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ABSTRACT

We study the ability of transformers to perform In Context Learning (ICL) in the set-
ting of Empirical Bayes for the Poison Model. On the theoretical side, we demonstrate
the expressibility of transformers by formulating a way to approximate the Robbins esti-
mator, the first empirical Bayes estimator for the Poisson model. On the empirical side,
we show that transformers pre-trained on synthetic data can generalize to unseen prior and
sequence lengths, outperforming existing methods like Robbins, NPMLE, and ERM mono-
tone in efficiency and accuracy. By studying the internal behavior of the representations of
the intermediate layers of these transformers, we found that the representation converges
quickly and smoothly over the layers. We also demonstrate that it’s unlikely transformers
are implementing Robbin’s or NPMLE estimators in context.
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Chapter 1

Introduction

Transformers were introduced in 2017 [1] as a more efficient alternative to recurrence-based
natural language processing structures like LSTMs. The efficiency comes from replacing the
recursive structure, with an attention mechanism and positional encoding. Getting rid of
the recursive structure allows for more parallelism in processing data, which in turn allows
language models to grow into the Large Language Models (LLMs) we know today. It also
helps improve the model’s ability to connect tokens that are far apart.

One exciting fact about LLMs is their ability to combine knowledge from text they trained
on with patterns extrapolated from a few examples. This is known as In Context Learning
(ICL) [2]. ICL can allow us to use prompts to guide LLMS to do a specific task for us based
on the knowledge they obtained, without having to retrain them. This is believed to be
useful in two ways:

e it avoids the cost of curating many examples to train models on specific tasks like
sentiment analysis, a few examples would suffice instead

e [t allows the models to learn from richer data which could make them more powerful

This phenomenon is believed to be at the heart of what makes transformers so effective,
and it has been a hot research topic. Many works attempt to understand in context learning
by analyzing its behavior on linear regression. These include [3], [4] and [5]. We start a
new line of research that studies this phenomenon by analyzing it in the setting of Empirical
Bayes (EB).

Empirical Bayes is a classical statical approach, where instead of assuming a specific prior,
only the existence of a prior is used to derive new estimators. Especially in independent
decision problems, where collective performance is the objective.

Empirical Bayes has also received increased attention lately. On the one hand, EB
techniques have been increasingly used in economics [6]. Particularly in value-added studies,
which tend to involve multiple parallel estimation problems for many similar units (such as
the effect of different schools on a graduate’s income). On the other hand, several theoretical
breakthroughs were recently made in the EB problems of estimating the parameters of several
Poison distributions. Including proving the asymptotic optimality of certain estimators,
theocratically optimal estimators with desirable practical properties, and more tractable
methods form multidimensional data. [7] [8] [9]
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We believe that EB is a good problem to study in context learLearning in transformers
for the following reasons:

1. Empirical Bayes operates on multiple independent tokens; unlike the pairs in linear
regression. This simplifies the model as it removes the need for positional encoding
and helps us focus on how tokens interact with each other in the attention mechanism.

2. Empirical Bayes Estimators exhibit a shrinkage effect. Recent work has shown that
the attention mechanism tends to cluster tokens [10]

3. Unlike linear regression, there is no known practical closed form. Hence, transformers
could offer a favorable mix of efficiency and accuracy, especially in high-dimensional
settings.

4. Previous work on in context linear regression suggests that transformer-based models
appear to implement a Bayesian algorithm that depends on the distribution of the data
[4]. Further suggesting that they might be good empirical Bayes estimators.

14



Chapter 2

In Context Learning (ICL)

2.1 A Brief Introduction to ICL

In Context, Learning refers to a model’s ability to learn how to perform a task from a few
examples in its input, without updating its weights. This phenomenon got a lot of interest
in the machine learning community after [11] demonstrated that GPT-3, which was much
larger than contemporary models in both the number of parameters and size of the training
dataset, was able to outperform state of the art models fine-tuned or trained specifically for
a certain task, by getting a small number of examples of the task added to the input.

Interest in ICL led to interest in crafting the right "context", by giving models a prompt
to elicit the desired behaviors. They include trying to guide the LLM by asking it to "think
step by step" [12], as well as embedding based techniques such as Retrieval Augmented
Generation where indexed data is queried for relevant information to add to the context
[13].

The Success of LLMs and ICL prompted many works that apply them to problems beyond
NLP. For example [14] managed to use off-the-shelf text-only LLMs to directly predict robot
actions through ICL without training, and [15] managed to use an LLM as a robot controller
in a feedback loop. Additionally, many works such as [16] attempt to bring ICL to multi-
modal problems.

2.2 Transformer Based Models

Transformer based models discussed for the rest of this document have the structure de-
scribed in 2.1. They start with an encoder that independently maps each token into a vector
and optionally adds a positional encoding to it. Then they have a series of transformer
layers, and they finally end with a decoder that operates independently on the embeddings,
mapping the embedding associated with each input to an output.

The Structure of the Transformer Layer

As noted in 2.1, each transformer layer starts with a Multihead Attention with a skip con-
nection and a normalization layer. Followed by a Multilayer Perception (MLP), with another
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Figure 2.1: Transformer Based Models

skip connection and a normalization layer.

2.3 Literature Review of In Context Linear Regression

Many works try to improve our understanding of ICL by studying how transformer based
models solve linear regression in context [3], [4], [5]. The structure of the problem is illus-
trated in 2.2. The parameters of the models 6 are trained with the following objective for
some distributions p(z) over R™ and p(f) over linear functions of R" = R' :

mein E (@) E (f (1) —T9($17f(951)7$2,f($2)~~95i))2 (2.1)
x1,...Tn~p(x -

f~p(f) 1<izn
In the following we highlight the different kinds of results these works have produced to

guide our work on empirical Bayes.
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2.3.1 Theoretical Results

It is known that transformer based models are universal learners. For example [17] shows that
there’s a transformer based network that can learn any continuous permutation equivariant
sequence-to-sequence functions with compact support up to any desired degree of precision.
This implies that there’s a transformer based approximation of empirical Bayes. It also
proves that if we allow the incorporation of a trainable positional encoding, transformers
approximate sequence to sequence functions, which implies the transformer based models
can learn linear regression. However, the constructions in these papers tend to depend on
very deep models.

Works that focus on ICL for linear regression try to understand the number of layers
needed. For example [3] provides a list of primitive operations that can each be implemented
with a single layer, then proves that these operations can be used to implement a single
iteration of SGD on linear regression with a constant number of layers, and O(d) hidden
space (where d is the dimension of the linear regression problem). It is then proved that
transformers can implement a closed formula of linear regression with a constant number of
layers and O(d?) hidden dimension. [5] Uses the same set of primitive operations to prove
that transformer based models can implement £ iterations of Newton’s algorithms in k£ + 8
layers O(d) dimensions.

2.3.2 Empirical Observations

Some of the main experiments are classified in [3], [4], [5] and summarized below. Note that
there are minor differences between them, for example in the kind of attention used (causal
or not). However, I focus on the experiment designs and the results they yield to guide our
experiments.

Distribution Shifts

To check the robustness of the algorithm the transformers learned in context, [4] trains a
model on noise-free linear data, where weights are sampled from an Isotropic Gaussian. Then
evaluate it on the following changes to the distribution:

17



e Skewed Weights: when the weights are sampled from a non-isotropic Gaussian, MSE
seems to plateau even when there are enough samples to fully determine the problem.
However, it still outperforms 3-nearest neighbors.

¢ Adding Noise: model closely tracks least-square estimators, even exhibiting a double
descent behavior

e Different Orthans: Restricting the sign of each of the weights in the training data
did not seem to significantly affect generalization.

Probing Intermediate Activations for Quantities Used in Regression Algorithms

[3] Uses probes to decide whether the activations of the transformer encode quantities that
are used in well-known linear regression algorithms. Particularly, the weights implied by the
input and the second moments.

e Two Layer MLP outperforms linear probe even outside the training sample, suggesting
that the representation is non-linear.

e For the first few layers, the performance is poor even for the non-linear probe. However,
in the deeper layer, the probe performs well. Suggesting that the model indeed tries
to encode these quantities in its weights.

Correlating Predictions with different algorithms

The following three experiments were presented:

e In [3| small transformer based models (16 layers, 8 hidden dimensions) were trained
and evaluated on noiseless data. The correlation of their predictions with different
methods was evaluated, and they match OLS most closely.

e In [3] small transformer based models (16 layers, 8 hidden dimensions) were trained and
evaluated on noisy datasets while controlling for noise and prior variance levels. The
transformer’s predictions seemed to closely match ridge regression whose regularization
parameters are consistent with the signal to noise ratio.

e In [5] a decoder is trained for each layer in the model. The decoder has the same
architecture as the model’s decoder and is trained to predict the target u from the
activations of the layer. The outputs of these decoders are viewed as the results of
steps in an iterative algorithm. Their error is plotted as a function of the number
of steps and is shown to have a trend that is more similar to Newton than Gradient
Descent. They then proceed to correlate the outputs of each layer with the output
of each step from Newton and SGD. They found a linear trend between Newton and
transformer layers and their best matching Newton step, and exponential pattern for
the matching Gradient Descent step.

18



Confirming that certain properties hold

Several works tried to match their results with known properties of the model they are
studying.

e In [4] they check linearity by computing the gradient of the prediction with respect to
the unlabeled x, as well as visualize changing the unlabeled z in a random direction.

e In [5] a The convergence of transformers on ill-conditioned priors is examined, and
it’s shown that it shows a logarithmic trend as a function of curvature. This stands
in contrast with the conjecture that the convergence linear methods such as gradient
descent exhibit at least polynomial dependence on curvature and further supports the
claim that transformer layers behave like second-order optimization methods.
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Chapter 3

Empirical Bayes Literature Review

3.1 Definitions and Key Theoretical Results

3.1.1 Description and Famous application

Empirical Bayes refers to techniques that use a Bayesian estimate for the desired quantity,
that is it estimates a conditional mean. However, instead of the prior being assumed as is
typical in Bayesian methods, relevant aspects of the prior are learned from the data. Hence
combining Frequentist and Bayesian perspectives. We refer readers not familiar with it to
[18] for a broader exploration of classical applications of this method.

More recently, empirical Bayes based methods were powerful tools for large-scale inference
and hypothesis testing [19], estimating genetic effect sizes in genetic association studies [20]
and applied econometrics [6].

3.1.2 Bayes Estimator for the Poison Model

In this work, we focus on empirical Bayes for the one-dimensional Poison setting. The

Problem was first studied in [21]. In this case we are given x ...z, : z; ~ Poi(f;), that is

P(z = il§) = %% and s are sampled from some unknown prior 6; ~ 7. We wish to find

R . N\ 2

0 ...0, such that the expected risk E, { > <9i — 9i> } is as small as possible. If we knew
1<i<n

7, denoting f(x) = P(X = x|n) the optimal estimator would be:

. [oe % fe(z+1)

()= B X =)= § St = )7 (3.1)
Based on this formula, two flavors of empirical Bayes are popular in the literature:

1. f~-modeling: Approximate the marginal density f, directly, then apply 3.1. For ex-
ample 3.2.1

2. G-modeling: First obtain an estimate 7 of m from z;...x,,then apply 3.1. For
example 3.2.3 and For example 3.2.2

21



3.1.3 Regret Lower Bound

No Empirical Bayes method can outperform 3.1. As such, we are typically interested in how
much extra error these methods have. This quantity is known as regret, for an estimator f

it is defined as:
ﬂ _E [(éw(x) _ 9)2} (3.2)

2
In [7] it was shown that Regret for compact priors scales as 6 <( logn ) >, and as

TotRegret, (1) = E [ Fl@y.. . zn) —(61...6,)

loglogn

Q(log3 n) for sub-exponential priors. Based on this, we compare our transformers only to
methods that are known to achieve these bounds.

3.1.4 Worst Priors and Golden Standard Estimators

Definition 3.1 (Worst-case prior). Let A be a compact subset of R. Then the worst-case
prior m 4 is defined as
A = Argmazc ammse(m)

A sample distribution of the worst-case prior on [0, 50] is illustrated in Figure 1 of [8].

One motivation for using the worst case prior is that the Bayes estimator is that it is
minimax-optimal for priors supported on A, making it a “gold standard” estimator.

A concrete statement can be found in the following lemma.

Lemma 3.2. Let 0, be the Bayes estimator to a prior w. and let A be any compact subset
of the reals. Then the least favorable prior m 4 of A satisfies the following:

MSE(;G(HA,U’A) < mmse(m 4),V0 € A

and equality holds whenever 6 € Supp(m 4).
Proof of 3.2. We consider the prior m. = (1—€)m-+edg, for some 6y € A. Then 2mmse(r.)|=o <

0 with equality if 6y € supp(m_4). Consider, now, the following form:
mmse(7) = E[0?] — Ex[E[9|X]?] = E[0?] — Ex[E[0]|X]?]
=R’ - ex(c)

- m ()

where m.(z) = [ p(x|0)dr(0) and e.(z) = [ Op(x|0)dn(0) are the PMF and posterior mean
of z, respectively.

Now denote eg, (1) = Oop(x|0) and mg,(x) = p(x|6y). Denote also the difference d(x) =
Mg, (¥) — my, (x) and k(z) £ eg,(7) — ex, (). Then

(em () + €k(2))?
M (T) + ed(x)

mmse(m.) = E,, [0°] + €(05 — E,[6°]) — Z

22



which means the derivative when evaluated at 0:
0
0 > &mmse(ﬂe)\ezo

93 _ Eﬂ'! [92] _ Z 2m7r! (x)em(xgﬂi-l('g;).); 677!(:6) d(l’)
= 98 _ Z 2m7f! (‘x)em(x)e@o(x) — fm ($)2m90(:6)

a M, (2)2
— mmse(m)

=03 =2 egy(7) Ti:((?) + 2 mao(a) (:;((xx))>
— mmse(m)

= mseg, (fr1) — mmse(m)

where the last equality follows from that :;' ((2;)) = fm(7). O

Corollary 3.3. For any compact subset A of the reals, we have

' E[(O(X) — §)?] = |
min_max, [(0(X) — 0)7] = mmse(m 4)

achieved by the Bayes estimator fr, , of the least favourable prior, m 4.

Proof. From 3.2, we have MSEF(QAm,A) < mmse(m) for any m € P(A). Therefore:

min max E[(0(X) — )% < mmse(m)
§ mwEP(A)
by taking 0 = éﬁm. Now, for any 6, we have E,THA[(HA(X) — 0)?] > mmse(m). Therefore the
conclusion follows. O

However, this estimator fr 4 does not leverage the low-MMSE nature of some prior,
leading to suboptimal regret produced by fr1 4.

3.2 Regret Optimal Poison Estimators

3.2.1 Robbins

Robbin’s is an intuitive f-modeling estimator, it depends on the fact that for a sufficiently
large number of observations n. we have N, (x) = nf.(z) , where N,(z) is the number of
times x was observed in the sample. Hence it approximates 3.1 as follows:

érobbinS(:C> = (z+ 1)%(—;)1)

While this meets the asymptotic regret lower bound stated in 3.1.2, it suffers from the
following problems in practice:

(3.3)
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e For large values of z, N, (x) tends to be noisy making the ratio unstable

e If N (x+ 1) = 0 the prediction of 0 which is unreasonable, requiring some practical
adjustments

e It does not retain the monotonicity of Bayes Estimators

3.2.2 NPMLE

Non-parametric maximum likelihood (NPMLE) estimates a none non-parametric prior that
maximizes likelihood under the Poisson mixture.

Tnpmie = ATgMAT H f(xs) (3.4)

i 1<i<n

A Tnpmle +1
Bugmie () = ( + 1)’}—%))

(3.5)

This method was proven regret optimal in [8], and it usually has a good empirical perfor-
mance. It also retains the monotonicity of the Bayesian Method. However, its main drawback
is that it tends to be slow in practice. Making it prohibitively expensive on high-dimensional
or large datasets.

3.2.3 ERM

Unlike f-modeling or g-modeling, erm estimates Oem by solving a suitable empirical risk
minimization problem subject to certain structural constraints satisfied by the Bayesian
oracle. In the case of the Poison model, it solves the following optimization over the class of
monotone functions:

~

Ocrn, = arg}rcninE [f(z) — 2z f(z — 1)]] (3.6)

The target of the optimization is based on the following property of the Baysean Oracle.

E [(éw(x) - 9) 2} —E [éi(x) . 29}@:)9} +E[0?] =E [ég(x) — %0, (x — 1)95] +E[6?] (3.7)

In 9] it is proved that these properties uniquely define 0o, and it is also proved that this
estimator is regret optimal. An isotonic regression based algorithm for doing the optimization
is provided, and it’s shown to be more efficient than NPMLE while retaining its desirable
practical properties.
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Chapter 4

Proposed Transformer Based Empirical
Bayes Estimator

4.1 Problem Setting

Let P(]0, Omax]) be a set priors supported on [0, O,,.«], and let fp be a distribution over those
priors. As depicted i 4.1, each transformers model T is trained to predict 6 ...6, ~ fp from
X1 ...%n, and is trying to mimize the following loss function:

E  (lIT@) - o] (4.1)

xi~Poi(6;)

We use fp instead of a single prior to prevent the model from overfitting to a specific
prior. We chose 6,,,, = 50, and n = 512 (sequence length) in the training process. We
discuss our choice of fp in 4.3

9888 - @

Transformer Model Based In
Context Empirical Bayes

, S, T W, y
""""

Figure 4.1: In Context Empirical Bayes Problem Structure. The goal is to predict 6 ...60,
given xi ...x, such that z; ~ 6;
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Figure 4.2: Chosen Transformer Model Architecture with layers L = 2k. The first half of
the layers share all weights except for normalization, and so does the second half.

4.2 Architecture Description

We chose a simple linear encoder, we also use a simple decoder comprised of a linear layer
followed by GeLU activation. We add GeL U since Empirical Bayes output should be positive.
Additionally, to avoid making our models too big we focus on models that have two distinct
layers, each repeated %, these models share all their weights except for normalization layers.
This keeps the number of parameters less than 30k. The intuition behind it is that one
learns the encoding part (input) and the other the decoding part (output). Our intuition is
corroborated in 4. These choices are depicted in 4.2.

Other choices, include our MLPs having two layers and either Ge LU or ReLU activations.
All our intermediate layers have input dimension d, except for the intermediate layer of the
MLP which has input dimension 4d.
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Figure 4.3: Top row shows the distribution of #, the model’s target, for different priors.
The bottom row shows the Poisson mixtures, which are the model’s inputs. We note that
for a single random network, 6 and x appear clustered. For Neural Priors 6 exhibits a few
separated clusters, but they are smeared in x. With Dirichlet # it varies chaotically in a
none-continuous manner, after applying Poison it becomes smoother

4.3 Training Data Distribution

4.3.1 Neural Prior

To sample m ~ fp, we generate four random neural networks, each with two layers. The
input of the first is 4 x 4 dimensional, and the second is 4 x 1 dimensional. Weights are
initialized according to PyTorch’s default, and the activation function is chosen at random
from the list below, while the final activation is always a sigmoid.

GELU, ReLU, SELU,CELU, S:LU, Tanh, TanhShrink.

To sample § ~ 7 we four random numbers in [0, 1], and feed them, through one of the
four random neural networks (chosen uniformly at random). A typical histogram of such a
prior is shown in 4.3

4.3.2 Dirichlet Distribution

We consider a Dirichlet Process, which tends to produce repeated values that are not depen-
dent on the structure of real numbers (not smooth). We take the uniform distribution as our
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base distribution defined as Hy, £ Unif([0, 0,4.]). Within each batch the elements 6y, - - , 0,
are generated as follows:

o _ 0, W.D. ai;il,Vizl,---,j—l
! r~ Hy w.p. #

Where « is a parameter that denotes how ‘close’ we are to iid generation (v = oo essentially
means we have iid). We use a = 50 for a sequence length of 512. Note that the Dirichlet
process implies that our data is not generated iid for each batch. Priors are compared in 4.3

4.4 FEvaluation Metrics

As mentioned in 3.1.3, Empirical Bayes estimators are evaluated by their excess loss over
the Bayes oracle, regret decays quickly for good estimators. Raising a concern, that if we
simply pick the model with the lowest MSE, we might be losing the model’s regret in the
mix due to noise. As such, we consider three alternatives when selecting model parameters.
All three criteria were agreed in our experiments.

4.4.1 MSE paired T-Test

We sample 7y ... 7, ~ fp, then for each prior we sample b different Empirical Bayes esti-
mates. Compute the MSE of each of the two models on each of the batches. Then run a
paired T-Test between the MSES. The Paired test has the advantage of subtracting away the
Bayes Oracle part of MSE. However, it could still be sensitive to its scale, weighing different
priors differently.

4.4.2 Placket-Luce Rank Model for Rank Aggregation

We remedy the sensitivity to scale in the previous test by ranking the models on each test,
then use the Plackett-Luce model to aggregate the rankings. The Plackett-Luce model is
used to rank LLMs on subjective attributes in Chatbot Arena. We estimate the coefficients
of the Placket-Luce model using gradient descent as suggested in [22]|, and provide our
implementation in B.2 .

Recall that the Plackett-Luce model assigns each object = coefficients 3,. Then generates
the order iteratively, selecting the next element from the set of elements that were not selected
yet, S, according to the following equation:

efa

ZxES eﬁz

Note that for this optimization to be convex, no algorithm can strongly dominate the
other rankings. That is, if we draw an edge from algorithm A to algorithm B if there’s a
ranking where A ranks higher than B, then the graph must be strongly connected for the
problem to be convex. This was not always true in our experiments. Hence, our implementa-
tion first breaks this graph into strongly connected components, and then solves the convex

Pla is next | = (4.2)
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problem in each. It uses the additive invariance of the problem (can add a constant to all
ps) to create a gap between the connected components. The gap is larger than twice any of
the gaps that naturally occur to make the separation between components clear.

4.4.3 Regret estimates

We also compute the regret of some transformers. To compute the regret concerning a prior
7, we need to subtract its Bayes Oracle loss from its MSE. Estimating the Bayes Oracle loss
is computationally expensive, so we only do it for a few models depending on the results of
the two metrics above.

4.5 Selected Models

4.5.1 Chosen Training Prior

We note that neural priors appear somewhat smooth. Since real-world data often has outliers,
we look into training on a mixture of neural priors and the Dirichlet Priors. We train our
transformers so that each of the 192 Empirical Bayes instances is sampled from Dirichlet
Prior with probability .5 and from a fixed neural prior with probability .5. We believe that
having both types of priors in each batch helps stabilize the training process.

In the table 4.1 we provide t-stats of networks trained on a mixture against the networks
trained on each prior when evaluated on the prior. Naturally, each model is the best on its
training dataset. However, the table below suggests that transformers trained on the mixture
recover most of the difference in performance between the models if they were evaluated on
each other priors. The effect is clearer in the regret plot below 4.4. This, and our belief that
we need to be able to be robust outliers guided our selection of the mixture.

Table 4.1: Table of regret difference; A — B denotes the difference of regret of transformers
trained on A vs trained on B

’ H Evaluated on Neural | Evaluated on Dirichlet ‘

# lyr || mix — neu | dir — mix || mix — dir | neu — mix
12 0.0038 0.8645 0.0184 0.0379
18 0.0133 1.0647 0.0173 0.0469
24 0.0082 1.0021 0.0202 0.0388

4.5.2 Selected Hyper-parameters

We consider models of 6, 12, 18, 24, and 48 layers, embedding dimension dmodel either 32 or
64, and number of heads in {4, 8, 16, 32}. We fix the number of training epochs to 50k, the
decay rate every 300 epochs to 0.9, and learning rate of 0.02. Among the trained models,
the models are selected based on the mean-squared error evaluated on neural prior-on-prior
and Dirichlet process during inference time. We then arrive at the four models described in
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Figure 4.4: Histogram of regret on neural prior for different estimators. We can see that the
Dirichlet-only models performs poorly, though it still outperforms Robbins and worst prior.
We also see that the performance drop from adding Dirichlet to the training data is small.

4.2, which we will name T18, T24 T18r, and T24r depending on the number of layers, and

there 6,,,, is random. We focus our evaluation on T18, T24.

| Name | Layers | Dmodel | # Heads | O max
T18 18 32 16 50
T24 24 32 8 50
T18r 12 32 16 random [10,150]
T24r 24 32 8 random [10,150]

Table 4.2: The hyperparameters for selected models
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Chapter 5

Expressibility of Transformers

5.1 Setup

In line with 2.3.1, we provide transformer based models that can approximate a variant of
Robbin’s to arbitrary precision. Similar to previous work, we focus on minimizing the number
of transformer layers needed, as there are universal approximation results. To simplify the
exposition, we slightly modify the structure in 2.1 . Though it is possible to provide a similar
result without doing so. Our modifications include removing the normalization layers and
removing the skip connection after MLP. The modified structure is depicted in 5.1

We construct transformers that approximate a variant of Robbins’s estimator called
Clipped Robbins’s defined by the equation below.

min({frob(z),g) 0<z <d

Oro = 5.1
Rb(d,g)(x) {g z>d ( )

5.2 Dimension Inefficient Construction

Theorem 5.1. There is a single layer transformer based model with hiddel dimension d + 2
that can approzimate Orop 4 q(x) to arbitrary precision.

Proof. Encoder
We use the first d dimensions as a one-hot encoding of the input if it’s in [0,d — 1],
otherwise, we propagate its value in the last dimension, as described below.

€s 0<z<d
Encoder(z) = ¢ (0,...,1,{%) z=d (5.2)
(0,...,0, ﬁ) otherwise

Attention
Recall that attention is parametrized by matrices V, K, Q) and produces the following
output. (Where X is a matrix with the embeddings stacked)
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Single Attention Head

w

Transformer
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Figure 5.1: The Structure used for transformer based models that implement clipped Robbins
estimator

Attention(X) = V XSoftmax(XT QT K X/Vd + 2)

We set the parameters as follows, in terms of a large number D >> MaxSequenceLength >

n
D 1=j <d,
-1 0 D++d+2logi 1=7+1<d,
V= | Q=T K= sty (5.3)
0 0 1 1 =7 =d,
0 otherwise.

Let M = Softmax(XTQTKX/+/d + 1) be the matrix of the attention weights.
X; = Xj <d

M ~ { NOHE DN Xi=X;,+1<d
positive X; €10,d— 1]&37]' Z[0,d—1].
0 otherwise

This means that after Attention and the skip connections, The embedding of each token
takes the following form:

1
N(Xj)+()§(g+1)N(Xj+1)

Indexes x;,x;+1
N

(X +1)N(X;+1) —(XADN(X+1)
Attention(Encode(X)); ~ § (0 NXD)+XGHD)N(Xi+1) | N +(X+ D) N(Xi+1) )
(O. ..,0,a, ﬁ) ca>0 otherwise

(5.4)
MLP
First, we project the embedding into the following basis {e; —€;11 }i<aU{€d, €441}, then we
drop the coordinate associated with e4. At this point, the embedding should have coordinates
ORob(d,g)

all 0, except for one that is -

3 =t Hence, if we add up its coordinates and subtract the
Rob(d,g)
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sum from one we should get ——. Note that this is a linear transform and can be

Oron(a.g)+1~
combined into one linear layer. .

To produce the output, we need to compute the continuous compact function f : [0, 1] —

[0, g:
f(:v):{g_l T

g otherwise

Since it’s continuous and compact, it can be approximated up to arbitrary precision by
an MLP with classical activation functions. Alternatively, we could let the decoder compute
this function, or use it as our activation function.

]

5.3 More Efficient Use of Attention Dimensions

In the mechanistic interoperability literature for LLMs; it is believed that transformers ex-
hibit superposition of features [23]. Where a set of nearly orthogonal vectors is used to
express different concepts. We try to use this concept to use attention dimensions more
efficiently.

Theorem 5.2. There is a single-layer transformer based model with hidden attention di-
mension O(logd), that can approzimate Orop.a4(x) to arbitrary precision.

proof sketch. New Encoder
We replace the vectors eg . .. eg with nearly orthogonal vectorns og dyse, — 1 dimensions,
we call them €, . . . &4, we replace e4, 1 with é4,,, —1 (which is orthogonal to all other vectors).
The encoder assigns each number the same linear combination of corresponding vectors as
before. Note the following;:
o {e i
€€ = . .
1 1=y

éi . édattn_l = 0Vi < dattn —1

log d
2

)

Additionally, note that by the Johnson Linderstraus lemma, we can set dyy, = O(
New Attention Parameters
Then we change K in the attention mechanism to the following matrix.

K=oyl v > einiél <D +i/dogn + 1) + 3 Déel (5.5)

0<i<d—1 0<i<d

We can verify the products of the form Encode(z;)" K Encode(x;) are approximately the
same as before. Hence, our input to the MLP is approximately the same linear combination
of the encoding of different numbers, and if we can recover it with a few MLP layers the rest
can stay the same.

New MLP Parameters
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Since the dot products are almost 0, we simply add a single layer whose weights project
on each of the vectors €y, ...e4_1, as well as eq,,,,. This d+ 1 dimensional vector should look
approximately equal to last time, and we can use the rest of the layer as is. (It is also possible
to use a combination of ReLLU and linear layers to reduce the noise level after projecting ).C]

5.4 Transformers Can Get Arbitrary close to asymptot-
ically Regret Optimal

Theorem 5.3. For any € > 0, there exists N and a single layer transformer network I' such
that for all n > N, the minimazx regret of (X1, -+, X,,) on prior m € P([0, Onax]) satisfies

sup  Regret(T'( Xy, -+, X)) <e€
7E€P([0,0max])

Proof. Choose d such that P[X > d] < @, and g = 0,,,, Note that there exists an N
such that for n > N, The Robbins estimator [24] enjoy a minimax regret bounded by ¢ over
the class P([0, Omax]). Now, by the previous theorem, there exists a single layer transformers
model I' that can approximate either Robbins to \/g precision uniformly for inputs up to d.

Then we have

Regret(I') < 2(Regret(d) + E[(6 — I')?))
2

(5 + Bl = T(X))Haxd + Elf0oxsd)

IN

6+6+6
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Chapter 6

Evaluation

6.1 Out of Distribution Synthetic Evaluation

6.1.1 Changing The Sequence Length

In this experiment, we evaluate the ability of transformers to adapt to different sequence
lengths, both fewer than and more than what is trained. For each sequence length in 128,
256, 512, 1024, and 2048 we generate 4092 random neural priors as described in 4.3.1, then
generate batches of 192 instances of the desired sequence length from each. We report the
average regret over the 4096 priors in 6.1.

Model
— NPMLE

T18

14 — T24

16

12
10
08
06
04 \

02 \—\‘\__

250 500 750 1000 1250 1500 1750 2000
seqlen

Figure 6.1: Regret vs sequence length. The regret decreases for both transformers as the
sequence length increases, showing that they do have the ability to generalize. We neverthe-
less note that NPMLE has a better generalization ability, as shown by the regret at sequence
length 2048 as compared to smaller sequences. In comparison, the average regret for ERM
monotone is 11.20, 8.19, 5.58, 3.66, 2.36 for the various sequence lengths, while the average
regret for MLE and worst prior Bayes stays constant at 14.816 and 14.658, respectively

6.1.2 Unseen priors: Worst Prior

Our transformers are trained on a mixture of neural and Dirichlet priors. Here, we consider
their performances on the worst case prior in P([0,50]), explained in 3.1.4. Similar to the
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previous section, we also vary the sequence length. The number of batches we use in this
prior is 786k for sequence length n = 128,256, 512, 393k for n = 1024, and 197k for n = 2048.
We report the estimated regret in 6.2

Model
—— NPMLE

T18

2.0 — T24

15

1.0

0s k

\

250 500 750 1000 1250 1500 1750 2000
seglen

Figure 6.2: Worst Prior Seqlen Regret of various transformers on worst prior as compared
to NPMLE. Again, transformers show the ability to generalize to longer sequence lengths,
although for longer sequences NPMLE generalizes better. In comparison, this is already
better than ERM-monotone’s regret at 12.79, 9.80, 6.99, 4.81, and 3.256421 across the 5
sequence lengths, while MLE’s regret stays at 11.73.

6.1.3 Cost of being robust to Support

To make our transformers more robust to changes in the support of the prior, we propose
sampling 6,,,, from the following mixture.

3 1 1
Ormax ~ ZN (0,50,10%) + gExp(50) + éCauchy(5o, 10)

and clamped at [10,150]. Then, for the two sets of transformers, we evaluate them on
4096 neural prior-on-priors, using the default sequence length = 512 and 192 batches for
each prior. We report the distribution of regrets in 6.3 that demonstrates that transformers
trained with randomized 6,,,, see a small deterioration in regret, nonetheless still outperform
NPMLE in regret minimization.
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Figure 6.3: Training on a randomized 6., increases mean regret by 18.5% and 23.4% for
the transformers with 18 and 24 layers, respectively, when compared against transformers
that learn the true 6, during training. The corresponding t-stat are 32.99 and 36.16.

6.1.4 Summary of Synthetic Evaluation

Table 6.1: Plackett-Luce Rankings on Synthetic Experiments

EXPERIMENTS GS RosBiNs ERM NPMLE TI18 T24

NEURAL-128 -0.003  -3.196 0.965 4.310 7.497 7.696
NEURAL-256 -0.023  -3.090 1.678 4.885 7.624 8.002
NEURAL-512* -0.044 -3.016 2.421 5.534 7.646 8.084
NEURAL-1024 -0.066  -2.930 3.032 6.197 7.579 T7.983
NEURAL-2048 -0.092 -2.813 3.430 6.806 7.455 7.816
WP-128 - -4.925  -2.434 2.476 7.416 4.945
WP-256 - -2.470 2.470 4.943 9.878 T7.412
WP-512 - -2.466 2.463 4.924 9.842 7.385
WP-1024 - -2.738 2.735 8.543 8.664 5.476
WP-2048 - -2.468 2.470 9.863 7.405 4.938
MULTN-512 0.505 -2.664 2.239 4.877 9.686 7.339
MuULTN-1024 0.463 -2.635 3.328 5.764 9.615 8.240
MULTN-2048 0.471 -2.728 3.432 5.963 8.971 8.811
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Table 6.2: T-stat of T18 against classical algorithms (positive = improvement)

EXPERIMENTS MLE GS ROBBINS ERM NPMLE

NEURAL-128 96.859  157.656 151.200 134.131  159.608
NEURAL-256 98.918  162.630 161.487  163.570 135.429
NEURAL-512*  100.009 165.198 179.252  188.449 88.431
NEURAL-1024  100.559 166.455 195.615  207.876 35.623
NEURAL-2048 100.819 167.038 206.403  218.789 -2.233

WP-128 2333.931 - 4497.921 2358.189 726.271
WP-256 2984.407 - 3628.320 2518.225 631.805
WP-512 3491.789 - 3401.316 1941.935 401.003
WP-1024 2582.811 - 2359.364 1918.689 3.193

WP-2048 1938.137 - 1690.330 1446.296 -316.804

MULTN-512 920.850 893.271 2272.100 2614.887 329.538
MuLTN-1024 933.207 903.482 2524.041 3057.655 248.420
MULTN-2048 932.016 912.076 2186.958 2470.924 773.466

Table 6.3: T-stat of T24 against classical algorithms (positive = improvement)

EXPERIMENTS MLE GS ROBBINS ERM NPMLE

NEURAL-128 96.979  157.212 151.218 134.445 171.786
NEURAL-256 99.013 162.393 161.503 163.939 145.136
NEURAL-512*  100.075 165.063 179.265  188.733 94.223
NEURAL-1024  100.604 166.374 195.619  207.913 39.106
NEURAL-2048 100.852 166.984 206.386  218.436 0.605

WP-128 2300.725 - 4497.084 2312.319 642.975
WP-256 2945.563 - 3627.207 2467.594 501.248
WP-512 3452.230 - 3399.734 1905.039 194.181
WP-1024 2557.278 - 2357.378 1859.728 -238.874
WP-2048 1918.384 - 1687.892 1381.589 -583.587

MULTN-512 920.237 893.098 2272.033 2613.866 327.396
MuLTN-1024 933.200 903.982 2523.892 3055.446 247.394
MULTN-2048 932.490 912.951 2186.828 2471.843 796.633

6.2 Runtime

To illustrate the advantages of transformers in comparison with NPMLE, we evaluate their
inference time. We do so using 4096 neural prior-on-priors, where for each prior we consider
the time needed to estimate the hidden parameter of 192 batches and sequence length 128,
256, 512, 1024, and 2048. Each program is given 2 Nvidia Volta V100 GPUs and 40 CPUs for
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computation. The results are tabulated at 6.4, where we see that the transformers’ runtime
is comparable to that of ERM’s.

Model

250 500 750 1000 1250 1500 1750 2000
seglen

Figure 6.4: Time vs sequence length (labels in the form of (layers, model dimension, head),
showing that the inference time of transformers is comparable with that of ERM. We nev-
ertheless qualify this finding by noting that there seems to be a running time that scales
super-linearly with sequence length. For comparison, the running time of NPMLE for se-
quence lengths 128, 256, 512, 1024, and 2048 are 41.69, 67.70, 109.81, 175.72, and 289.79
seconds, respectively, which indicates that transformers are 2 orders of magnitudes faster
than NPMLE given the GPU.

6.3 Evaluation on Real Data

In this section, we demonstrate that transformers that are pre-trained only on synthetic data
perform well on real datasets without re-training on any part of the dataset. Since we do
not have access to the prior in-read data, We use the following experimental setup:

Given a countable attribute (eg: the number of goals by a specific soccer player). We
let X be the count of the attribute in the initial section of the data, and Y be the count
of the attribute in the remaining section. We evaluate how well different Empirical Bayes
methods can predict Y, as we expect estimators that predict the correct conditional hidden
parameter to better predict Y = 6(X).

We focus on two types of datasets: Sports and word frequency. We start by describing
the datasets that we study and then tabulate the results at the end.

6.3.1 Sports datasets

Here, X and Y are the number of goals scored by a player within disjoint and consecutive
time frames, and 6 represents the innate ability of the given player. We will consider two
datasets: National Hockey League (NHL) and Major League Baseball (MLB).

National Hockey League (NHL) dataset

. We proceed in the same spirit as [25], Section 5.2, and study the data on total number
of goals scored by each player in the National Hockey League for 29 years: The first was
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the 1989-1990 season and the last is the 2018-2019 season (2004-2005 season was canceled).
The data is obtained from https://www.hockey-reference.com/, and we focus on the skater’s
statistics. Here, given the number of goals a player scored in season j, we wish to predict
the same for season j + 1 (thus the input and label sets are the number of goals a player
scored in consecutive seasons). Apart from fitting the statistics for all players at once, we
also study what happens if we only fit the number of goals scored by players of a particular
position. There are three positions of interest: defender, center, and winger.

Major League Baseball (MLB)

. The dataset is publicly available at https://www.retrosheet.org/game.htm, processed by
https://github.com/Zmalski/NHL- API-Reference. Similar to the hockey dataset, we are in-
terested in the hitting count of each player. However, rather than between-season prediction,
we do in-season prediction. That is, we take X as the number of goals scored by a player
in the beginning portion of the season and Y in the rest of the season. For batting and
pitching players (which we fit separately), we use X as the goals in the first % and first % of

the season, respectively. In other words: here we will predict ¥ = 46(X) and Y = 50(X) for
each of the respective cases.

6.3.2 Word frequency datasets

In this setting, we model the alphabet of tokens as M categorical objects A = {A;,--- , Ay}
Given n samples from these objects, denote X1, --- , Xj; the frequency of the samples. We
want to predict the following: if we are to observe ¢ more samples (¢t known), and let
Y1, .-+, Yy be the frequency in the next ¢t samples. We are interested in minimizing the
mean square error of Z(ffz —Y;)? where f/l is our predicted next frequencies of A;.

To do so, we model as follows: consider pi,---,py as the “inherent” probability distri-
bution over M (or proportion in a population), so Zf\il p; = 1. In our empirical Bayes

setting, suppose also that there is an unknown 7 such that p; <o (in this case we won'’t
have > p; = 1, but should be "close enough" when M big; all we need is just E[r] = 7).
Now the frequency X; ~ Binom(n,p;). Given that n, M are big (hence each 6; are likely to
be small), we may instead approximate these as X; ~ Poi(np;). Thus we may use empirical

Bayes method to estimate 6; based on the frequencies X1, - - - , X/, and then predict Y; = t6;.

BookcorpusOpen

This is a well-known large-scale text dataset, originally collected and analyzed by [26].
Here, we use the BookcorpusOpen, hosted on websites like https://huggingface.co/datasets/
lucadiliello/bookcorpusopen. This version of the dataset contains 17868 books in English;
we discard 3 of the books that are too short (< 2000 tokens) and 5 other books where
NPMLE incurs out-of-memory error. To curate the dataset, we first tokenize the text us-
ing scikit-learn’s CountVectorizer with English stopwords removed, which results in around
10000 tokens. For each book, the input set comprises the beginning section containing ap-
proximately 2000 tokens, while the label set is the remainder of the book. Then for each
word, X and Y are the frequency of each word within the input and label set, respectively.
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https://github.com/Zmalski/NHL-API-Reference
https://huggingface.co/datasets/lucadiliello/bookcorpusopen
https://huggingface.co/datasets/lucadiliello/bookcorpusopen

We will then use the prediction ¥ = ¢ - é(X ) where c is the ratio of several sentences in the
label to input.

6.3.3 Result Summary

We use the RMSE of each dataset item as our main evaluation metric. Specifically, for each
dataset, we will compute the RMSE incurred by each estimator. We then compare them
using the following guidelines.

Comparison against MLE. We consider the ratio of RMSE of each estimator against
the MLE, and ask, “how much improvement did we achieve against the MLE” by looking at
the average of the ratio.

Relative ranking. We use the Plackett-Luce rank aggregation system described in 4

Significance of improvement. We will also consider whether one improvement is
significant by looking at the t-stats of the RMSE. Our findings are tabulated below.

Transformers significantly outperform other methods across the board. With deeper (24
layers) one performs better on all datasets except for NHL, where the 18-layer one performs
better. See results summary below 6.4 6.5 6.6.
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Table 6.4: Relative Improvement of each algorithm over MLE in MAE metric, 95% confidence

interval.

Dataset Robbins

ERM

NPMLE

Transformers18

Transformers24

Hockey (all)
Hockey (defender)
Hockey (center)
Hockey (winger)

-0.2014 + 0.0444
-0.1338 + 0.0424
-0.4143 + 0.0921
-0.3243 = 0.0723

-0.0020 £ 0.0060
0.0144 + 0.0116
-0.0065 + 0.0086
-0.0012 £ 0.0078

0.0090 + 0.0058

0.0326 £ 0.0107
0.0226 £ 0.0082
0.0143 £ 0.0063

0.0076 £ 0.0058
0.0366 + 0.0123
0.0287 + 0.0086

0.0177 £ 0.0067

0.0077 £ 0.0059
0.0362 £ 0.0122
0.0276 £ 0.0086
0.0168 £ 0.0067

Baseball (batting)
Baseball (pitching)
Bookcorpus

—0.2597 £ 0.0381
—0.1674 + 0.0219
0.2805 £ 0.0014

0.0350 £ 0.0032
0.0345 £ 0.0046
0.2953 £ 0.0010

0.0522 £ 0.0036
0.0565 £ 0.0048
0.2974 £ 0.0010

0.0560 + 0.0034
0.0560 +£ 0.0047
0.3170 £+ 0.0015

0.0553 £ 0.0036
0.0570 £ 0.0044
0.2784 £ 0.0015

Table 6.5: Percentage Improvement of each algorithm over MLE in RMSE metric, 95%

confidence interval

DATASET ROBBINS ERM NPMLE TRANSFORMERS18 TRANSFORMERS24
NHL -30.55 = 6.55 1.46 &= 0.65 3.24 £ 0.92 3.51 + 1.01 3.46 + 1.00
MLB (BATTING) -32.80 &+ 5.67 2.50 £ 0.36 4.30 £ 0.41 4.45 4+ 0.37 4.58 + 0.39
MLB (PITCHING) -21.71 £ 2.45 2.51 +£0.31 4.70 £ 0.41 4.89 £+ 0.42 4.95 + 0.38
BoOoOKCORPUSOPEN -4.58 +£ 0.43 9.38 & 0.10 10.82 £ 0.11 10.38 £ 0.18 11.43 + 0.17

Table 6.6: Plackett Luce ELO Ranking Coefficient based on RMSE. The coefficient of MLE

is set to 0 throughout.

DATASET RoBBINS ERM NPMLE TRANSF1I8 TRANSF24
NHL -2.536 1.458 3.252 3.756 3.587
MLB (BATTING) -2.981 2.991 5.145 6.221 8.575
MLB (PITCHING) -3.217  3.225  5.916 6.696 7.689
BooKCORPUSOPEN 0.024 1.547 2.341 2.012 2.698
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Chapter 7

Model Internals

7.1 Activations Converge Smoothly and Rapidly
We aim to address two key questions in this experiment(7.1):

1. When does the representation converge to something close to that of the
final layer? This seems to consistently occur at the output of the transformer layer
of the first set of weights.

2. When is an improved answer (over z) extractable? This happens at least by
the midpoint of the model, although different decoders may enable earlier extraction.

The Positive answer to 1, suggests that we might be able to train a single Sparse Auto
Encoder (SAE) on the activations of the second layer 27|, as they seem to live in similar
representations. SAEs have proven very effective and identifying LLM modalities and might
help us discern modalities in our transformers.

7.2 Activations of Our Layers Do not Encode Information
Necessary Robbins or NPMLE

The downward trend followed by a plateau in A.3 suggests that these quantities are not key
to the algorithm the model is implementing. Hence, it’s unlikely the model is implementing
Robbins or NPMLE. Especially if we contrast this with the results of Figure 4 in [4]. Where
the prediction error of second moments relevant for computing linear regression goes down.
(That is Ry goes up)
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Figure 7.1: Plot of R2 for the decoder output of a transformer model against 6 and 0 activations.
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Figure 7.2: We perform a linear probe for the representations of N(x), and f(z), we ntice
that they have a downward trend
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Chapter 8

Concluding Remarks

8.1 Summary

We started by providing an extensive literature review on in context linear regression. Cat-
egorizing the types of experiments done, and the conclusions drawn from them. 2. We
then provided a brief literature review of the vast literature on empirical Bayes, highlighting
known estimators that are regret optimal, as well as properties for each. 3

We then described a setup for training transformer based models. Highlighting a rig-
orous process in their evaluation. 4. We demonstrate that our small transformer models
(around 25k parameters) consistently outperform state-of-the-art estimators. On both un-
seen synthetic and real data. For synthetic data, these include unseen priors with theoretical
significance, as well as being able to take advantage of increases in sample size. For real-world
data, they outperform other alternatives in sports data, and word frequency data 6

Additionally, we prove that a transformer based model, with a single transformer layer,
can get arbitrarily close to being regret optimal on the interval [0, 0,,,,] while requiring only
O(10g(0maz)) hidden dimension. 5. We finally attempt to understand the internals of our
transformer models, demonstrating they converge quickly into the encoding of the output,
and that they recover a good estimate before being halfway through the model (while only
going one repeated layer due to weight-sharing). We also show that, unlike regression, it
does not seem like their activations encode any of the celebrated algorithms. Particularly,
we could not observe quantities related to Robbins or NPMLE in them. 7

Overall, we were able to provide matching experiments to many of the experiments
highlighted in the literature review. Except for the ones in [5]

8.2 Future Directions

8.2.1 Improve and Better Understand the Models from This Work

Better understanding can be accomplished by investigating more parallels to in context
linear regression. Particularly, we did not train decoders after each layer and analyze their
properties similar to [5]. We also did not get to try Sparse Auto Encoders (SAEs) even
though both 7.1 and A suggest they might yield interesting results. Additionally, deeper
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probes on different targets can be used to attempt to understand the activations of the
transformer.

In terms of improving the current transformers, one can tune additional parameters such
as the Dirichlet Prior «, or its percentage per batch. Additionally, attempts to train the
architecture for unbounded priors can be made.

Another way we might be able to add some of the desired properties of empirical Bayes
estimators into the loss functions. Like Monoticity for example.

8.2.2 Working on Empirical Bayes for Multidimensional Poisson

There are not many good-performing algorithms for Multi-Dimensional Poisson that scale
well. Our Promising results in the single-dimensional case suggest that transformers could
perform well in that setting. Especially, that the entire model architecture and selection setup
described in 4 can be readily applied to higher dimensions. This is one of the advantages of
our simple linear encoder.

8.2.3 Studying the effect of Changes to the Setup

We briefly studied the effect of randomizing the support of the prior 6.1.3. However, it’s
interesting to investigate how changing other aspects of the setup can change our results.
For example, would changing the encoder change 7.1 and A, so that the properties of the
two layers are more similar? We can also experiment with other forms of weight sharing
such as alternating layers instead of repeating layers in sequence. (LiLs...L;Ls instead of
Li...L1Ly...K5)
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Appendix A

Pattern in the Updates To Transformer’s
Residual Steams

Most of our top-performing transformers, for their respective depth, exhibit an interesting
pattern in pairwise cosine similarity of their update streams. We Illustrate the pattern on a
smaller model first.

Heatmap of average cosine similarity 6 layers
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Figure A.1: Entries denote the average cosine similarity of additions to the residual stream.
attn; denotes the vector added to the residual stream by the attention mechanism in layer
1, and mlp; denotes that added by the MLP in layer ¢

Observe the following, and note that it holds for the larger transformers below:

1. The updates of the second-half layers, wich share the same weights, are highly corre-
lated (shown as a red block in the bottom right of the top left quadrant, and bottom
right quadrant).
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2. Most attention layer updates have a non-negative similarity with MLP updates. Except
for the first few attention updates that tend to have negative similarities with further

layers.
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Heatmap of average cosine similarity 18 layers
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Figure A.3: Entries denote the average cosine similarity of additions to the residual stream.
attn; denotes the vector added to the residual stream by the attention mechanism in layer
1, and mlp; denotes that added in the MLP in layer ¢
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Appendix B

Code Snippets

B.1 Transformer

class EBTransformer (torch.nn.Module):

def

__init__(self, args):
super () . __init__()
self .args = args

factory_kwargs = {"device": args.device, "dtype": args.dtypel}
# We augment each input with constant 1 dimension. Otherwise, for

dinput=1
# layernorm completely kills the
self .embed = torch.nn.Linear (args.dinput + 1, args.dmodel, x*x

factory_kwargs)
# Standard transformers have layernorms without weight sharing.
# So we want to incorporate that while making sure that previous
transformers (layernorms w weight sharing) still works well.
if args.norm_share:

self .norm = torch.nn.LayerNorm(args.dmodel, **factory_kwargs)
self .norm2 = torch.nn.LayerNorm(args.dmodel, **factory_kwargs)
else:
num_norms = args.weight_share if args.weight_share > 0 else
args.layers
self .norm = torch.nn.ModulelList(
L
torch.nn.LayerNorm(args.dmodel, **factory_kwargs)
for _ in range(num_norms)
]
)
self .norm2 = torch.nn.ModuleList(
[
torch.nn.LayerNorm(args.dmodel, **factory_kwargs)
for _ in range(num_norms)
]
)

# Separating between weight sharing and no weight sharing.
# If weight sharing is N > O, then we have N of the different
weights.

o1




if args.weight_share > O0:
self.linearl = torch.nn.ModuleList (
L
torch.nn.Linear(args.dmodel, 4 x args.dmodel,
factory_kwargs)

for _ in range(args.weight_share)
]
)
# self.dropout = torch.nn.Dropout(args.dropout) ;
self.linear2 = torch.nn.ModulelList(
L
torch.nn.Linear (4 * args.dmodel, args.dmodel,
factory_kwargs)
for _ in range(args.weight_share)
]
)
else:
self.linearl = torch.nn.ModulelList(
L
torch.nn.Linear (args.dmodel, 4 * args.dmodel,
factory_kwargs)
for _ in range(args.layers)
]
)
# self.dropout = torch.nn.Dropout(args.dropout) ;
self.linear2 = torch.nn.ModulelList (
[
torch.nn.Linear (4 * args.dmodel, args.dmodel,
factory_kwargs)
for _ in range(args.layers)
]
)
self.activation = (
torch.nn.modules.GELU ()
if args.activation == "gelu"
else torch.nn.modules.ReLU()
)

# Here we distinguish between weight sharing or no.
if args.weight_share > 0:
self.self_attn = torch.nn.ModulelList(

L
torch.nn.MultiheadAttention (
args .dmodel,
args.heads, # dropout=args.dropout,
batch_first=True,
*xfactory_kwargs,
)
for _ in range(args.weight_share)
]

)

else:
self.self_attn = torch.nn.ModuleList(
L
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def

torch.nn.MultiheadAttention (
args .dmodel,
args .heads, # dropout=args.dropout,
batch_first=True,
*xfactory_kwargs,

)
for _ in range(args.layers)
]
)
# Enable causal processing
if False:
tmp = torch.full((args.seqlen, args.seqlen), 1, dtype=torch.
uint8)

self .mask = torch.triu(tmp, diagonal=1).to(
args.device
) # replace diagonal and below with zeros
else:
self .mask = None

if args.decoding_layer_norm:
self .norm3 = torch.nn.LayerNorm(args.dmodel, **factory_kwargs)

self .decoder = torch.nn.Linear (args.dmodel, args.dinput, x*x*
factory_kwargs)
return None

forward(self, inputs):
# Add dummy dimension to help avoid killing input’s magnitude by
the LayerNorm.
# inputs is BxTxd_in. inputs_aux is BxTx(d_in+1).
ones = torch.ones(inputs.shape[0], inputs.shape[1], 1).to(self.
args.device)
inputs_aux = torch.cat([inputs, ones], dim=2)
emb = self.embed(inputs_aux)
for i in range(self.args.layers):
idx = (
int (i * self.args.weight_share // self.args.layers)
if self.args.weight_share > 0

else i
)
if self.args.norm_share:

tmp = self.norm(emb)
else:

tmp = self.norm[idx] (emb)

tmp, _ = self.self_attn[idx](
tmp, tmp, tmp, attn_mask=self.mask, need_weights=False

)

# tmp = self.dropout (tmp);

## WARNING: do not use emb += .... since that op is inplace
emb = emb + tmp * self.args.step

# Implement FF module

if self.args.norm_share:
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tmp = self.norm2(emb)
else:

tmp = self.norm2[idx] (emb)
tmp_ff1l = self.linearl[idx] (tmp)
tmp_ff2 = self.activation(tmp_£ff1)
tmp_ff3 = self.linear2[idx] (tmp_£f£f2)
emb = emb + tmp_ff3 * self.args.step

if self.args.decoding_layer_norm:
emb = self.norm3(emb)

out = self.decoder (emb)

# To ensure that we only prediction nonnegative values, we add a
final relu step.

# Edit (AT) : RelLU can turn bad if your network start with all
negative values (or get into that at one point),

# let’s try GELU instead.

gelu = torch.nn.GELU()

out = gelu(out)

return out

def eval_loss(self, inputs, labels):
out = self.forward(inputs)
loss = ((out - labels) ** 2).sum() / inputs.numel ()
return loss

B.2 Plackett-Luce

import torch
import torch.optim.lr_scheduler as 1lr_scheduler
from collections import defaultdict
from itertools import chain
#NOTE: RANKING HERE IS NOT REALLY REALLY RANKING, IT’S ARGSORT
def get_log_outcome_probability(weights, ranking):
exp_weights = torch.exp(weights)

ranked_exp_weights = exp_weights[ranking]
cumsum = torch.cumsum(ranked_exp_weights, dim=1)
rev_cumsum = torch.sum(ranked_exp_weights, dim = 1) [:,None] - cumsum +
ranked_exp_weights
log_probs = torch.log(rev_cumsum + le-6)
return torch.sum(weights) - torch.sum(log_probs, dim =1)
def sgd_placket_luce(rankings, 1lr = 1le-1, thresh = le-6, max_iter= 100, c
=.01, debug=True, debug_out = ""):
weights = torch.randn(rankings.shape[l], requires_grad=True)

print (weights)

optimizer = torch.optim.Adam([weights], 1lr=1r)

optimizer.zero_grad ()

scheduler = lr_scheduler.LinearLR(optimizer, start_factor=.5,
end_factor=1e-3, total_iters=max_iter)

for i in range(l, int(max_iter)):

o4




22 if weights.grad is not None:

23 if torch.norm(weights.grad) < thresh:

24 break

25 if i 9% 100 == 0 or i < 10:

26 print (torch.norm(weights.grad))

27 else:

28 if i % 100 == 0 or i < 10:

29 print(i, " bad iteration")

30 optimizer.zero_grad()

31 loss = -torch.mean(get_log_outcome_probability(weights, rankings))
+ ¢ * (torch.sum(torch.exp(weights)) - 1) *x* 2

32 loss.backward ()

33 optimizer.step ()

34 if i % 100 == O:

35 scheduler.step ()
36 return weights

3s |def get_adjacency_lists(rankings):

39 actual_rankings = rankings.argsort(axis = 1)
40 adjacency_list = defaultdict(lambda:[])
a1 adjacency_list_rev = defaultdict (lambda:[])

13 for i in range(rankings.shapel[1]):
14 for j in range(rankings.shape[1]):
15 if torch.any(actual_rankings[:, i] < actual_rankings[:, jl):

46 adjacency_list [i].append(j)
a7 adjacency_list_rev[j].append (i)
I8 return adjacency_list, adjacency_list_rev

51 |def dfs(adjacency_list, 1, i, visited):

52 if i not in visited:

53 visited.add (i)

54 for j in adjacency_list[il]:

55 dfs(adjacency_list, 1, j, visited)
56 1.append (i)

50 |def get_strongly_connected_component (adjacency_list, adjacency_list_rev):
60 #Source: https://cp-algorithms.com/graph/strongly-connected-components
.html

61 #STEP 1: make post order

62 visited = set ()

63 post_order = []

64 for i in range(len(adjacency_list)):

65 dfs(adjacency_list, post_order, i, visited)

66 #reverse post order

67 post_order.reverse ()

68 #run dfs on reversed post order to get connected components

69 components = []

70 visited = set ()

71 for i in post_order:

72 component = []

73 dfs(adjacency_list_rev, component , i, visited)
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93

94
95

96

if len(component) > O:
components .append (component)
return components

def convex_placketluce(rankings, 1lr = 1le-1, thresh = le-7, max_iter=

if

1000000, c =.01, gap_factor = 2.5, debug=True, debug_out = ""):
adjacency_list, adjacency_list_rev = get_adjacency_lists(rankings)

components = get_strongly_connected_component (adjacency_list,
adjacency_list_rev)
#NOTE: In our case the condensed graph must be a line. In a general
setting we might want to return the condensed graph as well to
#get the full picture
actual_rankings = rankings.argsort(axis = 1)
weights = []
for i, component in enumerate (components):
print (f"handling component {i} with {len(component)} models")
if len(component) == 1:
weights.append(torch.tensor ([0.0]))
continue

relevant_actual_ranking = actual_rankings[ : , torch.tensor(
component)]

relevant_ranking = relevant_actual_ranking.argsort(axis = 1)

component_weights = sgd_placket_luce(relevant_ranking, lr , thresh

, max_iter, c, debug=debug, debug_out = debug_out + f"_{il}")

weights.append (component_weights)

temp_concatinated_weights = torch.concat(weights)

gap = gap_factor * (torch.max(temp_concatinated_weights) - torch.min(
temp_concatinated_weights))

output_weights = [weights [0]]

for comp_weight in weights[1:]:
upper_bound = torch.min(output_weights[-1]) - gap
difference = upper_bound - torch.max(comp_weight)
output_weights.append(difference + comp_weight )

output_weights = torch.concat(output_weights)

output_weights[ torch.tensor(list(chain.from_iterable(components))) ]
= output_weights.clone ()

return output_weights

__name__ == "__main__":
losses = torch.tensor ([[1, 2, 3], [2, 1, 3], [1, 2, 311)
ranking = losses.argsort(axis = 1)

print (ranking)

num_iter = 10000

weights_convex = convex_placketluce(ranking, max_iter=num_iter)
weights_none_convex = sgd_placket_luce(ranking, max_iter=num_iter)

print ("final weights")
print ("weights_convex", weights_convex)

print ("weights_none_convex", weights_none_convex)

#This case deomonstraints that the gradient is much smaller when we
break into connected components, which means we are more likely
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120 # to detect convergence issues

121

122 #After switching to Adam, we can further decrease our threshold to 1le
-9, and only the convex one will properly converge.
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