F}, +1U{Qi 1yand Ry, € R, U{R:}.
In particular, we have completed the proof of (1).

To prove (2), we only need to note that G, C Fy,, and for any f,+1 € Fpi1, Ry € Ry, there
exists f, . € Fp 1, [, € R}, such that [|fos1 — frilleo < p, |Rr — B lloc < p. Therefore, by
the standard covering argument and the fact that #® oy m = 7, we have also shown
(2). O
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G.4 Proof of Theorem 8.8

In this section, we provide the proof of Theorem 8.8, which is a direct adaption of the proof
of Theorem 8.5 in appendix G.3. We first present a more detailed statement of the upper
bound (with any parameter A > 0).

Theorem G.14. Suppose that Theorem 8.2 holds. Then with probability at least 1 — 9,
Algorithm 3 achieves

T
1 * a® ()
— < .
TH(V ~V"(5)) < cupp + O (1)

H3log(Npr/0) + T2, AHC!. (II)
y Tt )

We also work with a slightly relaxed version of Theorem 8.7.

Assumption G.15. Under any policy m, for each h € [H], it holds that almost surely
Qh(snyan) = Ry (sn, an) + Vi1 (sni)-
Further, to simply the notation, for each f € F, we recall that the induced reward model
R/ is defined as R{(s,a) := fi(s,a), RL(s,a) = fu(s,a) — fu(s), which implies

H
- Z fh(sh? ah) - fh+1(3h+1).
h=1

Uniform convergence For each t € [T], we define Di-1) := {(7®, %)}, be the data
collected before tth iteration. We also recall that by definition (8.8), we have

Lo (f) = Z <Z [fu(si)ya5”) = faa(siin)] — r(k)> - (Rf(T(k>) - T(k))Q.

k=1 h=1 k=1

Therefore, a direct instantiation of Theorem G.3 on the class R := {R/ : f € F} yields the
following proposition.

Proposition G.16. Let § € (0,1),p > 0. Suppose that Theorem 8.2 and Theorem G.15
holds. Then with probability at least 1 — 9, for allt € [T], f € F, it holds that

%ZEM) (R(7) - R*(T)) < LI (f) — L35 (QY) + &,

where
= C (H?log(Nx()/8) + THa + Te2,))

C > 0 is an absolute constant, and we denote Nr(o) := maxpep N (Fn, o) for any o > 0.
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Performance difference decomposition In this setting, we can rewrite the decomposi-
tion (G.2) as

H
¢ 7(®) a® T e * t
(1) = VT (s1) = D BT [£ (s an) — Ry (snyan) — fi (sne1)]
h=1
e - (G.7)
= EW() Z [ ,E:)(Sh,(lh) fh+1 8h+1 ZR sh,ah
h=1 h=1

= E™" [RV(r) - R*(7)],
where we denote R® := R/ which is a reward model given by
Ry(s,a) = f\"(s,a),  R}(s,a) = f;"(s,a) = f;(5).
Optimism Similar to appendix G.3.1, we use the fact that from (8.9),
o= f}{leaj})\fl(sgt)) L3 (f),
and hence
M2(s0) = L3 (F9) 2 AVE(s) = L3 (£9).

Using |V} (s\”) = V#(s'))| < €app, (G.7) and Theorem G.16, we now deduce that

. . LBR (®) 3 f
V) = V) < e+ B (RO () — o)) - Z2el )l ()

t—1

1 2B 2
B ()~ R

< eup + 5 +ET [RO(T) - RY(7)] -

(G.8)

Therefore, it remains to prove an analogue to Theorem G.9.

Coverability argument We strength Theorem G.9 using the deterministic nature of the
underlying MDP. For each s € S and h € [H], we define

Su(s;1II) :={(s',a) : Im € II, under 7 and s; = s, it holds that s, = §', a, = a},
and N, (s; 1) == |Sp(s; IT)].

Proposition G.17. Let B > 1. For any initial state s, € S, any sequence of reward functions
RW -« ' R™ and any sequence of policies 7, --- 7™ it holds that

ZE’“” — R(7)] 1]
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ATH
< | 2Neoy log (1 + ?) - [2TB + Z E™ [(R® (1) — R*(T !sl}

1<k<t<T

where N(s1) = S, Ny(s1;10), and the conditional distribution E™ [ 51] is taken over the
expectation of T generated by executing policy m starting with the initial state s;.

The proof of Theorem G.17 is deferred to the end of this section.

Finalizing the proof With the above preparation, we now finalize the proof of Theorem 8.8.
Taking summation of (G.8) over t =1,2,--- ,T, we have

T
> - V)
t=1

< Tewn 3 +ZE“ RO =R =55 o E(ROG) - R()’
1<k<t<T
T&app+ Esinp ZEW) RO(r) — R*(r) Z g [ (RO(r) — B*(r))? Sl}]
1<k<t<T
2T TH
< Teup + =5 + By [N<31)”0g (1 ¥ —ﬂ ’

where the last inequality follows from Theorem G.17 and Cauchy inequality. This is the
desired upper bound. O

Proof of Theorem G.17 In the following proof, we assume s; € S is fixed. Consider

T :={(h,s,a) : h € [H],(s,a) € Sp(s1; 1)} C[H] x S x A.
Note that [Z| = S22 Njy(s1;11) = Neoy. By definition, for any policy 7, there is a unique
pair (s7,a]l) € Sp(s1;1I), such that under 7 and starting from s;, we have s, = s}, a, = af

deterministically.
For each t € [T], we consider the following vectors indexed by Z:

Yo = [RY(s,a) — R (s, a)}(h@a)ez € R%,
H
()
O = [IP’ (Sh = S,ap = a\sl)} (his,a)eT = Ze(h’szm %(z)) € RE.

With this definition, it holds that for any k, ¢ € [T],

H
EW(k) [R(t)(,r) Z [ (t) 7T(k) n(k)) R*( 7r(’c 7r(’c ):| <¢(k) Q,D t)>

h=1
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Algorithm 5 Outcome-Based Exploration for Preference-based RL
input: Function class F, parameter A > 0, reference policy 7.
initialize: D « ().

1: fort=1,2,...,7T do

2. Compute the optimistic estimates through (8.12): (f¥, R") =
et | _ BE( £, py _ pPBRM
fGr.;:l%’,}éR A f1(81> V D (fa R) [’D (R)v
3: Select policy 7 <= 7).

>

for h=1,2,--- ,H do
5: Execute 7 o}, mes for two episode and obtain two trajectories (7" 7&»=)) and
preference feedback y*".

6:

7 Update dataset: D < DU {(7"m+) 7tm=) gt}
8: end for

9: end for

10: Output 7 = Unif (7).

Therefore, we apply the elliptical potential argument [184]. Let V; := >, _, ) (gb(k))T + BI.
Then it holds that

T T
D b, dw) < Y min{lléwlyr, 1} - max{|[golly, , 1}
t=1 t=1

T

T
> min{[lgolly-1, 13- 4| D max{|[vel, 1}
t=1 t=1

IN

Note that

T T
> max{|[¢ol}, 13 < Y
t=1 t=1

T(1 +4B[Z]) + Z B [(RO(r) - R (7))’

1<k<t<T

t—1
1+ B|yw|*+ Z by, o 2]

IN

31] )

and by Lattimore and Szepesvari [184], we have

T
. 9 TH
> min -+ 1) < 27 o <1 g

Combining the inequalities above and rescale B < completes the proof. O

4II\

G.5 Proofs from section 8.4

We present the full description of our algorithm or preference-based RL as follows.
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G.5.1 Proof of Theorem 8.10

For each t € [T], we write D to be the dataset maintained by Algorithm 2 at the end of the
tth iteration, i.e.,

Doy = {(7®"0, 757 4" becone -

Note that for each ¢t € [T], h € [H], we have 7" = m. Therefore, for each R € R, we
define Vit := E™ [R(7)] and recall that
Are 1 —
‘/a)7§{ = 'FiST :E:: ]%(7' ).
(r+,7—,y)€D

The following lemma follows from the standard uniform convergence rate with Hoeffding’s
inequality and the union bound.

Lemma G.18. Let § € (0,1),p > 0. Suppose that Theorem 8.2 and Theorem 8.4 holds.
Then with probability at least 1 — &, for all t € [T], R € R, it holds that

- \/log(2TN(p)/5) N

t

{rref ref
Vp(t) R VR

Hp.

We summarize the uniform concentration results for the loss L3, and L5EM as follows.

The proof is analogous to Theorem G.7 and is provided in appendix G.5.2.

Proposition G.19. Let § € (0,1),p > 0. Suppose that Theorem 8.2 and Theorem 8.4 holds.
Then with probability at least 1 — 9§, for allt € [T], f € F,R € R, it holds that

I
D(t) R S E;

ref ref
‘V v

YOS ETE([RG) = RG] = [RA(T) = R(7)]) < O [LREM(R) — LREM(R)] + CaH ks

k<t h=1

Z ZE”(M (fn(snan) = [Trpfra](sn, ah)) <2 [£D<t>(f; R) — D<”<Qﬁ Rﬁ)] + Hr,

k<t h=1

where Cg = 4;2;[3 ,

= C (log N(p) +log(TH/8) + TH*(8 + 1) (e + 0)) -
and C > 0 is an absolute constant.

In the following, we condition on the success event of Theorem G.19. Note that 7#*"7) =
Tret, and hence Theorem G.19 implies that for all R € R, t € [T],

H
3 ZEwomef ([R(r) = R*(r)] = [Vt = VEt])? < € [LPRM(R) — LP2RM(RY)] + CsHk,

k<t h=1
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Therefore, for any reward function R, we define R as Ry(s,a) = Ri(s,a)— Vil and Ry(s,a) =

Ry(s,a) for h > 1. Then it is clear that R(r) = R(7) — V&, and for all R € R, t € [T], we
have

H
SoS e (Rer) - Be(r)) < Cp [LRM(R) — L3V (R] + ol (G9)

k<t h=1

Performance difference decomposition In this setting, we re-write (G.3) as follows:

f%m«ﬂmzzw”msm[wﬁm%m

H
+ Eﬂ(t) Z R;;)(Sh, ah) — Z RZ(S}L, ah)]
h=1 h=1
H o~ o~
= DB (snan) + B [RO(7) = B+ Vi - Vi,
h=1
where we recall that we denote )’ := (t) — Tro f,i:{l Therefore, we re-organize the equality
as
t re (®) re = | 5 ) (¢
[FO(s1) — V£ ] — [v (s1) =V, *f} — g [R(”( } +ZE e (sp, ap).

(G.10)
With the above preparation, we present the proof of Theorem 8.10, which closely follows
the proof of Theorem 8.5 in appendix G.3.1.

Proof of Theorem 8.10 By definition, for each t € [T,

(f(t)7 R(t)) fer}-‘l%%}éR)\ [fl(sl) VDr?iD,R] D<t 1) (f R) %?E’\{l)(R)

Therefore, using Q* € F, R* € R, we have

[ (t)( ) Vé?f 1) R<t>} - [Vfi(sl) - VB?f—l) Ru}
o LBELURY) —LBE QR LR (R) — L (R
- A A ’
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Using the decomposition (G.10), Theorem G.19, and the fact that ’Vlﬁ(sl) — Vi (s1)| < Eapps

|R¥(1) — R*(7)| < Heapp, we have

2HkK
+—

’TI'( ) Te. Are
Vi(s1) = V™ (s1) < (H + D)eapp + ‘thf) - Vp(f—m,R(t) \

(t) 1 (k)
E™ €(t>(5h, ah) o E™ e(t)(sh, ah)2
( e o]~ gy S

k<t

ref {rref
+ ‘VRﬁ — V-1 ge

+

M=

>
Il

1

H
n ]Eﬂ_(t) [E(t) (7_) . }N%*(T)] . % ZEﬂ(k)ohwmf (ﬁ(t) (7_> _ ﬁ*(7)>2 .
k<t h=1

(G.11)

Taking summation over ¢t = 1,2,--- ,T" and apply Theorem G.8, Theorem G.9, and Theo-
rem G.18 yields

- THk C..T
Y Vi) -V (s <0(1)- |:H(€app +p) + VT + = + CpAH Ceoy log (1 + = )] .
t=1
This is the desired upper bound. -

G.5.2 Proof of Theorem G.19

The inequality involving LZB)E) is implied by Theorem G.7 and proven in appendix G.3.3. In
the following, we only need to prove the inequality involving £Z°3" by invoking Theorem G .4.
Consider the class © = RU{R*}, X = (S x A x (8§ x A)¥, and Y = {0,1}. For any

R € O, we define

exp (BR(7))
exp (BR(7)) + exp (BR(77))’

following Theorem 8.9.

Recall that De—y = {(7®m0, 7&m2) y®BM) i herm 1 the history up to the t-th iteration.
For simplicity, we denote """ := (7*»H 7&m2)  Note that (x®V y®1), .. (x®H y®D),
Then it is clear that for all ¢t € [T, h € [H],

exp (BR(17))
exp (BR(7+)) + exp (BR(17))’

PR(1|T+,7'_) = PR(0|T+,7'_) =

P(y“™ |z, D) = P (y*]z"),
and it also holds that
L(R(TJr) - R<7—7)7 y) = - log PR(y‘T+7 77)7 vy € {07 1}

Further, noting that Ny (©,2HSp) < N(R, p) + 1. Therefore, applying Theorem G.4 gives
the following result: with probability at least 1 — g, forany R € R, t € [T,

t H
E

k=1 h=1

7o) (k=)

D3, (PR(-|T+, ), PR*(~’T+,7'7>)
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(AN
| —

Z [L(R(T+) —R(t7),y) — L(R*(7%) — R*(77), y)}
(Tt )

+log(N(R, Hp) + 1) +log(2/0) + TH*Bp
1

1
< 5 [Lp" (R) = L™ (RA)] + S HE,

2
where the second inequality uses the fact that ’Rﬂ(T) — R*(7)| < Heapp. Finally, note that
Di; (Bern (p) , Bern (q)) = 5(p — q)* and

1 1|8
efv 41 efv 41| 28

lw —w'|, Vw,w' € [-1,1].

Therefore, using the definition of P completes the proof. O

G.6 Proofs of Lower Bounds

G.6.1 Hard Case of Learning with Fitted Reward Models

As mentioned in section 8.3.1, in Algorithm 2 the learner has to optimize over the reward
class and value function class jointly. In the following, we argue that if the learner first learns
a fitted reward model in the reward class, then optimizes the value function with the fitted
rewards, the output policies at each iteration never converge to the optimal policy.

In detail, we consider algorithms in the form of Algorithm 6, where the learner fits the
reward model R at iteration ¢ first, then the learner calls algorithm alg, which takes per-step
rewards data as input and outputs a policy m; at each iteration. To align with the structure
of Algorithm 2, we take alg to be a single iteration of the GOLF algorithm in Jin, Liu, and
Miryoosefi [200], i.e. 7¢) = 7y where fo = argmax .z, f(z1,7f(z1)). Here the confidence
set F) is defined as

Fuo = {f € F:LBE | (fiRov) < 5}
with £BF defined in eq. (8.5).

Algorithm 6 RL with fitted reward models
input: Algorithm alg, reward regression oracle O.
1: Initialize Dy = ) for every h € [H]
2: fort=1,2,...,7T do
3: Feed D-1) to alg and receive 7 from alg
4: Execute 7 and receive (7 r®) where 74 = (s1), a1, ** , SH®), GH®)

¢
5: Receive the fitted reward function from O: R® = min Z(R(T(k)) — )2,
RER £~

6: Let 7,0 = R(t)h(Sh(t), ah(t)) for each h € [H]
7 Let D(t) = D(t—l) U {(Sl(t), a1(t), ;’\1(15), e, SH@®), A (1), ?H(t))}.
8: end for
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Then we have the following proposition, which shows that this approach outputs subopti-
mal policies at every iteration in some special hard cases.

Proposition G.20. Consider Algorithm 6 with alg to a single iteration of the GOLF
algorithm. After running T iterations, the learner averages over all policies to output a policy.
There exists an MDP class that realizes the ground truth MDP, such that the above algorithm
outputs a policy which is at least 0.01-suboptimal.

Proof of Theorem G.20. We consider the following class of two-layer MDP, where §; =
{s1}, S» = {s2}, and the action space to be A = {a;,a>}. The transition models T are
identical across the class, and have the following form:

T<S2 ’ sl,ai) = 1, Vi € {1,2}
The reward class is defined as R = {R!, R?}, where

R'(s1,a1) = R'(s1,a2) = 0.20, R'(sy,a1) = 0.20, R'(sy,ay) = 0.19,
and R%*(sy,a1) = R*(s1,as) = 0.00, R*(sy,a;) =0.38, R?*(sy,ay) = 0.39.

The Q-function class Q is defined as @ = {Q", Q% Q*, Q*}, which takes value in table G.1
respectively. Notice that in all possible reward models and @Q-functions, the values at (s1,aq)

Table G.1: Value of Q, Q?, Q3, Q*
(s1,01) | (s1,a2) | (s2,01) | (52,02
Q' 0.40 0.40 0.20 0.19
Q*| 020 0.20 0.20 0.19
Q> 0.59 0.59 0.38 0.39
Q' 0.39 0.39 0.38 0.39

and at (s1,az) are the same. In the following, when without ambiguity we simply use R(s)
to denote R(s1,a;) and R(sy,as2), and use Q(s1) to denote Q(sy,a1) and Q(s2, az).

We further suppose the ground truth model reward satisfies R = R!, then we can
verify that the optimal Q-function is Q. It is easy to verify that sets Q and R satisfy
the completeness assumption. Hence, sets Q and R satisfy the realizability assumption
Theorem 8.2 and the completeness assumption Theorem 8.4 with G = O.

To see why this is a hard-case for GOLF type algorithms, we first notice that for any
trajectory 7 = (s1, @y, $2, Go) with outcome reward r = R'(s1,a1) + RY(sq, @) collected by
the algorithm, we always have

r = RQ(Sl) + RQ(SQ, CNLQ)

Hence as long as D does not contain state-action pair (s, a1), when fitting the reward function
using the following ERM oracle:

R = argmin Z (r(t) —r)?,

ReR
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the reward model R? always achieves the minimum. In the worst case, we assume the fitted
reward models encountered by the learner at such rounds are always R?.

In the following, we verify that by running the GOLF algorithm, the learner will not
encounter the state-action pair (sg,a;) at any round. We notice that the optimal policies of
Q? and Q* all take ay at state s9, and also that

Q*(s1) > Q'(s1) and Q*(s1) > Q*(s1).

Hence, to verify that the algorithm never chooses a; at state so, we only need to verify that
if either Q! or Q? belongs to the confidence set, then Q? also belongs to the confidence set.

When the learner collects a new trajectory, two new pieces of data will be added to the
dataset D. If the trajectory does not pass through the state-action pair (sq,a;), these two
pieces of data will be in the following form:

(517a17R2(51))7 (8270/27R2(S2aa‘2>> or (817a27R2(81))7 (827a27R2(827a2))'

No matter which one of these two, we have the following inequality for the sum of squared
Bellman error across these two pieces of data

E(QYH? + &(QY? = 0.207 + 0.20% > 0.20% = £(Q*)* + &£(Q?)?,
E1(Q%)? + E(Q%)* = 0.01° +0.282 > 0.20° = £1(Q°)* + &(Q%)*.

According to the construction of the confidence set, if either Q' or ) belongs to the confidence
set, then QQ® belongs to the confidence set as well.

Therefore, no matter how many rounds the algorithm runs, the optimistic policy always
takes action ao at state so. Hence the average policy 7 also takes ay at s», which implies that

J(r) — J(®) > 0.01.

G.6.2 Proof of Theorem 8.11

Fix a parameter € € (0,1) and N < (2_1€)d/2. Then, by the standard packing argument over
sphere [see e.g., 207|, there exists a set © = {6;,--- ,0x} C S such that

16; — 0,]| > V/2e, Vi # j.

This implies (6;,6;) <1 — ¢ for any i # j.

Construction In the following, we set b = 1 — ¢, and construct state space S as
S=5US,, S = {s1}, S, =0,
and let action space A = ©. The initial state is always s;, and we define the transition T as
T(sg=0|s1,a=0)=1, Vo € O,

i.e., taking action a = 6 at s; transits to sy = 6 deterministically.
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Reward functions For any v € O, we define the reward model R" as follows:

Ri(s,a) = % [ReLU({a,v) — b) + (a,v) + 1] € [0, 1], Va € O,
Ri(s,q) = % 1= (s,0)] € [0, 1], Vs € ©.

Note that we can write g1(x) = 5 [ReLU(z — b) + x + 1], go(x) = 5%, and then g, is a linear
function, and

1 2
glfv—yl < lgi(z) — g2(y)| < glx—yl, Vz,y € R.

Hence, g, and g» are (well-conditioned) generalized linear functions, and hence R} and R}
are both (well-conditioned) d-dimensional generalized linear functions.

We let M be the MDP with transition T and mean reward function R, and M = {M" :
v € O} be the corresponding class of MDPs. We next show that M can be learned with
polynomial process-based samples, but cannot be learned with polynomial outcome-based
samples.

Exponential Lower Bound for Outcome-Based Setting When executing a policy 7
in MDP M", we have a1 = m1(s1), S2 = a1, and as = m(s3), and the data (794, R) observed
are in the following form of trajectory together outcome-based rewards:

1 2
Tr = (317 ai, S2, GQ), R’Tﬂ- ~ Bern (gReLU((CLb ’U> — b) —+ g) ,

where 7,; is a deterministic function of 7. In the following, we denote a, = m;(s1), and then
E[R|7] = 1ReLU({(ar,v) — b) + 1. Further, under M",

2 €
J(m) = 3 + 3]1{(1,r =},
and in particular, J(7*) = % + 5. Therefore, for any policy =, it is (¢/3)-optimal under M"
only when a, = v. Hence, we can apply the standard lower bound argument for multi-arm
bandits [see e.g., 184| to show that: If there any T-round algorithm that returns an (£/3)-
optimal policy with probability at least % for any MDP M" € M, then it must hold that
T > cg (where ¢ > 0 is an absolute constant). Setting ¢ = % completes the proof of the

lower bound. O

Polynomial Upper Bound with Process-Based Samples Notice that for fixed v € O,
under M" € M, we have

e 1
=3 [1—T{ar =v}] = 3 [(v, v) = {ar, v)].

Thus, for any 6 € O, we define ¢ as 7{(s) = 7§ (s) = 6 for Vs € S. Then it holds that under
M’U

J(m*) = J(m)

Y

1
E|:-R
e

w"} = %(0,1}).
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Therefore, given access to process reward feedback, we can reduce learning M to learning
a class of linear bandits. Hence, for any a > 0, with process reward feedback, there are
algorithms that returns an a-optimal policy with high probability, using 7' < O (d*/a?)
episodes with process rewards [see e.g., 233]. ]
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