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Abstract

This thesis demonstrates some non-asymptotic information theoretic results for point
to point channels. Non-asymptotic information theory addresses the question: "For
a fixed blocklength and fixed probability of error, what is the maximum number of
codewords M that I can support?". Compare this to classical (asymptotic) informa-
tion theory, which answer this question only for blocklengths tending to infinity and
probability of error tending to zero. In this sense, non-asymptotic results are more
difficult to derive, but are more practically applicable.

First, we look at the multiple input multiple output (MIMO) coherent block fading
channel with channel state information available at the receiver, called the MIMO-BF
channel. This is perhaps the most well studied model for a wireless communication
channel - it captures the setting where two wireless devices are communicating with-
out a dominant line of sight between them, so the signal reflects off many surfaces
before reaching the receiver. A typical example of this channel is communication
between two cell phones in a city. The MIMO assumption means the transmitter
and receive may have multiple antennas - adding multiple antennas can increase
achievable rates enormously while costing very little.

This work characterizes the dispersion of the MIMO-BF channel. The dispersion
is a fundamental channel quantity similar to capacity - it describes the rate penalty
incurred for transmitting at a fixed blocklength and error probability. We first prove
achievability and converse theorems, together which demonstrate that the dispersion
is given by the conditional variance of the information density, minimized over all
capacity achieving input distributions. We then give an analytic expression for the
dispersion, and describe its implications in terms of the channel parameters. For ex-
ample, we learn that dispersion scales linearly with the coherence time, while capacity
is not a function of the coherence time. We then give an achievability bound to help
numerically compute the finite blocklength rates, and demonstrate its application to
the MIMO-BF channel.

Secondly, we analyze the MISO case - where the transmitter has many antennas
but the receiver has only one, which turns out to be an interesting special case.
For this, we first give a theorem characterizing the input distributions that achieve
capacity. It turns out that full 'rate orthogonal design-like input distributions achieve
capacity, along with the distribution with i.i.d. Gaussian entries. It is shown that
these orthogonal design objects are in fact the extremal objects of this channel from



the point of view of dispersion - using them gives better performance then simply
sending independent symbols from each antenna at each time step, a result that
cannot be seen with only asymptotic analysis. In this way, orthogonal designs appear
as the natural space-time coding scheme for the MISO channel.

Finally, we analyze the problem of variable length list decoding with stop feedback.
This is the following problem: a transmitter sends symbols one by one into a channel
until the decoder says "stop". The decoder then outputs a list of L codewords - if
the correct codeword is in the list, it succeeds, else it makes an error. Hence there is
a tradeoff between stopping time, number of messages, and the probability of error.
The question becomes: which indicators can tell the decoder that the correct message
is in a set of L messages? We demonstrate for the BEC channel that it is possible
to communicate with zero dispersion using a variable length list decoding scheme.
However for the BSC, surprisingly you cannot stop in a way the gives zero dispersion,
when the list size is sub-exponential relative to the number of messages. Furthermore,
we show an application to delayed variable length feedback - i.e. the receiver says
"stop" but the transmitter only sees the stop signal after a delay, which gives a more
practical way of using stop feedback.

Thesis Supervisor: Yury Polyanskiy
Title: Associate Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

First of all, thanks for deciding to look at my thesis. In this section, we first give an
introduction to non-asymptotic information theory, and then briefly describe what
we consider to be the main interesting contributions of the thesis.

1.1 Non-Asymptotic Information Theory

Information theory, and more specifically coding theory, centrally deals with the
problem of how to map k bits into n channel symbols in order to send them over a
noisy channel, then recover those original k bits at the other side. In 1948, Shannon [1]
gave us a beautiful description of what is possible in this setting: as n and k both
tend to infinity with the ratio k/n being fixed as R, then there is a value C called
the capacity for which, if R < C, communication with an arbitrarily small error is
possible, otherwise the probability of error is bounded away from 0. This essentially
showed that a communication channel is like a water pipe - there exists a maximal rate
C bits per channel use at which information can flow with low probability of error, but
beyond that rate, one cannot push information through the channel without incurring
enormous errors.

The main uses of this result is 1) to show that you can transmit at a rate strictly
larger than zero with arbitrary small probability of error, which is highly non-obvious,
and 2) that designers of codes have a benchmark rate of C against which they can
compare the performance of their codes. E.g. if a code achieves 50% of capacity, then
large rate improvements can be made to the system simply by developing a smarter
coding scheme rather than increasing power or getting more bandwidth; however if a
code achieves 99% of capacity, it is likely not worth your effort to invest in improving
your coding scheme, since you are near the theoretical limit. Compare this to many
problems in statistics where we do not have such a demonstrated theoretical limit -
researchers are constantly beating each others' algorithms to achieve smaller errors
on datasets, but no one knows if these algorithms are 50% or 99% optimal.

Shannon's results were asymptotic in nature - they hold when the number of
bits and the code blocklength tend to infinity. But what if we ask: which rates are
achievable if k = 100, n = 1000, = 10? It is possible that the largest theoretical
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rate for these fixed constants may be 90% of capacity, hence a code designer would
be mislead, they'd say "why am I only achieving 90% of capacity, how do I get the
extra 10%?" when in reality, they already are close to the theoretical limit. Hence
capacity is insufficient, or at least inaccurate, for characterizing theoretical rate limits
for a fixed blocklength and error probability.

Non-asymptotic information theory addresses this question. The original formu-
lation of non-asymptotic information theory was in terms of error exponents, e.g.
see Gallager [2, Theorem 5.6.2]. If we define E*(M, n) to be the smallest error
possible using M codewords and blocklength n, then error exponent results show
e*(M, n) < exp(-nEo), i.e. the probability of error decreases with some exponent
E0 as blocklength increases, where E0 is only a function of the rate R = -!log M.
More recently, Polyanskiy, Poor, and Verdu [3] developed a new framework for look-
ing at non-asymptotic information theory. They instead analyzed the largest number
of messages a codebook can support for fixed n and c, denoted by M*(n, E). They
showed that for a general discrete memoryless channel, we have

log M*(n, c) = nC - VnVQ 1 (E) + O(logn). (1.1)

where Q is the complementary Gaussian CDF. After diving by n to look at rate
rather than messages, and taking the blocklength n -+ oo, we recover the capacity.
Notice that the quantity log M* (n, c) is not directly computable (there are doubly
exponential many codebooks in n to search over). To deal with this, upper and
lower bounds on log M* (n, c) are proven, with the aim of having a small gap between
them. The parameter V above is called the dispersion - it is a fundamental channel
parameter similar to capacity which measures the gap in rate from capacity incurred
by using a fixed n and probability of error E. The dispersion leads to a more refined
approximation for the maximal rate, given by the normal approximation

11
- log M*(n, e) ~~ C - -Q (E). (1.2)
n n

Simulations show that this approximation is remarkably tight in most cases. The
channel dispersion had been established for the most fundamental channel in infor-
mation theory, e.g. the Binary Symmetric Channel, Binary Erasure Channel, and
Additive White Gaussian Noise Channel, but the question of dispersion and finite
blocklength performances for more complicated channel models had not yet been
studied. This study is largely the contents of this thesis.

1.2 Characterization of the MIMO Coherent Block
Fading Channel at Finite Blocklength

The first major contribution of this thesis is to characterize the finite blocklength
performance of the Mulitple Input Multiple Output (MIMO) Coherent Block Fad-
ing channel (called the MIMO-BF channel). The MIMO-BF channel models wireless
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communication between two devices in an environment where there is no dominant
line of sight between the transmitter and receiver - hence the signal bounces around
before reaching its destination. Telatar [4] gave the most famous result for this chan-
nel, showing that the capacity scales as

C min(nm, nt) log(SNR) (1.3)

i.e. the minimum of the number of antennas on the transmitter and receiver times the
logarithm of the channel SNR. The significance of this result is that one could increase
rate linearly simply by scaling up the number of antennas. Scaling up antennas is
cheap and easy compared to other methods of increasing rate. This scaling lead to
the incorporation of MIMO in all modern telecommunication standards: e.g. 4G,
LTE, 802.11 for Wi-Fi, and will play a large role in 5G standard when released. The
higher rates provided by good codes and multiple antennas allow for things like Wi-Fi
on planes and trains, streaming movies, real time video chatting, and all the future
application requiring high data rates that have not yet been invented.

Out of all wireless channel models, the MIMO-BF channel is amongst the most well
studied, yet still we do not even know its dispersion. The first major contribution of
this thesis is to give achievability and converse theorems that establish the dispersion
of this channel. After proving the dispersion via coding theorems, we give a closed
form expression, similar to Telatar's expression for capacity (though, certainly less
monumental), and discuss its scaling in terms of number of antennas, power, and
coherence time. We show how to numerically compute the dispersion of this channel
via the f3# bound, the code for which can be found in the SPECTRE package [5].

1.3 MISO Case

The second major contribution of this thesis is the analysis of the Multiple Input
Single Output (MISO) case - an especially interesting special case of the MIMO-BF
channel. This special case is interesting for the following reason: when we establish
the dispersion, we show that it is given in the variational form

V = inf E [Var (i(X; Y, H)IX)] (1.4)
Px:I(X ;Y,H )=C

i.e. it is a minimization over capacity achieving input distributions, similar to how
capacity is a maximization over distributions. It turns out that when the number
of receive antennas is at least 2, then the capacity achieving input distribution is
unique, and hence the minimization above is trivial. However, when there is only one
receive antenna, the MIMO-BF channel has many interesting capacity achieving input
distributions. For example, consider two such capacity achieving input distributions
for the MISO channel with two transmit antennas: for A, B, C, D ~ V(0, f) i.i.d.,

XG JC D] XA B A . (1.5)
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Here, the subscript G denotes the i.i.d. Gaussian input, corresponding to sending
independent data from each antenna at each time step, the A denotes the "Alam-
outi" input, inspired by Alamouti's famous scheme [6], which sends two independent
symbols in the first time step, then the orthogonal vector in the second time step.
Both of these distributions achieve capacity, but is either a minimizer in (1.4)?

To this end, we first give a characterization theorem of all distributions that
achieve capacity in this channel. We show that amongst them are full rate orthogonal
designs, of which XA above is an example. We then give a theorem showing that these
full rate orthogonal designs are the unique minimizers in (1.4). Note that full rate
orthogonal designs do not exist in all dimensions. In dimensions where they exist,
this result shows that they are in a sense the extremal objects in the MIMO-BF
channel for the MISO case. In dimensions where they do not exist, We give a criteria
for finding input distributions that are optimal in the sense of minimizing dispersion:
maximize Var(IIXII') subject to X being a capacity achieving input distribution, and
explicitly compute its maximizer in the 2 x 3 and 3 x 3 cases.

1.4 Variable Length List Decoding

The third contribution we make is to the problem of variable length list decoding,
which is introduced in this thesis. Up to this point, we have been talking about
fixed blocklength codes, where the transmitter sends n symbols, and the decoder
must estimate the message based on those n symbols. Variable length coding instead
requires that the decoder estimates the correct message with n symbols on average
- but the total number of symbols sent can vary. Of course, the encoder must have
some way of knowing when to stop transmitting, and hence the simplest form of
feedback is used - the encoder send symbols until the decoder says "stop", at which
point the decoder outputs an estimate of the message. This is called stop feedback.
In the list decoding setting, the decoder instead outputs a set of L messages, and an
error occurs if the correct message is not in the set of messages.

Polyanskiy et al [7] demonstrated that the use of variable length coding with stop
feedback can dramatically reduce the gap to capacity for a fixed average blocklength.
For example, for a discrete memoryless, we have the expansion

log M*(n, c) = nC - nVQ-l(c) + I log n + 0(1), (1.6)
2

whereas with variable length coding, using average blocklength f, we have

log M*(fE ) 1 + O(log f) (1.7)

I.e. the dispersion and even logarithmic term vanish. The intuition behind this is
that a fixed blocklength code requires that the correct codeword be distinguishable
with high probability at time n, whereas for a variable length code, if the correct
codeword is not yet distinguishable, the system can simply wait a bit longer. This
optionality is key to narrow the gap to capacity.
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In this thesis, we analyze the variable length coding problem when the decoder uses
list decoding. We show that, for the Binary Erasure Channel, it is again possible to kill
all terms beside the linear and constant term, similar to (1.7). We give an application
of this variable length list decoding scheme to the problem of stop feedback with delay.
Namely, suppose we are in the variable length (non list decoding) setting, but when
the decoder says "stop", the encoder only sees it after a delay of D symbols. Hence the
decoder must say stop earlier than it can distinguish the correct message - but when it
believes that with D extra symbols, the correct message will become distinguishable.
Then we show that for the Binary Symmetric Channel, we cannot manage to stop in
a way that gives zero dispersion whenever the list is of size L = M , for a E (0, 1),
showing surprisingly that the behavior from (1.7) does not carry over to the BSC
case.

1.5 Organization of this Thesis

Chapter 2 focuses on the definition and basic properties of the MIMO-BF channel.
First the channel is defined, then the capacity expression and capacity acheiving out-
put distribution are described. Next, a theorem characterizing all input distribution
that achieve capacity is proven. Finally, the information density is computed for this
channel, which will be instrumental later on.

Chapter 3 gives the achievability and converse theorems for the MIMO-BF chan-
nel, showing that they agree up to the O(1fi) term, thus establishing dispersion.
First, an introduction is given to hypothesis testing in the Neyman-Pearson settings,
and a number of lemmas are proven which are essential in the achievability and con-
verse proofs. We remark the converse is only a partial converse, but in a benign way
- see Section 3.3 for more details.

Chapter 4 discusses the numerical computation of an achievability bound for this
channel. A new average probability of error achievability bound, the /3/ bound, is
stated and proved. Then its computation for the MIMO-BF channel specifically is
discussed. The code computation described in this chapter is used in the SPECTRE
package [5].

Chapter 5 gives a closed form expression for the dispersion, whereas the dispersion
was only given as the variational form (1.4) in Chapter 3. This expression is first
computed, then some implications of the expression in terms of number of transmit
and receive antennas, coherence time, and power are discussed.

Chapter 6 discussed the special case of the MIMO-BF channel where the receiver
has only a single antenna, but the transmitter may have many antennas. First the
form of the dispersion is given as a function of the capacity achieving input distribu-
tion. Then we introduce objects called full rate orthogonal design, and show that they
are the minimizers of this dispersion expression uniquely, when they exist. Finally we
show that in dimensions where they do not exist, we can use a truncation construc-
tion to obtain input distributions that preform strictly better than the i.i.d. Gaussian
input. Finally, we give a brute force computation of the optimal input distribution
for the nt =2, T =3 and nt =3, T = 3 cases.
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Chapter 7 discusses the variable length list decoding, a problem defined here for
the first time. Results are given for the Binary Erasure Channel, showing that capac-
ity can be approached quickly. An application the delayed variable length feedback is
given. Finally, it is shown that for the Binary Symmetric Channel, we cannot achieve
the same fast convergence as in the Binary Erasure Channel.
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Chapter 2

The Channel Model and its
Capacity Achieving Input
Distributions

In this chapter, we begin by defining the main fading channel of interest, the MIMO
coherent block fading channel, in Section 2.1. We discuss some classical results for
this channel in Section 2.2, then look at the capacity achieving input distributions

(caids) for this channel in Section 2.3. Finally, we define the information density for
this channel in Section 2.4, which will be useful later on.

Before we define the model, we make a remark on the assumptions that go into
specifying a fading channel. Generally, we have the following categories:

* Channel state information: receiver (CSIR), transmitter (CSIT), both (CSIRT),
or none (noCSI).

" Fading dynamics: H generated once then fixed (quasi-static), H generated
once for T symbols independently (block fading), H generated independently
every time step (fast fading).

" Fading distribution: most popular are Rayleigh which models a rich scatter-
ing environment, and Rician which models antennas with a dominant line of
sight.

" Availability of antennas: one transmit and one receive antenna (SISO), one
transmit and many receive antennas (SIMO), many transmit and one receive
antenna (MISO), many transmit and many receive antennas (MIMO).

This work will consider a rotationally invariant fading process (a generalization of
Rayleigh fading), with CSIR, block fading, in the MIMO and MISO settings. Note
that some combinations are less realistic than others - for example, fast fading with
CSIRT is unrealistic, since the fading coefficients must be estimated, and if they
change every time step, there is no time to estimate them.
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2.1 The MIMO Coherent Block Fading Channel

The channel model considered in this paper is the frequency-nonselective coherent real
block fading (BF) discrete-time channel with multiple transmit and receive antennas
(MIMO) (See [8, Section II] for extra background on this model). We will simply
refer to it as the MIMO-BF channel, which we formally define here. This channel is
parameterized by the quantities nt, n, P, T, which are

" nt > 1 - the number of transmit antennas

" nr > 1 - the number of receive antennas

* T > 1 - the coherence time of the channel

" P > 0 - the power available to the transmitter in decibels

The input-output relation at block j (spanning time instants (j - 1)T + 1 to jT) with
j =1,... , n is given by

YJ = HX + Z, (2.1)

where

* {Hj, j = 1, .. .} is a nr x nt matrix-valued random fading process.

" Xi is a nit x T matrix channel input.

* Zj is a n, x T Gaussian random real-valued matrix with independent entries of
zero mean and unit variance.

" Y is the n, x T matrix-valued channel output.

The process H, is assumed to be i.i.d. with isotropic distribution PH, i.e. for any
orthogonal matrices U E Rfnr xn and V E R nt xlt, both UH and HV are equal in
distribution to H. We also assume

P[H # 0] > 0 (2.2)

to avoid trivialities. We assume coherent demodulation so that the channel state
information (CSI) H, is fully known to the receiver (CSIR).

Note that due to merging channel inputs at time instants 1, . . . , T into one matrix-
input, the block-fading channel becomes memoryless. This is slightly different than
the phrasing of the MIMO-BF channel in the literature - often the input is simply a
dimension nt vector, rather than an nit x T matrix. For example, in the nt = T = 2,
nr = 1, a single channel input / output relation is given by

[YI Y2 ] = [H1 H 2 ][ 1 X ] + [Z1 Z2 ]. (2.3)

The reason for such a definition is that, as we will later see, when an input distribution
Px is capacity achieving, all columns are individually i.i.d. Gaussian, however the
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joint distribution of the matrix may not be i.i.d. Gaussian. Hence viewing the input
as a matrix allows us to identify these capacity achieving input distribution.

We now define a code for this channel:

Definition 1. An (nT, M, c, P)csIR average probability of error code of blocklength
nT, probability of error 6 and power-constraint P is a pair of maps: the encoder
f : [M] -+ (Rn tT)n and the decoder g : (R frXT)" x (R rXf"t)" -+ [M] satisfying the
probability of error constraint

P[W 4 W] <6. (2.4)

on the probability space

W _+ X -+ (Yn, Hn) -+ W,

where the message W is uniformly distributed on [M], Xn = f(W), X" -+ (Y n Hn)
is as described in (2.1), and W = g(Yf, H'). In addition the input sequences are
required to satisfy the power constraint:

n

Z |Xi| < nTP P-a.s.,
j=1

where I I M M? is the Frobenius norm of the matrix M.

If instead, the probability of error criterion (2.4) is replaced by

max ip W W W] <wE ( 2.5)
WE{1[...,M}

then this is called a maximum probability of error code. Note that the blocklength
is given in increments of T, since the channel input is defined as a matrix with T
columns. So for example, n = 5, T = 2 corresponds to 10 actual channel uses.

With this, we are interest in the fundamental quantity

log M*(n, c, P) = sup {M : ](nT, M, E, P)csIR code} . (2.6)

In words, the logarithm of the maximum number of messages in a codebook, where

each codeword must have blocklength nT and total power bounded by nTP, and have
overall probability of error bounded by 6. When unclear, we will use M*, and M*x
to denote the average and maximum probability of error cases, respectively.

As a remark, note that the usual definition of capacity in terms of this notation
is given by

1
C = lim lim log M*(n, c, P) (2.7)

E-+O n-*o nT

i.e. first take the limit as blocklength goes to infinity, then as probability of error
goes to zero. Note that the base of the logarithm should agree with the base of the
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logarithm in the mutual information expression for C.

2.2 Known Results: Capacity and Capacity Achiev-
ing Output Distribution

First we review a few known results on the MIMO-BF channel. Since the channel is
memoryless, the capacity is given by maximizing the mutual information subject to
a second moment constraint on the input distribution, i.e.

1
C=- max I(X; Y, H) . (2.8)

It was shown by Telatar [9] that whenever distribution of H is isotropic, the input
X R"t xT with entry i, j given

X*ii d- , (2.9)
nt

is a maximizer. Throughout, we will refer to the distribution with i.i.d. Gaussian
entries as in (2.9) is the "Telatar input distribution". If someone had no idea about
fading channels, and were told to guess the capacity achieving input distribution, this
is probably the distribution you would guess. Plugging this distribution into (2.8)
yields the capacity formula

C(P) = E log det In,+ H H T (2.10)

E CAWGN (A) 2.11)

where CAWGN(P) = j log(1 + P) is the capacity of the additive white Gaussian noise
(AWGN) channel with SNR P, nmin = min(n,, nt) is the minimum of the transmit
and receive antennas, and {A?,i 1,...,nmin} are eigenvalues of HHT. Note that
it is common to think that as P - oo the expression (2.11) scales as nmin log P, but
this is only true if P[rank H = nmin] = 1. The main non-trivial step in the proof of
(2.10) is that if X Ez Rnt is zero-mean and has covariance matrix E, then the entropy
of X satisfies H(X) < log det(27eE), with equality if and only if X is i.i.d. Gaussian
with covariance matrix E.

The distribution induced by a caid at the channel output (Y, H) is called the
capacity achieving output distribution (caod). A classical fact is that, while there
may be many caids, the caod is unique, e.g. [10, Section 4.4]. This fact gives a
convenient way to finding caids - if an input distribution induces the caod through
the channel, then it is a caid.
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From (2.9) we infer that the caod is given by

L*~H~H (2.12)
P*,H H H 0

T

1P* 71 IL P)H (2.13)
j=1

P*)|H=h (L I+ hhT (2.14)
nt

Here, y = [y(1) ... , y(T)], where YU) is j-th column of Y, which, as we specified
in (3), is a n, x T matrix. I.e. the caod has i.i.d. columns, each column having
conditional distribution given by (2.14).

Here, we make a few remarks about what the capacity formula (2.11) tells us:

1. This formula most significantly says that the capacity scales as approximately
nmin log(1 + P). This result is enormously significant - we see that adding more
antennas at both the transmitter and receiver can boost rate linearly. Antennas
are generally cheap and harmless, compared to increasing power, which only
provides a logarithmic increase in rate, and is limited by regulations. Note
that the channel model assumes independent fading between each transmit and
receive antenna - if nmin is enormous, spatial coupling between antennas can
occur, causing the independence assumption to break down, which prevents us
from achieving arbitrarily large rates just by adding more antennas.

2. This formula is independent of T, hence from a capacity standpoint, a shorter
or longer coherence time does not affect achievable rates.

3. By the identity

det (,, + - HHT = det Int + - H T H (2.15)
nt nt

we see that switching n, and nt has no effect on the expression, which is known
as reciprocity - the channel from the transmitter to the receiver has the same
capacity as the channel from the receiver to the transmitter.

4. As we will soon see, when rank(H) < 1 a.s., this channel has multiple capacity
achieving input distributions. From the point of view of (2.11), all give the
same performance. However, we will see that this is not true when looking at
more refined asymptotics.

2.3 Capacity Achieving Input Distributions

A very interesting feature of the MIMO-BF channel is that it has many caids in
the case where rank(H) < 1, whereas many commonly studied channels (e.g. BSC,
BEC, AWGN) have a unique caid. While a capacity achieving input distribution is
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a random construction for demonstrating the capacity of a channel, the structure of
the caid gives insights into the statistics of good codes. For example, a caid for the
MIMO-BF channel has i.i.d. Gaussian entries, so one would expect a scheme like
V-BLAST (see [11]) that sends independent symbols over each antenna at each time
step to be good. For a more formal statement, see [12], where it is shown that for a
code to be good, the output distribution it induces must be indistinguishable from
the caod.

The following theorem characterizes the set of caids for the MIMO-BF channel.
Somewhat surprisingly, for the case of rank-i H (e.g. for MISO) there are multiple
non-trivial jointly Gaussian caids with different correlation structures. For example,
space-time block codes can achieve the capacity in the rank 1 case, but do not achieve
capacity when the rank is 2 or greater e.g. [13].

Theorem 1.

1. Every caid X satisfies Va E R"t, b E RT:

nt T P 2

Z aibjX ~ 0, - a 2Hb12  .
i=1 j=1 ( n

(2.16)

If P[rank H < 1] = 1 then condition (2.16) is also su

R1
2. Let X - be decomposed into rows R . If X

\RnJ
A(0, 'IT) (i.i.d. Gaussian) and

P
nt

E[R[R] = -E[RTRi],

If X is jointly zero-mean Gaussian and P[rank H <
are sufficient for X to be caid.

3. Let X = (C1 ... CT) be decomposed into columns Cj.
C , A~ F(0, In) (i.i.d. Gaussian) and

P
E[CiC] = Inlnt

E jCif] =-E[ [C I,

fjicient for X to be caid.

is a caid, then each Ri

= 1, ... , nt (2.17)

ir1 j. (2.18)

1] = 1, then (2.17)-(2.18)

If X is a caid, then each

1, ... , T (2.19)

i 7 j. (2.20)

If X is jointly zero-mean Gaussian and P[rank H < 1] = 1, then (2.19)-(2.20)
are sufficient for X to be caid.

4. When P[rank H > 1] > 0, any caid has pairwise independent rows:

P
Ri _IL R3 ~ Ar 0, -IT

nt
i 7 j3 (2.21)
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and in particular

Xig .11 Xk,l V (i, j) ' (k, 1) .(2.22)

Therefore, among jointly Gaussian X the i.i. d. X,j is the unique caid.

5. There exist non-Gaussian caids if and only if P[rank H > min(nt, T)] = 0.

Remark 1. (Special case of rank-1 H) In the MISO case when nt > 1 and nr = 1

(or more generally, rank H < 1 a.s.), there is not only a multitude of caids, but in
fact they can have non-trivial correlations between entries of X (and this is ruled out
by (2.22) for all other cases). As an example, for the nt = T = 2 case, any of the
following random matrix-inputs X (parameterized by p E [-1, 1]) is a Gaussian caid:

X -1 -P 1 - 1p23 (2.23)
2 . 2 pi + l-p 2 2 4

where 1, 2, 3, 4 - .(0, 1) i.i.d.. In particular, there are caids for which not all
entries of X are pairwise independent.

Remark 2. Another way to state conditions (2.17)-(2.18) is: all elements in a row

(resp. column) are pairwise independent - A(0, P) and each 2 x 2 minor has an-
tipodal correlation for the two diagonals. In particular, if X is a caid, then XT and
any submatrix of X are caids too (for different nt and T).

Proof. We will rely repeatedly on the following observations:

1. if A, B are two random vectors in Rn then for any v E R n we have

VvER" :vT A vTB < A B. (2.24)

This is easy to show by computing characteristic functions.

2. If A, B are two random vectors in Rn independent of Z ~ A(O, In), then

d d
A+Z=B+Z A = B. (2.25)

This follows from the fact that the characteristic function of Z is nowhere zero.

3. For two matrices Q1, Q2 E RXfl we have, Vv E Rn:

VTQiV = vT 2  Q1 2 + QT (2.26)

This follows from the fact that a quadratic form that is zero everywhere on R'
must have all coefficients equal to zero.

Part 1 (necessity). Recall that the caod is unique and given by (2.12). Thus an
input X is a caid iff for PH-almost every h0 E R X-,n we have

dh 0X +Z= h0 G +Z, (2.27)
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where G is an nt x T matrix with i.i.d. .(0, P/nt) entries (for sufficiency, just write
I(X; Y, H) = h(YIH) - h(Z) with h(-) denoting differential entropy). We will argue
next that (2.27) implies (under isotropy assumption on PH) that

Va E R"t  a X d aTG . (2.28)

From (2.24), (2.28) is equivalent to E a b =X A a4bj Gs for all b E R"t.
Let EO be a PH-almost sure subset of Rftixr for which (2.27) holds. Let O(n) =

{U E R"x" : UTU = UUT = I} denote the group of orthogonal matrices, with the
topology inherited from Rfxn . Let {Uk} and {Vk} for k E {1, 2, .. .} be countable
dense subsets of O(nt) and O(n,), respectively. (These exist since Rn2 is a second-
countable topological space). By isotropy of PH we have PH[Uk(E)V] = 1 and
therefore

00

E EO n n Uk(Eo)M v(2.29)
k=1,l=1

is also almost sure: PH [E] = 1, since E is the intersection of countably many almost
sure sets. Here, Uk(Eo) denotes the image of EO under Uk. By assumption (4), E must
contain a non-zero element ho, for otherwise we would have PH [0] = 1, contradicting
(4). Consequently, ho E Uk(Eo)Vl for all k, 1, and so U jlhoV- 1 E EO for all k, 1. Since
for U e O(n), the map U '-+ U- 1 is a bijective continuous transformation of O(n),
we have that {U71} and {V-'} are also countable dense subsets of 0(nt) and O(n,),
respectively. From (2.25) and (2.27) along with the definition of Eo, we conclude that

U,71hoV7X = U,71ho V G Vk, 1.

Arguing by continuity and using the density of {U71} and {V- 1}, this implies also

UhoVX = UhoVG VU E 0(nt), V E 0(nr). (2.30)

In particular, for any a E Rnt there must exist a choice of U, V such that UhOV has
the top row equal to coaT for some constant co > 0. Choosing these U, V in (2.30)
and comparing distributions of top rows, we conclude (2.28) after scaling by 1/co.

Part 1 (sufficiency). Suppose P[rank H < 1] = 1. Then our goal is to show

that (2.28) implies that X is a caid. To that end, it is sufficient to show hOX = hoG
for all rank-1 ho. In the special case

aT\
0

hor= . ,

0

the claim follows directly from (2.28). Every other rank-1 h' can be decomposed as
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' = UhO for some matrix U, and thus again we get UhOX = UhOG, concluding the
proof.

Parts 2 and 3 (necessity). From part 1 we have that for every a, b we must have
aTXb - A((O, Ila12Illb 112). Computing expected square we get

IE [(aTXb)2] = a b . (2.31)

Thus, expressing the left-hand side in terms of rows R as aTX = aiRi we get

T~

b E (ZaiRi ( ai R) b =b ( a2IT b,

and thus by (2.26) we conclude that for all a:

T

E [(aR) (Z aRi) = ( a IT*

Each entry of the T x T matrices above is a quadratic form in a and thus again
by (2.26) we conclude (2.17)-(2.18). Part 3 is argued similarly with roles of a and b
interchanged.

Parts 2 and 3 (sufficiency). When H is (at most) rank-1, we have from part 1
that it is sufficient to show that aT Xb ~ .(0, Ia 112||bf2[). When X is jointly zero-

mean Gaussian, we have aTXb is zero-mean Gaussian and so we only need to check
its second moment satisfies (2.31). But as we just argued, (2.31) is equivalent to
either (2.17)-(2.18) or (2.19)-(2.20).

Part 4. As in Part 1, there must exist ho E Rr *xt such that (2.30) holds and
rank ho > 1. Thus, by choosing U, V we can diagonalize ho and thus we conclude any
pair of rows Ri, Rj must be independent.

Part 5. This part is never used in subsequent parts of the paper, so we only
sketch the argument and move the most technical part of the proof to Appendix A.
Let e = max{r : P[rank H > r] > 0}. Then arguing as for (2.30) we conclude that X
is a caid if and only if for any h with rank h < f we have

hX - hG.

In other words, we have

Zaij i, G Va E R"' :ranka < f. (2.32)

If f = min(nt, T), then rank condition on a is not active and hence, we conclude

by (2.24) that X = G. So assume E < min(nt, T). Note that (2.32) is equivalent to
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the condition on characteristic function of X as follows:

IE [eis iiaiixi] =e 7 ia " Va : rank a < f?. (2.33)

It is easy to find polynomial (in aij) that vanishes on all matrices of rank < f (e.g.
take the product of all f x f minors). Then Proposition 47 in Appendix A constructs
non-Gaussian X satisfying (2.33) and hence (2.32). L

2.4 Information Density and its Moments

In finite blocklength analysis, a key object of study is the information density, along
with its first and second moments. In this section we'll find expressions for these
moments, along with showing when the information density is asymptotically normal.
First, we give a short description of the information density.

In general, for a channel given by PyIx, and input distribution Px that induces
Py, the information density is given by

. Pxy (x, y)
i(x; y) = log PX(X) . (2.34)

The most intuitive interpretation of this is as the log likelihood ratio in a test of
dependence between X and Y, i.e. the binary hypothesis test

Ho: Z ~ PxPy (2.35)
H, : Z ~ PXY. (2.36)

By the Neyman-Pearson Lemma, we know that the optimal test in the non-Bayesian
setting is given by thresholding the log likelihood ratio, i.e. if we observe n sample
Z1,... , Z i.i.d., the optimal test is given by

if i(Xn; Y,) > -y output H1  (2.37)
if i(X"; Yn) < - output HO (2.38)

In this way, we can view many decoders in information theory as running M binary
dependence tests of this form.

To find the information density for the MIMO-BF channel, it will be convenient
to assume that the matrix H is represented as

H = UAVT, (2.39)

where U, V are uniformly distributed on O(n,) and O(nt) (which follows from the
isotropic assumption on H), respectively,' and A is the n, x ni diagonal matrix with
diagonal entries {Ai, i = 1, ... , nmin}. Joint distribution of {Ai} depends on the fading

'Recall that 0(m) = {A E R"m" : AAT = ATA = Jm} is the space of all orthogonal matrices.
This space is compact in a natural topology and admits a Haar probability measure.
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model. It does not matter for our analysis whether Ai's are sorted in some way, or
permutation-invariant.

For the MIMO-BF channel, let P H denote the caod (2.12). To compute the
information density with respect to P (for a single T-block of symbols) as defined
in (2.12), denote y = hx + z and write an SVD decomposition for matrix h as

h = uAvT ,

where u E O(n,), v c O(nt) and A is an n, x nt matrix which is zero except for the
diagonal entries, which are equal to A 1, ... , A. Note that this representation is
unique up to permutation of {Aj}, but the choice of this permutation will not affect
any of the expressions below. With this decomposition we have:

A T P
i(x; y, h) = -log det In, + -hhT

2 nt

nmog e~ j T""AvX112 + 2Aj (vfx, zj) - -LA 211' jl|2

+ 2 E I7vx + ) -M nt (2.40)
j=1 nt 3

where we denoted by vj the j-th column of V, and have set i uTz, with j rep-
resenting the j-th row of . The definition naturally extends to blocks of length nT
additively:

n

i(X"; n)y", h" A Ei(xj ; yj, hj) . (2.41)
j=1

We compute the (conditional) mean of information density to get

Dn(xn) I E [i (X"; Yn, Hn)IXI = x"] (2.42)

= C(P) + V,2 (||x|2 -2 TP) (2.43)
ntTj=1 F

where we used the following simple fact:

Lemma 2. Let U E Rlx nt be uniformly distributed on the unit sphere, and x E RntXT

be a fixed matrix, then

E[|UxI| 2 
- nx (2.44)

nt

Proof. Note that by additivity of I|Ux||2 across columns, it is sufficient to consider

the case T = 1, for which the statement is clear from symmetry. 0

Remark 3. A simple consequence of Lemma 2 is E[|Hx1|2] = E[ H||1 , which

follows from considering the SVD of H.

Finally, the following lemma computes the Berry Esseen constant. This is a tech-

nical result that will be needed for both the achievability and converse proofs.
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Lemma 3. Fix x 1 ,. . . ,x, RnxT and let W = i(x;Y, Hj), where Y, Hj are
distributed as the output of channel (2.1) with input xj. Define the Berry-Esseen
ratio

B_(xn) = ViEZ1EH j -E [ .]3 ] (2.45)
Bn (E=n Var(Wj) 3/

Then whenever En ||xj|> 2 nTP and max, |xij||F Jni we have

Bn(x) < K6 2 f+ K2ni 1 4 + 13

where K1, K2 , K3 > 0 are constants which only depend on channel parameters but not
x or n.

Remark 4. Lemma 3 contains the condition that max, ||XjjIF 6ni, which is why
we need this assumption to hold in the converse statement. In words: in order for the
information density to be asymptotically normal, too much power cannot be place in
any single time slot. Intuitively, this scaling is the threshold that ruins the "sum of
many small independent quantities" in the central limit theorem.

Proof of Lemma 3. We begin with upper bounding the numerator in (2.45), i.e.

n

EE (|Wj - E [W]| 1]. ( 2.46 )
j=1

The information density is given by

i(x; y, h) = log det (E) - |Tyj - hxj12 + tr (yT Y) (2.47)
j=1

where

P
E = In+ HHT. (2.48)

nit

Define W i(x; Y, H) under the distribution Y = Hx + Z. (2.47) reduces to

T 1
W= - log det (E) - -HZ|I

2 2
1

+ tr (xTHTY THx + 2xTHTE-1Z + ZTE-1Z) (2.49)

c(H, Z) + I tr (xTHTE -lHx) + tr (xTHT E-1Z) (2.50)

where the scalar random variable

c(,)-T fZH (251c(H, Z) = - log det(E) - -2IZI + -tr (ZTE-Z) (2.51)
2 2 F 2
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is the sum of all the terms that do not depend on x. Note that

Etr (XTHTE Hx) = tr (xTE [HT E-lH] x) (2.52)

Etr (xT HT E-lZ) = 0. (2.53)

Therefore, the "centered" information density is

W - E[W]
= co(H, Z) - E[c(H, Z)]

+ 1tr (xT (HT E-'H - HE HTE- 1 H ]) x)

+ tr (xTH TE-1Z) (2.54)

= co(H, Z) + tr (XT Ax) + tr (XTB) (2.55)

where

A = (HTE- 'H - E [HTY-I H]) (2.56)

B = H TE-Z (2.57)

co(H, Z) = c(H, Z) - E[c(H, Z)]. (2.58)

Hence we can upper bound the centered third moment as

E (|W - E[W ]| 1] <

31E [Ico(H, Z)1 3] +3E [Itr (XT Ax) 1 +31E [Itr (XT B) 3 . (2.59)

Si S2  S3

We now proceed to upper bound each term individually. First S2 ,

S2 = E [tr (XT Ax) (2.60)

= E [x TH TYlHx -_xTE [HT 1H] x (2.61)

<1 E [x TH T1Hx + XTE [HTE-1H] x1 (2.62)

< E 2,IXI1 (2.63)

( xI% (2.64)

where

9 (2.62) follows since HTE-'H is PSD, and E[HTE- 1 H] is also PSD as a non-
negative combination of PSD matrices, so that both xT HTE4 Hx and xTE[HT E-lH]x
are non-negative
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* (2.63) follows since HTE-'H = VDVT where

D = diag (c (A) ,...,c (A2),0,...,0) (2.65)

and D < jIn, in the PSD ordering, so

XTHT E-lHx < t TVVTx =n, |X| (2.66)
P P F

and

xTIE [HT -1H] x < nxTE [VVT] x = || (2.67)

Now we bound S3 from (2.59),

S3 = E tr (xTB)13 ] (2.68)

= E tr (xT HT :-IZ) 1 (2.69)

= E n T y Zij 1 A A (2.70)
i=1 j=1 nt

nt T A 3~

" n 2T 2 I E ~ 1zy3 1Zij| 13 +AA (2.71)
i=1 j=1 nt

"n -T2 (t)3/2 xI11 (2.72)

where

* In (2.70), define z = VTx and expand the trace.

" (2.71) follows from the triangle inequality, along with | _ aI 3 <a 2 E71 ai

" (2.72) we have used E[JZ13 ] < 2 for Z ~ .(0, 1) along with the bound

3: 1
1 + a 2 < . (2.73)1 +ax2 -2,,

Now notice that

nt T nt T 3/2

EE|is X2 (nT)_ z (2.74)
i=1 j=1 2=1 i=1

which can be viewed as the norm inequality ||a||3 < a||2 for a (E Rd. Finally,
we use ||VTx112 = IxI12 for any orthogonal matrix V.
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For the denominator in (2.45), the expression for 1Var(Wj) is given in (5.7)-(5.11).
Note that the final term (5.11) is non-negative, so we have the lower bound

n n

Var(Wj) > Kn + K2' (HxjH| - TP)2

j=1

> max nK',

j=1

n

K2E (|xlj||
j=1

(2.75)

(2.76)- TP)2 )

where

K = T2 Var (Cr(H, P))+T [VA WGN

K2=1 T F
(nt

( pA2 (2.77)

(2.78)
TP )2

nt

Hence K' > 0 whenever P > 0. Note that we use the assumption F|x"|| = nTP
freely here, as stated before. The lower bound on the variance (2.76), we obtain the
upper bound

B (xn) v5 E; 1 Kiflxjll6 + K2 ||xj ll +1K3
(2.79)

max (nK', K2E (xjI2 - TP)2) 3 /2

where all constants are non-negative. There are two cases based on which term
achieves the max in the dominator. First, suppose

n

nK' > K 2(lxj |} - TP)2

j=1
(2.80)

Expanding the square yields

n

K2 ||lxj F nK' + nT 2P2 K2.
j=1

(2.81)

Thus the terms in the numerator are bounded by

j=1

n

1x | - max
n

j=1

n /26 2 (K1 + T2P 2 K)
n

X 113 1/4 Xi14

j=1 j=1

n /4(K' + T 2p 2 K2)

(2.82)

(2.83)
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where (2.82) uses the assumption flXjHIF 6n41. Applying this to Bn in (2.79), we see
that in this case,

Bn(Xn) < _S62C + n'/4C2 +

where the constant C1, C2 , C3 are non-negative constants.
Now take the case when

n

K Z(fx||2H - TP)2 > nK' .
j=1

(2.84)

(2.85)

Note that since Kj > 0, in the case we must also have K2 > 0 for the above inequality
to hold. Let a be defined as follows

T22

T2p2 +yi

Here a < 1 since K'/K2' > 0. Applying (2.85) yields

a ||xj||j 4
j=1

> iT 2 p 2 .

(2.86)

+nrT2p2) (2.87)

(2.88)

With this, from (2.79) we obtain the following upper bound

Bn(X") <

En K1|xj 11' + K2 ||xj + K3
VK- ( j 1  F F 3/2

Kj=2 F j=1 F _ nT2P2

(2.89)

(2.90)En KI xjF + K2Xj' +K3
< v/-- 3 F .

K13/ 2 ((1 - a) Zn-1 F

where (2.90) uses (2.88). Now, we can upper bound each term in (2.90) as, for the
first term,

K1 En _lXf SF

K23/2 ((1 - a) En 1 ||Xjj 4 3/2

K, maxi. 1 X 2

K23/2(1 - a)3/2 (En l I4)

K1 62 n1/2

1/2 (2.91)

(2.92)
nl/2K23/2(1 - a) 3/ 2 (T 2 p 2 + nKD)1/ 2 '
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the second,

K

K23/2(1 - a)3/ 2 ( 1 3/4

K2n (P

nl/2K2 3/2(1 - a)3/2(T2p2 + nK')3/4'

and the third,

K 3

-a) E'_ 1 -|)(P4

K3

n3/2 (K2'(I - a) (T2p2 + nK/ ))3/27>

where in (2.93) we
norm inequalities),

have used En"I a? n 1/4 (En a4) 3/ 4 (easily obtained

and both (2.91) and (2.95) use the assumption ||XjH|F
Using these bounds in (2.90), we obtain

Bn (X) Ft62C' + n 4C + C3

where C(, C2, C3 are non-negative constants.
From (2.84) and (2.96), we conclude that

Bn(Xn) v/n-6 2C"
C"

+ n1 /4 C + .3
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(2.94)

Krs/2 (13

(2.95)

from p-
< 6n" .

(2.96)

(2.97)

K2 En I ||Xj 113

K213/2 ((1 - a) En_, || z 1|4F 3 /



Chapter 3

Coding Theorems

In this chapter, we prove an achievability and converse result second order term in the
MIMO-BF channel. The proof techniques for both achievability and converse have
quite a few new elements - see the individual sections for more information. To the
best of our knowledge, this is the first known channel where the dispersion has been
shown to be a minimization over capacity achieving input distributions, as in (3.6).
Note that these results appear in [14].

Note that seeing the conditional variance E [Var(i(X; Y) X)] of the information
density is to be expected. A priori, one might expect the variance (unconditional) to
give the dispersion. When X is finite, it turns out these are the same, since

Var(i(X; Y)) = E [Var(i(X; Y)IX)] + Var (E[i(X; Y)IX]) (3.1)

and, when Px is capacity achieving,

Vx e X, E[i(X;Y)jX = x] = D(Pyjx=||P*) C (3.2)

so that the second term in (3.1) vanishes, and Var(i(X;Y)) E[Var(i(X;Y)jX)].
However, when X is not finite, this is no longer the case.

The main result that will be proved in the following sections is the following
theorem:

Theorem 4. For the MIMO-BF channel, there exists an (nT, M, e, P)csIR maximal
probability of error code with 0 < c < 1/2 satisfying

log M > nTC(P) - V/nTV(P)Q-1 (6) + o(vx ). (3.3)

Furthermore, for any 6, -+ 0 there exists 6,' - 0 so that every (nT, M, e, P)cSIR code
with extra constraint that max |xjI|F < En 1 4, must satisfy

log M < nTC(P) - /nTV(P)Q-'(E) + 6' V (3.4)
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where

A PT
C(P) -E log det I + HH I (3.5)

2 Ln

V(P) = inf E [Var(i(X; Y, H)IX) (3.6)
() Px:I(X;Y|H )=C T

and i(x; y, h) is given by (2.40).

The proof is broken up into Theorem 9 and Theorem 12 for achievability and
converse, respectively. Before giving those proofs, first we introduce some notation,
definitions, and lemmas concerning hypothesis testing.

3.1 Binary and Composite Hypothesis Testing

Many finite blocklength results are derived by considering an optimal hypothesis
between appropriate distributions. A binary hypothesis test Pzjw : )/V -+ {0, 1} is a
test that, given a sample w from a space W, chooses (perhaps non-deterministically)
one of two distributions P or Q that could have generated w. Z = 1 indicates that
the test choose P to be the true distribution, and Z = 0 indicates the test chooses Q
instead. This is sometimes written as

Ho: W ~ Q (3.7)

H, : W ~ P (3.8)

Two types of errors can be made in a binary hypothesis test: we can mistakenly
choose P when Q is the actual distribution, or we can choose Q when P is the true
distribution. These errors depends on the choice of test Pzjw, and in general are
asymmetric. Here we will use the convention that we always consider the error when
the test chooses P when the actual distribution is Q.

We define 3, (P, Q) to be the minimum error probability of all statistical tests
Pziw between distributions P and Q, given that the test chooses P when P is correct
with at least probability a. Formally:

1c(P, Q) = inf Pzlw(1w)dQ(w) (3.9)
PzIW:f-' PzjwljwdP(w);>at ,}

The Neyman Pearson Lemma tells us that an optimal test Pzjw achieving error
/c exists, and has the form of a ratio test, i.e.

#a (P, Q) =- Q > > (3.10)
.dQ _
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Where -y is chosen to satisfy

PdP ~
a = > 7(3.11)

IdQ _

In a composite hypothesis test, P and Q are now parametric families of distribu-

tions, {Pol}oEeE and {0 2 }o 2 EE 2 , i.e-

HO W Qo2 s.t. 02 EE 2 (3.12)

H: W ~Po s.t. 01 E 0 1  (3.13)

In words: the test sees a sample w and must decide whether the distribution gener-
ating that sample was from the Po9 family or the Qo 2 family. Similar to the binary
hypothesis testing case, we denote the minimum error probability of a test Pzlw given
that the test chooses H1 when H1 is true for any 01 E 61. Formally:

K 0 (1, 02) = inf sup Pzlw(lw)dQ02  (3.14)
PzIw:info, Eel {f, Pziw(1jw)dPe,(w) -r} 02Ee2 J W

Our main case of interest will be between the set of distributions {PyIx=X}xEF and
a single distribution Qy. We will denote the minimum error probability in the com-
posite hypothesis test in this case as Kr(F, Qy).

Now that we have the basic definitions, we'll need a few bounds that will be used
in the next section. First, we can lower bound a composite hypothesis test in terms
of a binary hypothesis test. This is useful because often it is difficult to evaluate tK,

but for / 3 the Neyman-Pearson lemma gives us the form of the optimal test.

Lemma 5. For a composite hypothesis test between {Pyx=}xEF and Qy, where
F C A = support(X), for any distribution Pk such that Pk[F] > 0,

i,' (F, Qy) ;> 0rP[F](PR 0 PY1X, QY) (3.15)

Here, Px 0 PyIx - f Pylx=xdPx(x).

Proof. Let Pzly be any test for the composite hypothesis test between {PyIX=}xEF
and Qy satisfying

inf E Py1x(y1x)Pz 1Y(11y) > T (3-16)
yEB

Where Z =1 indicates the test chooses {Pyixx}xEF. Then we use this test PZIY for
testing Py vs Qy, where now Z = 1 indicates the test chooses Py. The corresponding
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probability of choosing Py when Py is correct is (note Py = Px oPyIX by assumption)

E PY(y)Pz 1Y(lIy) j( Px(x)PYx(YX) PZjY( 1y) (3.17)
yEB yEB \xcA

xE E(X )Px ( Y X) PZ|Y ( 1 Y) (3.18)
yEB \xEF

5 Px(x) inf Pyjx(ykx)Pz|y(1Iy) PX[F]r (3.19)
xEF yEB

Since this hold for all tests Pzly for the composite HT, it holds for the test achieving
Ksr. Since XrPx[F] lower bounds the r 1 0 error of all test for Py vs Qy, it lower bounds

Furthermore, we can lower bound 0,, from a binary hypothesis test in terms of
the divergence between D(P|IQ) using the data processing inequality:

Lemma 6. For all distributions P, Q s.t. P < Q, and all a C [0,1],

j3(P, Q) exp ( D(PQ) + hB(a) (3.20)

Proof. Use the data processing inequality with the kernel Pziw from our hypothesis
test:

1 1 1
D(PI Q) > d(a/3#0 ) = -h(a) + a log - + (1 - a) log > -h(a) + a log -

(3.21)

Where d(pI q) is the divergence between a Bernoulli(p) and Bernoulli(q) distribution.
The lemma follows from solving for #%. EZ

Finally, we are interested the case when P and Q are product distribution P =

j=1 P and Q = H" Q2. When this is the case, with a few regularity conditions
we can expand 3c, in terms of it's dependence on n by the following lemma from [15,
Lemma 14], which we give here

Lemma 7. Let P = R=[ P and Q = H> Qi with Pi < Qj be two measures on a
measurable space An such that the third moment of log 4 is bounded, then

log f3(P, Q) = -nDn - nVQ- 1 (a) + o(Vr) (3.22)
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Where

Dn= - D(Pil jQj) = d- E g(3.23)
In. n d i

Vn = V(PiHjQi) = Var (log dPi (3.24)
i=1 Z=1

The proof is an application of the Berry-Esseen Theorem, which quantifies the
error in approximating the CDF of a sum of independent random variables by a
Gaussian distribution as in the Central Limit Theorem.

3.2 Achievability

In this section, we prove the achievability side of the coding theorem for the MIMO-
BF channel. We will rely on the K 3 bound [16, Theorem 25], quoted here:

Theorem 8 (/'7 bound). Given a channel PyIx with input alphabet A and output
alphabet B, for any distribution Qy on B, any non-empty set F C A, and E, T such
that 0 < T < E < 1/2, there exists and (M, e)-max code satisfying

M > KT (F, Qy) (3.25)
-supxGF 01-F-+-r(PriX=x, QY)

The art of applying this theorem is in choosing F and Qy appropriately. The
intuition in choosing these is as follows: although we know the distributions in the
collection {PYIx}xEF, we do not know which x is actually true in the composite, so
if Qy is in the "center" of the collection, then the two hypotheses can be difficult to
distinguish, making the numerator large. However, for a given x, Pyix=x vs Qy may
still be easily to distinguish, making the denominator small. The main principle for
applying the rzo-bound is thus: Choose F and Qy such that PyFx=x vs Qy is easy to
distinguish for any given x, yet the composite hypothesis Y ~ {PYIX=x}xEF is hard
to distinguish from a simple one Y ~ Qy.

The main theorem of this section gives achievable rates for the MIMO-BF channel,
as follows:

Theorem 9. Fix an arbitrary caid Px on R"T and let

V' E [Var(i(X; Y H) X)] - E [V1(X)] , (3.26)

where V(x) is introduced in Proposition 18. Then we have

log M*(nT, e, P) > nTC(P) - \/nTV'Q-'(e) + o(v/n) (3.27)

with C(P) given by (2.10).
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Proof. Let TF> 0 be a small constant (it will be taken to zero at the end). We apply
the K 3 bound (3.25) with auxiliary distribution Qy = (Pyg)", where pig is the
caod (2.12), and the set F, is to be specified shortly. Recall notation D,(Xn), V (Xn)
and Ba(x") from (2.42), (5.6) and (2.45). For any x' such that B,(xn) < Tj , we
have from [17, Lemma 14],

- log 31-E+r(PYlHflxf=x, P*H)

nTD,(") + VnTV,(x)Q- 1 (1 - 6 - 2r) - log - K' (3.28)

where K' is a constant that only depends on channel parameters. We mention that
obtaining (3.28) from [17, Lemma 14] also requires that Vn(Xn) be bounded away from
zero by a constant, which holds since in the expression for Vn(Xn) in Proposition 18,
the term (5.8) is strictly positive, term (5.9) will vanish, and terms (5.10) and (5.11)
are both non-negative.

Considering (3.28), our choice of the set F, should not be surprising:

Fn

{xn: ||z=nTP, V(x") V' + T, max IlxjHF I n} (3.29)

where J = 6 (r) > 0 is chosen so that Lemma 3 implies B,(Xn) < Tr/ i for any Xn E Fn.
Under this choice from (3.28), (2.43) and Lemma 3 we conclude

sup log 11-+(PynH| IX=x", PH ) <
xnE Fn

- nTC(P) + VnT (V' + T)Q 1 (e - 2Tr) + K", (3.30)

where K" = K'+ log.
To lower bound the numerator K,(F., Py'H) we first state two auxiliary lemmas,

whose proofs follow. The first, Lemma 10, shows that the output distribution induced
by an input distribution that is uniform on the sphere is "similar" (in the sense of
divergence) to the n-fold product of the caod.

Lemma 10. Fix an arbitrary caid Px and let Xn have i.i.d. components Px. Let

Zk Xn /nTP (3.31)

where |XJ|F = t=1 fXjIF- Then

T Plog e
D(PYnH|Xn 0 PfI-n H) l E [||H||2], (3.32)

nt

where P 1nH is the n-fold product of the caod (2.12).

The second, Lemma 11, shows that a uniform distribution on the sphere has nearly
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all of its mass in F, as n -÷ oG.

Lemma 11. With f( as in Lemma 10 and set F defined as in (3.29) (with arbitrary
T > 0 and 6 > 0) we have as n --> o,

P[X" E Fn] -- 1

Denote the right-hand side of (3.32) by K1 and consider the following chain:

D(PY" H-|X" o P-n . QYn ) + log 2nr (Fn, Qyn) > exp (3.33)
TfP- [ Fn](K 1 + log 2\

> exp - +log (3.34)
-r P. [ Fn ]

= exp (- (3.35)
( + 0(i)

> K2 (-) , (3.36)

where (3.33) follows from Lemmas 5 and 6 with Pk. as in Lemma 10, (3.34) is from
Lemma 10, (3.35) is from Lemma 11, and in (3.36) we introduced a T-dependent
constant K 2 .

Putting (3.30) and (3.36) into the r,'-bound we obtain

logM*(nT, e, P) >

nTC(P) - V/nT (V' + T)Q- 1 (e - 2T) - K" - K 2 (T).

Taking n -4 oc and then T -- 0 completes the proof. l

Now we prove the two lemmas used in the Theorem.

Proof of Lemma 10. In the case of no-fading (H = 1) and SISO, this Lemma follows
from [18, Proposition 2]. Here we prove the general case. Let us introduce an auxiliary
channel acting on Xj as follows:

nP = H-j=1...,n (3.37)
'H JXn HF
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With this notation, consider the following chain:

D(PYnH X 0 PRn IIH)

= D(PnH IXn oPxl P$?) (3.38)

= D(P7nHflIfl PX -11PYIXHIX-l 0 PXn) (3.39)

= D(P 'nHnIX IlPYnHn|Xn PXn) (3.40)

= D(PnIHnXnI PynIHn|Xn PXnPHn) (3.41)

log e FnT P2
2 E 1 XE YF I 11H X 2(32 JJ~n JIF ) t=1 F(.2

2= t [ |E "| F - n (3.43)

= loge E[|HI ](nTP - VnTPE [|Xn||F 3.44)
nt

where (3.38) is by clear from (3.37), (3.39) follows since PX is a caid, (3.40)-(3.41) are
standard identities for divergence, (3.42) follows since both Y and Yj are unit-variance
Gaussians and D(K(0, 1)HA((a, 1)) = loge (3.43) is from Lemma 2 (see Remark 3)
and (3.44) is just algebra along with the assumption that E [ F X-Ij nTP.

It remains to lower bound the expectation E [HJXn||F]. Notice that for any uncor-
related random variables Bt > 0 with mean 1 and variance 2 we have

t=1E E ,21 -- A, (3.45)

which follows from dF > 31-, 2 for all x > 0 and simple computations. Next consider-2
the chain:

E[|lXn|F -( )2, (3.46)

2 =1

E (X 1E) y(3.47)
t=1_

= nTP 1 - - (3.48)n

where in (3.48) we used the fact that for any caid, {(Xt)ij, t = 1,... n} - M(0, P/nt)

i.i.d. (from Theorem 1) and applied (3.45) with Bt = _. Putting together (3.44)
and (3.48) completes the proof. E

Proof of Lemma 11. Note that since ||Xn||2 is a sum of i.i.d. random variables, we
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have IIXnI1F -+ 1 almost surely. In addition we havev n TP

E[|lX, (itT) 1 3 E [(X)5 j A K ,

i~j

where we used the fact (Theorem 1) that Xi's entries are Gaussian. Then we have
from independence of X,'s and Chebyshev's inequality,

P[max 1Xj11F 6'n I P[IIX1HF < I

> K n

as n - oc. Consequently,

P max HXjH|F 6 >r 2

1 3mx~i 2 ~ mP 2
6 |[X|IF 1P MaX||Xj||F ~~ -- < 2- 0

. j 2 _ N/nT P

as n -+ oc.
Next we analyze the behavior of V(X"). From Proposition 18 we see that, due

to ||XT"|2 = nTP, the term (5.9) vanishes, while (5.10) simplifies. Overall, we have

Vn (X")=

K + (||XF) 2  -_T4HXji+ T14IIjXf 11 2 (3.49)
F j=1

where we replaced the terms that do not depend on xn with K. Note that the
first term in parentheses (premultiplying the sum) converges almost-surely to 1, by
the strong law of large numbers. Similarly, the normalized sum converges to the
expectation (also by the strong law of large numbers). Overall, applying the SLLN
in the limit as n -- oc, we obtain:

lim Va(Xn) = lim _E V() (3.50)
n--+oo n-+oo n

= E[V1(X)] = V1 . (3.51)

In particular, P[Vn(Xn) < V'+ T] -+ 1. This concludes the proof of p[In E F] ]
1.
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3.3 Converse

Here we state and prove the converse part of Theorem 4. There are two challenges
in proving the converse relative to other finite blocklength proofs. First, behavior of
the information density (2.40) varies widely as x' varies over the power-sphere

Sn = {x E (RntxT)n : |Ix' = nTP}. (3.52)

Indeed, when max |jxj I|F cn the distribution of information density ceases to be
Gaussian. In contrast, the information density for the AWGN channel is constant
over Sn.

Second, assuming asymptotic normality, we have for any Xn E Sn:

-log 01-E(PYnHnXxn , H) ?Y H

nC(P) - nV(xn)Q-(c) + o(fi). (3.53)

However, the problem is that Vn(X") is also non-constant. In fact there exists regions
of Sn where Vn(Xn) is abnormally small. Thus we need to also show that no capacity-
achieving codebook can live on those abnormal sets.

The main theorem of the section is the following:

Theorem 12. For any 6n -+ 0 there exists 6n -> 0 such that any (n, M, 6)-max code
with e < 1/2 and codewords satisfying max1 3 gn |I|j||F < 6nn4 has size bounded by

log M < nTC(P) - VnTV(P)Q-1 (e) +6' $ , (3.54)

where C(P) and V(P) are defined in (2.11) and (3.6), respectively.

Proof. As usual, without loss of generality we may assume that all codewords belong
to Sn as defined in (3.52), see [16, Lemma 39]. The maximal probability of error code
size is bounded by a meta-converse theorem [16, Theorem 31], which states that for
any (n, M, E) code and distribution QynHn on the output space of the channel,

1
S>inf #1_-(Py-.IX=n, QYnHn) , (3.55)M -n

where infimum is taken over all codewords. The main problem is to select QynHn

appropriately. We do this separately for the two subcodes defined as follows. Fix
arbitrary 6 > 0 (it will be taken to 0 at the end) and introduce:

C1 , C n {x": Vn(X") < n(V(P) - 6)} (3.56)

C,, C n {x" : V(x") > n(V(P) - 6)} . (3.57)

To bound the cardinality of Cs, we select Qyn. -- (.H )n to be the n-product of
the caod (2.12), then apply the following estimate from [17, Lemma 14], quoted here:
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for any A > 0 we have

10g #1_-,(PY- H- JXax PH)

- nDn(Xn) - nV(x")Q 1  - _ - B (xn)+ A

1 n
S-og- (3.58)2 A2 '

where Dn, V, and Bn are given by (2.43), (5.6) and (2.45), respectively. We choose
A =n and then from Lemma 3 (which relies on the assumption that I|XjIF 6nd)
we get that for some constants K 1 , K 2 we have for all x (E C:

2 'X ) K 3
Bn(x") + A < Ki6v + K 2nr + .

From (3.55) and (3.58) we therefore obtain

1
log IC,, nTC(P) - r/nT(V(P) - 6)Q- 1 (e - 6") + - log n, (3.59)

4

where 6" = K, n + K2n- - 0 as n - oo.
Next we proceed to bounding ICI. To that end, we first state two lemmas. Lemma

13 shows that, if in addition to the power constraint E[11X112 ] TP, we also required
E[V1(X)] < V(P) -6, then the capacity of this variance-constrained channel is strictly
less than without the latter constraint.

Lemma 13. Consider the following constrained capacity:

(P, 6) =
1

sup {I(X; Y|H) : E[|X|F <TP E[V1(X)] < V(P) - J} (3.60)
xF

where V(P) is from (3.6) and V1(x) is from (5.7). For any 6 > 0 there exists T =

T(P, 6) > 0 such that C(P, 6) < C(P) - r.

Remark 5. Curiously, if we used constraint E [V1(X)] > V(P)+6 instead of E[V1(X)
V(P) - 6 in (3.60), then the resulting capacity equals C(P) regardless of 6.

The following Lemma shows that, with the appropriate choice of an auxiliary
distribution QY-,Hn, the expected size of the normalized log likelihood ratio is strictly
smaller than capacity, while the variance of that same ratio is upper bounded by a
constant (i.e. does not scale with n).

Lemma 14. Define the auxiliary distribution

P*I H (yjh) ||h||12 > ArYPH lhy h)>=A~(3.61)QYH(yPh) P|H(yjh) ||h 1 < A
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where A > 1 is a constant, P* H(y|h) is the caod for the MIMO-BF channel, and

P*|H(yjh) is the caod for the variance-constrained channel in (3.60). Let QYH

PHQY|H, and QYH- 1 1 QYH. Then there exists constants T, K > 0 such that
for all x" E C1 ,

C, T n"+E [log QynHn (Yl , Hnix)1 C(P) - T (3.62)

PYn,HnIX(
Vn - Var (log Qyn,Hn -" , H"|x") < K (3.63)

where Yi = Hixi + Zi, i = 1,..., n is the joint distribution.

Remark 6. The reason we let QYIH take on two distributions depending on the value

of H is because we do not know the form of P*|H, hence we do not explicitly know

how it depends on H. This choice of QYIH ensures that expectations involving PYjH
are finite.

Choose QY,H as in Lemma 14, so that the bounds on Cn, V from (3.62), (3.63)
respectively, hold. Applying [17, Lemma 15] with a = 1 - E (the statement of this
lemma is the contents of (3.64)), we obtain

log 3 1E(PYHjXf=Xf PM" )

2nTV, 1 - 6 3.4
> -nTC, - -log (3.64)_ JE 2

> -nT(C(P) - r) - nTK+ log - (3.65)
I - 6 2

Therefore, from (3.55) we conclude that for all n > no(6) we have

log |CJ| < nT (C(P) - . (3.66)

Overall, from (3.59) and (3.66) we get (due to arbitrariness of 6) the statement (3.54).

Proof of Lemma 13. Introduce the following set of distributions:

2' A {Px : E[|X|| ] < TP, E[V1(X)] < V - 6} . (3.67)

By Prokhorov's criterion (e.g. [19, Theorem 5.1], tightness implies relative compact-
ness), the norm constraint implies that this set is relatively compact in the topology
of weak convergence. So there must exist a sequence of distributions P6 E P' s.t.
P, + P and I(,,; HX, + ZJH) - O(P, 6) where k, ~,,. By Skorokhod repre-
sentation [19, Theorem 6.7], we may assume ,n -4 X ~ P, i.e. there exists random

variable X that is the pointwise limit of the X,'s. Notice that for any continuous
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bounded function f(h, y) we have

E [f(H, HXn + Z)] -+ E [f(H, HX + Z)] ,

and therefore Py -" PH. Assume (to arrive at a contradiction) that O(P, 6)
C(P), then by the golden formula, cf. [10, Theorem 3.3], we have

I(kX;HXk + Z|H)

= D(PYH|X IP~HI ) - D(PgH H (3.68)

= E [D1 (iX)] - D(Pk (3-69)

C(P) - D(PvHHP ), (3.70)

where D1(x) is from (2.43). Therefore, we have

D(PkH IIPlH) -_ 0

From weak lower-semicontinuity of divergence [10, Theorem 3.6] we have D(PkHIIPyH) =
0. In particular, if we denote X* to have Telatar distribution (2.9), we must have

E. [\| ||] =E [\|H x + Z112] = E [|HX* + Z|12]. (3.71)

From Lemma 2 (see Remark 3) we have

E [||H |112]E [1Hx 112] = IIXI1 (3.72)
F it

and hence from the independence of Z from (H, X) we get

. [|Hx + Z1 2|] = E [||H ]E [|_k|] + n2T,

and similarly for the right-hand side of (3.71). We conclude that

E[||k||2] =E[||X*||2] = TP.

Finally, plugging this fact into the expression for D1 (x) in (2.43) and (3.69) we obtain

I(Xk; HX + ZI H) = 1E [D 1(Xn)] = C(P) .

That is, X is a caid. But from Fatou's lemma we have (recall that V(x) > 0 since it
is a variance)

E [V (X)] < lim inf E [V (Zn)] < V(P) - 6
n-+co

where the last step follows from Pn E P'. A caid achieving conditional variance
strictly less than V(P) contradicts the definition of V(P), cf. (3.6), as the infimum
of E [V1(X)] over all caids. [I]
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Proof of Lemma 14. First we analyze C, from (3.62). Denote

i(x; y, h)= log PYHX(yjh,x)

YJH

i(x; y, h)= log PYIH,X (hx).
Y|H

(3.73)

(3.74)

Here, i(x; y, h) is the information density given by (2.40), while i(x; y, h) instead has
the caod for the variance-constrainted channel (3.60) in the denominator. Since QYIH
takes on one of two distributions based on the value of H, conditioning on H in two
ways yields

C=1 E log
nT

j=1

+ TE
j=1

PYn,HnX 
"(Yf, Hnxn)]

Qyn,H n

[i(x;;Yj, H) |H3 || > A] P[FH > A]

[i(x, Yg, H3 ) |H| A] FP[|H|| A].

(3.75)

(3.76)

(3.77)

The Hj's are i.i.d. according to PH, so we define p - P[fHfl} > A]. Using capacity
saddle point, (3.76) is bounded by

Hj) ||Hj|| 2 > A PC(PH>A)

where C(PH) denotes the capacity of the MIMO-BF channel with fading distribribu-
tion PH, and PH>A denotes the distribution of H conditioned on I|H 11 > A (similarly,
PH<A will denote H conditioned on |H| 1 A). (3.78) follows from the fact that the
information density, i.e. log pj"x (yIh, x), is not a function of PH, hence changing

Y|H

the distribution PH does not affect the form of i(x; y, h). Similarly, using Lemma 13,
(3.77) is bounded by

1-
niTE

< (1 - p)C(PH<A)

= (1 - p)(C(PH<A) - T')

< A

(3.79)

(3.80)

where -' > 0 is a positive constant, and O(PH) denotes the solution to the optimiza-
tion problem (3.60) when the fading distribution is PH. Putting together (3.78) and
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n
P E 7 i (xj; Yj,

nT _j=1

n

E'(Xj; y Hj) IlHjII2
F

_j=I



(3.80), we obtain an upper bound on C,

Cn < PC(PH>A) + (1 - p)(C(PH<A) - T) - (3.81)

Note that C(PH) = EpH [log det(In, + P/ntHHT)], so the capacity only depends on
PH through the expectation - the expression inside is not a function of PH because
the i.i.d. Gaussian caid achieves capacity for all isotropic PH's. Hence, by the law of
total expectation, (3.81) simplifies to

Cn C(PH) - (1 - p)T'. (3.82)

Finally, we can upper bound p using Markov's inequality as

1
p = P[jH 112 > A] < (3.83)

since A > 1. Applying this bound to (3.82), we obtain

C, C(PH) - (1 - p)T' (3.84)

_C(PH) - T -(3.85)

Defining T A (1 - 1/A)T' completes the proof of (3.62).

Next we analyze V from (3.63). The strategy will be to decompose (3.63) into two
terms depending on the value of ||H 11, then show that each term is upper bounded
by A1 +A 2 E' I ||Xj ll, where A1, A 2 are constants not depending on Xn. Finally, we
will show that En1| II = 0(n) when x" E C1. To this end,

V= 1 Var log ' (Yn, H"|x") (3.86)
nT Qyn,H/

=12 Var log ' YH~y (3.87)

< - E log ' (Y, Hj Ixj) (3.88)

where (3.87) follows from the independence of the terms, and (3.88) is from the bound
Var(X) < E[X2]. Again we condition on H in two ways,

n

V -< E [i: x ; Yj HF2|Hyl> A] (3.89)

H1
+ Z7E ( j;Y jHj)2 1 IlH4 12A] .(3.90)

nT4 LF
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For the first term, (3.89), we know the expression for i(x; y, h) from (2.40), so we
simply upper bound i(x; y, h)2 . To this end,

i(x; y, h)2

In, + P hhT)

log e "21" A 2I|vTx1|2 + 2Aj (vf x, Ej)

2 1 +PA .j=1 + n- 3

C1|h2|% + C2|x1IF + C3(2j)HXI1 + C4(i

P Ag jJJ2 2

(3.91)

(3.92)

where C1, C2 are non-negative constants, and C3( j), C4(ij) are functions of only 3j
that have bounded moments. This follows from:

e Bounding the first term via

2

log det In, + - hhT)
nt

< log2(e)PT 2 nmin||h 112
Ant

(3.93)

which can be derived from the basic inequality log(1 + x) < log(e)v-.

Noting that the second term is bounded in h, since for all A E R,

(3.94)

(3.95)

* Noting that all moments of ||2j||2 are finite because this is the norm of a standard
normal vector.

Therefore, after taking the expectation of (3.92) and summing over all n, we obtain

n

E [i(xj; ; Hj) 2 | | > A]
j=1

+ C 6

j=1
Hxgfl4) /l j 1

(3.96)

for some non-negative constants C5 , C6 .

48

2 ( log det

T
2

|____

I+ A2  2

1+ A2 P .

C5
\T



To bound the second term, (3.90), first we split the logarithm as

E jix Y, Hj)2|||lHj| 11 A]

* 2E [log (PYIH,X (YjI Hjxj))2 ||Hj||1 A]

+ 2E [log (|H112H |H| 2  A] (3.97)

The first term in (3.97) is simple to handle, since its expression is given by the
definition of the channel,

[log (PYIH,X (Y|Hj , Xj )) 2 |Hg||% A]

= -T log(27) - 12 2 (3.98)

1 1
< nT log2 (27r) + 1nT(2 + nrT) (3.99)

2 2
K (3.100)

i.e. we have a constant upper bound. For the second term in (3.97), notice that p, H
that is inducible through channel, i.e. there exists an input distribution Px such that
PY,H(y, h) = E[PY,HIX(y, hlX)]. Using this fact, we obtain the bound

- log P*IH(yIh) = - log E[PY1H,x (yIh, X)] (3.101)

< E[- log PYH,x (yh, X)] (3.102)

E log(27r) + -ly - hX12 (3.103)
22 I AIFI

< log(27) + 1y1l11 + TP11hf11 (3.104)

where (3.102) follows from Jensen's inequality, (3.103) is from the definition of the
channel, and (3.104) follows from applying the inequality IIA+B l1 2 211A 11 j+211B 11

along with ||hXfl} I|h 112 |X12, then noting that X satisfies E[|X|] = TP. Using
this, we can bound the second term in (3.97) via

[log (AYH HJ) ||Hjf|| 1 A] (3.105)

< E log(2wr) + Y 112| + TPI Hj||N ilHjf} A (3.106)

< E [3 4 log 2 (27) + 31 Y Fl

+3T 2p2lHj|3  1 Hj|2 < A] (3.107)
<K2 + K31 xfI4 (3.108)
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where K2 , K3 are non-negative constants which do not depend on x, (3.106) is from
the above bound (3.104), and (3.108) follows from applying the bound

E [l|y|I|Hj|| A]

= IE |Hxj + Zj||4|||Hj||1 < A] (3.109)

8E [|lHj|4 11H5|j| A] ||cj14 + 16n2T2  (3.110)
8Axj14 + 16n2T2 . (3111)

Putting together (3.108) and (3.100), we obtain an upper bound on (3.90),

1 -Z(j
E ; 2 < A]

j=1

< 2 (1- p) (K3  KK5  IXj 114) (3.112)
S(nT K3 + K4 + K =1 |||F '

\= j=111 /i
Now, since z E C by assumption, we can control the quantity Z_ |xij|4F vi

XZ114(Xi) (3.113)
i=1 i=1

< n(V(P) - 6), (3.114)

where the first inequality follows from the non-negativity of the terms in V(x) given
in Proposition 18, and the second inequality is from the definition of C1. Hence the
sum of fourth powers of the |Ixi||F's is O(n) on C1. All together, combining (3.112)
and (3.96) yields the following bound on V,

V < K' + K" ||X,|14 (3.115)
\ j=1/

< K (3.116)

which completes the proof of (3.63). l
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Chapter 4

Numerical Computation of
Non-Asymptotic Bounds

In this chapter, we discuss one method to numerically computation an achievability
bound for the MIMO-BF channel. First, we want to explain why this is necessary.
The bounds in Chapter 3 show that the maximum number of supportable codewords
at blocklength n and error probability c is upper and lower bounded as

K (Fn, QYnHn) -< M*(n, E, P) < 1
supxfEF, 01-,E+r(PY Hn|X"=x", QYnHn) infxn 03 1-E(PynHntX=xn, QYnHn)

(4.1)

These are non-asymptotic bounds, i.e. they hold for all n, e, and P. In order to
establish the dispersion, we showed that these bound match up to the O(Vji) term.
Note that matching to the O(Vi) term is an asymptotic statement, and allow us to
use the "normal approximation"

log M*(n, c, P) ~~ nTC - v nVQ-1 (E) (4.2)

to get a more refined approximation for log M* (n, E, P). This approximation is fairly
easy to compute, since C and V are given by single letter expressions. However, if
one is interested in hard achievability and converse bounds, as some applications may
demand, the approximation (4.2) is not sufficient. For example, it may be possible
that the constant term, which disappears asymptotically, is in fact large enough to
compute with the 0(n) term for mild blocklengths. That is where computation of
the non-asymptotic bounds comes into play.

To give guarantees based on our achievability and converse proofs, we would have
to numerically compute the non-asymptotic upper an lower bounds in (4.1). Often
this is difficult, first because K, does not have a nice form, and because the minimiza-
tion in the denominator over an n dimensional space can be hard to find. Note that
the /3 terms, because of the Neyman-Pearson Lemma, are given by the CDF of an
n-fold product distribution. Hence these are not trivial to compute, but at least they
can be approximated via monte carlo given enough time.
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To solve this problem, in this chapter we derive the 00-bound, which is looser than
the Kj bound, but is more amenable to numerical computation. After deriving it, we
show how to apply it to the MIMO-BF channel, and give examples of its computation.
We note that this is joint work with Wei Yang, and the results appear in [20].

4.1 p34 Achievability Bound

The 03 bound gives a looser but easier to compute alternative to the K3 bound. First
we state and prove the bound, then give a discussion on its computability.

Theorem 15 (33 bound). For all c G (0, 1), and every input distribution Px, there
exists an (M, E) average probability of error code satisfying

- > sup sup 3(PYQ)(4.3)
2 - 0<r<E Qy 01-E+-r(Pxy, PxQy)

The proof is due to Wei Yang - we give it here for completeness.

Proof. Take 6 E (0, 1) and T E (0, c), and let Px, Qy be two arbitrary measure on the
input and output space, respectively. Consider the binary hypothesis test

HO: (X,Y) ~ PxQy (4.4)

H, : (x, Y) ~ PXy (4.5)

where Pxy = Px o Pyrx is the join distribution induced by the channel. I.e. this
tests if the pair (X, Y) are dependent, or are independent with product distribution
PxQy. Using the Neyman-Pearson Lemma, let Z(X, Y) be the test that correctly
outputs H1 with probability at least 1 - e + T, and has minimal error amongst all
tests which output H1 when in fact HO is true, i.e.

Pxy [Z(X, Y) =11 1 - E + (4.6)
PxQy [Z(X, Y) = 1] = 31-E+r(Pxy, PxQy). (4.7)

Note that this is the definition of #1-,+,(Pxy, PxQy). The encoder employs random
coding - each of M codewords {C1, . . . , CM} is generated i.i.d. from the distribution
Px. The decoder computes the test Z(cj, y) for each j = 1,... , M, and outputs the
smallest j such that Z(cj, y) = 1. If such an index does not exist, the decoder makes
an error. Denote the probability of error for a fixed codebook by P,(c, ... , cm). Let
W denote the sent codeword. With this encoder and decoder, there are two error
events: either an incorrect codeword has Z(cj, y) = 1 for j < W (since the decoder
outputs the first index), or if the correct codeword has Z(cw, y) = 0. From this, the
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probability of error averaged over all codebooks is given by

E [Pe(Ci,... ,CM)] < P[Z(Cw, Y) = 0] + P max Z (4.8)
l<w ,Y)-1 (48

< - + P max Z(C.,, Y) =1(4.9)
[<w

where the second line follows from (4.6). We handle the second term as follows: Let
X ~ Px denote a random variable that is independent from Y, then

- -mxZ C ,Y M --
P mx ZCjY) 1 E P max Z(Cj, Y) =1(4.10)

j<w _ M j <j.

M

} P [Z(X, Y) = 1] (4.11)

M-1< 2 Z(lY (4.12)

M-

= 2 /31-E+r(Pxy, PxQy), (4.13)

where the first line is averaging over W, the second is from the union bound, the
third is from summing the series of j < Jf, and the fourth is from the definition of
31-E+r(Pxy, PxQy). Now, choose

M= F/[i2/3r(Py Qy) (4.14)
01_E+-r (X x xQy )

yielding from (4.13),

P max Z(C , Y) = 1 < Or (Py, Qy) . (4.15)
<wI

Now, note that /%(P, Q) < a since the best test is better than the test that ignores
the data and outputs P with probability a. With this, we conclude

P max Z(Cj, Y) = I <T r. (4.16)
j<wI

Hence overall, the average probability of error of our random code, from (4.9) is
bounded by

E [Pe(C1 ,... , CI)1 <C (4.17)

and we conclude that there exists an (M, r) code satisfying (4.14) for arbitrary T G
(0, c) and arbitrary distribution Qy. 0

Remark 7. The "golden formula" in information theory often refers to the following
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equation: for any distribution on the output space Qy,

I(X; Y) = D(Pyx||QyIPx) - D(Py||Qy). (4.18)

An example application is capacity saddle point i.e. if P , P are the capacity achiev-
ing input and output distribution of a channel, respectively, then for all Px, Qy,

D(Py1xJ|P*|Px) D(Pyx||P |P ) D(Py1x||Qy|P ) (4.19)

which allows us to give upper and lower bounds on capacity by cleverly choosing Px
and/or Qy. Indeed, in finite blocklength applications, a meta-principle is that

D(PIIQ) i-4 - log 3(P, Q) (4.20)

i.e. divergences are "replaced" by 3 functions. Note that -- log 3(Pn, Qf) 9
D(P|Q) as n -* o, so this isn't unexpected. In this sense, the #/ bound can
be seen as a non-asymptotic analog to the golden formula, it reads:

M
log- ;> sup sup (- log #1-,e+ (PXY,PXQY) + log 0, (Py, Qy)) (4.21)2 0<r<E Qy

The 03 bound can be seen as an average probability of error analog to the K/3
bound. Indeed, using Lemma 5, we can lower bound bound the KO bound by

M > Kr(F, Qy) > 3TP[F](PX PyX , Y)
supxEF / 1-+r(PY 1X=x, Qy ) supxEF O1-E+r (PY|X=x, QY)

The /3 bounds has a few computational advantages. The major difficulty in comput-
ing the KO bound is computing the supremum in the denominator. When considering
the average probability of error in the /3 bound, this supremum does not appear,
leaving us to approximate the error in a hypothesis test between two n-fold distribu-
tions.

4.2 Application to the MIMO-BF Channel
The art of applying and computing these bounds is in choosing the distributions
Px, Qy, and parameter T such that 1) the quantities are computable, and 2) the
bound still remains fairly tight. In this section, we will go through these choices for
the MIMO-BF channel where the fading process has i.i.d. Gaussian entries, i.e. the
Rayleigh case.

We apply the /3 bound by first choosing the input distribution Pxn to be uniform
on the sphere {X E CntxnT : "|= nTP}. This distribution can be represented
as

wn
Pxn ~ W||/nTP (4.23)
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where W' E Ctx"T has i.i.d. C.f(0, 1) entries. Note that this is the same input
distribution as used in the achievability proof. QYnHn is chosen to be the capacity
achieving output distribution - this is the standard choice. Since Pxn can be sampled
from using a n-dimensional standard Gaussian, and QYnHn i= 1 PHQYH is the
product of two Gaussian distributions, we can easily sample from this distribution.
Thus computing the denominator

/3 1-E+r ( PXnyn Hn , PXn Q YnHn) (4.24)

can be done using the standard monte carlo approach.
Note that in the AWGN channel, /3C,(PXnyn, PXnQy-) is constant over all in-

put distributions on the sphere when Qyn is the capacity achieving output distri-
bution. Hence to compute this for the AWGN channel, replacing PXn with x' =

(V .... , V) can simplify computation. In the MIMO-BF channel, #% is not longer
constant over PXn, so we cannot use this simplification.

The real challenge is computing /
3 (PynHn, QYnHn). There is no closed form

expression for Pyn, hence we cannot directly compute the log likelihood ratio via
monte carlo. A technique to compute this 3-(PynHn, QYnH-) is as follows: Let
Pin denote the distribution on CntXT that has i.i.d. CK(O, P/nt) entries. Then
QYnH = PX0 0 PYnHn|Xn, and

PYnH'a = PXn 0 PYnHnlXn (4.25)

= Pin 0 Py n)Hn|Xn (4. 26)

where PX o PyIX denotes the output distribution induced by PX through Py|X, and
here P() denotes the channelYnHnjXn

Y = HT X P+ Z n. (4.27)

I.e. we replace the channel by one that forces the input distribution to live on the
sphere, and then choose the i.i.d. Gaussian input distribution for this channel. The
motivation for doing this is the following - by the data processing inequality for
/3a (P, Q),7

/3 (PYn Hn,QYnHn) > 073PX" P(s) XPXn PYnHnXl). (4.28)

i.e. the error in a binary hypothesis test between the true and auxiliary output
distributions is lower bounded by the error of the hypothesis test between the joint
distributions. Now, the log likelihood ratio of the right hand side can be computed
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in closed form, i.e.

P n PyHu|Xn
log P, HnIX_ (X", yfl, h") = log

PxnPYHXn

eXp - yn - hx nTP

eXp (-ny" - hnxn1| 2)

= log(e) (|yn - h nXnI2 _ yn -
nT P

h~x

Because of this form of the log likelihood ratio, $T(PknP'), nXnP)

comes computable via Monte Carlo.

4.2.1 Renyi Divergence Method

There is a nice lower bound on the numerator in terms of the Renyi divergence:

Proposition 16. For any P, Q such that P < Q, and any non-negative A > 1,

(P, Q) > TA1 (e(A--)D(PIQ) - 1 (4.31)

Where DA(P|IQ) = A'-log EQ ((X) is the Renyi divergence. This implies
A-i L ( (X)Cl jj

03 (P, Q) > exp ( DA(PHQ) + h(7)
T

(4.32)

Proof. We use the property that the Renyi divergence satisfies the data processing
inequality, and use the test between P vs Q from the optimal hypothesis test to obtain

DA(PH|Q) > d.\(rJ#1,) =A - log (T A - (1 - )A(1 - /3)1-A)

We lower bound the RHS using 1/(1 - ) 1, then simply solve for 0, in

(4.33)

DA(PHIQ) > 1 log
A - I

( A
(1) A1

#\rT

+ (1 -- r)A )

We can use the data processing trick to obtain a closed form upper bound for the
Renyi divergence

D,(PYnHn QYnH) (4.35)

where again QYnHn is the caod, and PYnH- induced by Px, uniform on vnPSn-1
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Recall the data (un)processing trick: For two distributions Py,Qy, if we can view
them as outputs of two different channels for the sample input distribution, i.e.

py = PX 0 PYIX
QY = PX 0 QYIX

(4.36)

(4.37)

Then the data processing inequality tells us that, for any function f that satisfies
data processing,

f (PY, Qy) < f (PXPY|X, PXQY|X) (4.38)

This is useful when the RHS is easy to compute and the LHS is difficult. An example of
this is for the MIMO fading channel, both /a(PYnH-, QYnHn) and D(PynHn IQYnH-)
become easier to compute after noticing that each is the output distribution induced
by an i.i.d. Gaussian input through

PY--IX Y H'' /n-T-+ ZnQYuH|Xn : Y= HFX| + Z"
QYn Hl|X n :Y" HnXn + Z"

(4.39)

(4.40)

Then we compute the Renyi divergence between these distributions,

DA(PXnynHnIQXnYnHn) = 1 log E
A - I

Again, the log likelihood ratio takes a fairly simple form,

(A - 1) log - (yf,
QYnH| IX

hn, xn) = (A - 1)- (Hyn - h x| 2 -

Under PX"YnHn, this has distribution

A - 1

2 (
(uFP

||Xnj|

|IH nXn|2 (-

2

- ||Zn|2 )

)2u,,nP

flXnfl

Denote, for notational simplicity,

Sn - |HnXn|2

/ --

I- up
||X"||)
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PYnH-nXn(n n[ ~ (Y Q YH~ (4.41)

yfn - hnxn

2)

(A - 1)
2

Hx~

( Zn + H" Xn

(4.42)

n

+ 2 ZHX

(4.43)

(4.44)(/nP-%X-H )
(4.45)

X" ))



And notice that expression (4.44) can be written as

A -1 (Sn + 2 r'Z)2~ ( 5  A/O )

Where here, Z ~ .A(0, 1). With this, our task is to compute

DA (PXnYnH QX"YnYHn) 1 log E [e (1)(sn+2vz)1

To compute this, first taking expectations over Z, and either completing
or noticing that this is simply the MGF, we obtain

E [e(A-1)(Sn+2 Z) = E en(A-1)SnE [e(A-1)/-z Sn]

= E [e(A-1)sn+i(A-1)2sn1

=E [e!A(A-1)S" .

Plugging in Sn, we must compute

[e he )2 f1 H2X2

Where Hi .A(, 1) for the Rayleigh case. Define

a = A(A -
VnP2

1) 1 -)

(4.46)

(4.47)

the square

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

Then, we're interested in

2 _i>= 1 H 2jxn1 /2,,I

[. a yn 2X2I
exp 2 hz - h dh"

exp Eh?(1 - aX ) dh n

which we can numerically approximate. Empirically, it looks like the Renyi divergence
beats the non-Renyi divergence method by a decent margin, and about a factor
of 2 away from computing log /3 (PxnynHn, QxnynHn), done via monte carlo. The
advantage of such a bound is that the Renyi divergence may be easier to compute
that /3(Py, Qy), either in closed for or via Monte Carlo. The downside is that when
r is small, for small blocklengths, the bound can be fairly loose. We have used
direct computation of log /3-(PXnYnHn, QXnynHn), but in cases where this cannot be
computed, this Renyi divergence trick may help.
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Chapter 5

Analysis of the Dispersion

Expression

In Chapter 3, we established that the dispersion is given by

V = min E [Var(i(X;YH)JX)] . (5.1)
Px-caid

Furthermore, Theorem 1 gave a characterization of the capacity achieving input distri-
butions: when rank(H) > 1 with positive probability, the caid is uniquely Gaussian,
otherwise there are multiple caids. However, this form of the dispersion gives us no
insight into the behavior of the channel as a function of the parameters, just as the
capacity expression C = maxp, I(X; Y, H) tells us nothing about how rate behaves
as a function of number of antennas. In this chapter, we begin by giving an analytic
expression for the dispersion. After that calculation, we look at what we learn from
the form of this expression.

5.1 Calculation of the Dispersion

The main theorem of this section is a calculation of the MIMO dispersion expression:

Theorem 17. Assume that P[rank H > 1] > 0, then V(P) = Vi(P), where

Viid(P) = TVar (mn CAWGN A)

nmin -

+ E, [VAWGN (nA)
i=1-

+ -p2 r1- -(5.2)
nw nT

2hr {mi, , . ni} are eigenvalues of H H T , VAWGN() 12 1+P '
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and

c(o-) ( " (5.3)
1+ -o-

2 min

171 C2 E c2 (A2)] (5.4)
2 i=1

A 2 e min 2

772 2 E [c(A) (5.5)

The proof is given in terms of a series of propositions.

Proposition 18. Let V1() A a = x, then we have

V(X") = n V (Xj), (5.6)
j=1

where the function V RntxT + R defined as V(x) 1 #Var(i(X;Y, H)IX = x) is
given by

V(x) = TVar (C,(H, P)) (5.7)
nmin "

+ E VAWGN (Al) (5.8)

+75 (I _P (5.9)
nt nt

||X||2 T P 2
+ 773 (x tP) (5.10)

+ 174 (|xn|| - - xLI) (5.11)

where c(.) was defined in (5.3) and C,(H, P), 1 7 3,1 /4,) 75 are given by (5.12)-(5.15).

Remark 8. Every term in the definition of V (x) (except the one with rq5) is non-
negative (for T14-term, see (5.41)). The r/-term will not be important because for
inputs satisfying power-constraint with equality it vanishes. Note also that the first
term in (5.15) can alternatively be given as

nmin

Cov C,(H, P), c (A 2) =nt dVar [C,(H, P).
k=1 kI d

Proof. From (2.40), we have the form of the information density. First note that
the information density over n channel uses decomposes into a sum of n independent
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terms,

n

i (x"; Y n H n) = Ei(xj, Y, Hj) .
j=1

As such, the variance conditioned on xn also decomposes as

n

Var(i(x"; Yn, H")) = E Var(i(xj; Y, Hj)),
j=1

from which (5.6) follows. Because the variance decomposes as a sum in (5.17), we
focus on only computing Var(i(x; Y, H)) for a single coherent block. Define

f(h) A TC,(h, P)

A loge n"ni A|I|vTx11 2 + 2Ak (vTx, 4) - A||zk|12
g(x, h, z) = 2 k--- k

k=1

(5.18)

(5.19)
nt k

so that i(x; y, h) f(h) + g(x, h, z) in notation from (2.40). With this, the quantity
of interest is

Var(i(x, Y, H))

= Var(f (H)) + Var(g(x, H, Z)) + Cov(f (H), g(x, H, Z))

Cov(f (H), g(x, H, Z)) + Var(f (H))

A=T1 AT2

+ Var (E[g(x, H, Z)IH]) + E [Var(g (x, H, Z)IH)]

AT AT4

I log det
2

r73 o 2 Var

Slog2 e
T4 2nt (rt + 2)

A log e
T/5= -Coy

- 2

In, + EHH T

Emin

E

nmin

c2(A )]

nmmn

C,(H, P), c (A2)J
k=1

CAWGN (nt A)

1

isi

F
log 2 e nmi"

+ T E
k=1

(A2) c (A ) i)

A 2
2

1 + -A2

(5.15)
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(5.17)

(5.20)

(5.21)

C,(H,P)

(5.22)

(5.12)

(5.13)
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where (5.22) follows from the identity

Var(g(x, H, Z)) = E [Var(g(x, H, Z)| H)]

+Var(E[g(x,H,Z)|H]) . (5.23)

Below we show that T and T3 corresponds to (5.9), T2 corresponds to (5.7), T4

corresponds to (5.8), and T3 corresponds to (5.10) and (5.11). We evaluate each term
separately.

T, = Cov(f(H), g(x, H, Z)) (5.24)
= E [(f(H) - E[f (H)])(g(x, H, Z) - E[g(x, H, Z)])] (5.25)
_ log e (xI2 TP

2 nt nt

E [(f(H) - E[f (H)])(c (A2) - E[c (A )])] (5.26)
k= 1

- og F - Cov (f(H), c (A2)) (5.27)
2 ( nt ntk=1k

where (5.26) follows from noting that

E [g(x, H, Z) H] = VT2 - T) c (A ) .oe (5.28)
k=1 VT 1 n

Now, since Vk is independent from Ak by the rotational invariance assumption, we
have that f(H) is independent from Vk, since f(H) only depends on H through its
eigenvalues, see (5.12). We are only concerned with the expectation over g(x, H, Z)
in (5.25), which reduces to

E [g(x, H, Z) - IE[g(x, H, Z)]IA1, . Anmin]

=- (H c (A) [()2] 5.29)
k=1 2

giving (5.26).
Next, T2 in (5.22) becomes

T2= Var(f (H)) (5.30)
min 2)

=Var ECAWGN -Ak (5.31)
(k=1 

n
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For T3 in (5.22), we obtain

T3= E [Var(g(x, H, Z) H)]

log 2 e nmin 4Ak Vkxf 2 + 2T () A1
= E 2

k=1 I1+ LAk

log 2

2

+ 2E

nmin

T E
k=1

nmin 2 A2 +T ( A

nn kkntk k

TE 2
k 1 ++ )Ak

VA2 TPA 2

2

1 + -LA2

VAWGN A2

+ log2  (H|FI
(nt

TP) E
nt

(5.32)

(5.33)

(5.34)

(5.35)A[ 2]

(1 + -LA2

where

* (5.33) follows from taking the variance over Z (recall Z = UTZ in (2.40)).

* (5.34) follows from Lemma 2 applied to E[IkVkx||2 ], and adding and subtracting
the term

(5.36)

Continuing with T3 from (5.22),

T3- =VarE[g(x, H, Z)IH]

c (A) (|VTxI2 - _

TP)2

(A ) ||VT x 2 A1 ,

where
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= Var

= r/31 nt

+log2 e
4

Var

(5.37)

(5.38)

(5.39)Anmin)

TPA 2

log2 (e) E t k 2

1+LA2



* (5.38) follows from taking the expectation over Z,

* (5.39) follows from applying the variance identity (5.23) with respect to V and
A 1, .. ., Anmin, as well as recalling (5.13).

We are left to show that the term (5.39) equals (5.11). To that end, define

mmin

(x) E Var c (Al V A1, ... Anmin (5.40)
k=1

nmin
= E~~c2(A')] Var(|T2
k=1

+ ZE [c (A') c (A)] Cov(kV,'f 2  rx 2 ) . (5.41)
k$l

We will finish the proof by showing

4 TO-1 X1

log 4  e I4 ( nx -

To that end, we first compute moments of V drawn from the Haar measure on the
orthogonal group.

Lemma 19. Let V be drawn from the Haar measure on O(n), then for i, j, k, 1 =
1, ... , n all unique,

E[V2] = 1 (5.42)
n

E[Vij1k] = 0 (5.43)

E[V22 -] (5.44)
iiikJ -n(n + 2)

E [VV2 n+1 (5.45)
n(n - 1)(n + 2)

[V]= (5.46)
n(n + 2)

-1
E[ ,VijkVljVlk] n(n - 1)(n + 2) (5.47)

Proof of this Lemma is given below.

First, note that the variance Var(H VkTx 2 ) does not depend on k, since the marginal
distribution of each Vk is uniform on the unit sphere. Hence below we only consider
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V1. We obtain

Var( |Vf'x12)

=E[|V T x|4] - E2[1V TX 2 ]
T nt n

=IE I Y TB
(i=1 j=1 k=1

nt nt nt n

= EEY
.j=1 k=1 1=1 m=

21

Vj1Vklxj 
k x )

4F

nt

VIlVkiVhVml(rj, rk)(ri,

(5.48)

(5.49)

(5.50)rm)]

where rj denotes the j-th row of x. Now it is a matter counting similar terms:

E[|VT X14 ] = E [V 17]|ri| + 2 E [VjVk ] (rj, rk)2

j=1 j54k

+ E JE[V2V$1]||r j 2 ||rk|2
jok

3 nt

ridrit + 2) S: +rH
2

mt (rt + 2)

+ ni(nt + 2) : ||r |2 ||r |2

1

nt(ri + 2) (l~ 2x T ~

(5.51)

( t

jok

(5.52)

(5.53)

where

* (5.51) follows from collecting like terms from the summation in (5.50).

* (5.52) uses Lemma 19 to compute each expectation.

" (5.53) follows from realizing that

nt

j=1

2

1 j112 )

nt nt

||xxT1|2 = E E ( 0j, L k )2
j=1 k=1

= zrjfl4 y 2 kH2

j =1

j=1

jfk
nit

k4 + (rj, rk )2
j:Ak
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Plugging this back into (5.48) yields the variance term,

Var(||V x1l 2 )
1

ridnt + 2)
( 14 +2 IIX 12 _M F

F F . 2nn2
nt(nit + 2)

Now we compute the covariance term from (5.41) in a similar way. By
the columns of V, we can consider only the covariance between I|V1TX12
i.e.

Cov(||VX112, IIV T X1 2) X1142 2 
2 xI 2  _ F.

22nt

Expanding the expectation, we get

E[I VIX11211 2]

S: IE[VjV1V2 V2m1(rj,rk)(ri,rm)
j,k,l,m

= S E[V4]rj | +2k EV2V ]|Irj 1|2||rk|12

j=1 jok

+ 2 IE [VV1kV2jV2k (rj, rk ) 2

j:Ak

1 2|
rndm -I- 2) E 117-j 14

symmetry of
and |IV2xI 2 ,

(5.57)

(5.58)

(5.59)

(5.60)

+ - 1 + 2) E Ir 1j121 rk|2

(nt - 1)nt (nt +T 2) j5k(ryy2
j#k

1

(nt - 1)nt(nt + 2) ( +

With this, we obtain from (5.57),

Cov(I|V1Tx| 2, IV2
T X 12)

2 ||x ||4

(nt - 1)nt (nt + 2) (nt

where the steps follow just as in the variance computation (5.51)-(5.53).
Finally, returning to (5.41), using the variance (5.56) and covariance (5.63), we
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obtain

<p~T1x F 2
()=nt (nt + 2) ( IXF -n

( E[C2(A)] - 1E [c (A) c (A)] . (5.64)

Plugging this into (5.39) finishes the proof.

Proof of Lemma 19. We first note that all entries of V have identical distribution,
since permutations of rows and columns leave the distribution invariant. Because of
this, we can WLOG only consider V 1 , V12 , V21 , V22 to prove the lemma.

* (5.42) follows immediately from 2 V = 1 a.s.

" Let Vi, V be any two distinct columns of V, then (5.43) follows from

0 = E[(V, V)] = nE[VV2 ] (5.65)

" For (5.44) and (5.47), let El = E[V] and E2 = E[V2
1V2

2
1]. The following

relations between El, E2 hold,

n2~

1 = E 12 (5.66)

= nE1 + n(n - 1)E2 . (5.67)

By multiplying V by the orthogonal matrix matrix

L 1/V2 -1/V'f 0 1
1/V2 1/ V2 0 (5.68)

0 0 In-2 _

where In is the n x n identity matrix, we obtain the extra relation

E= E " + (5.69)

1 3
= E1 + 3E2 (5.70)
2 2

from which we obtain E = 3E2 . With this and (5.67), we obtain

E1 = 3 (5.71)
n(n + 2)

E2 = . (5.72)
n(n + 2)
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e For (5.45), take

3 = E[V V2
2
2] (5.73)

= EV3 E V2 (5.74)

-(n - 2)E3 . (5.75)
n n(n + 2)

Solving for E3 yields (5.45).

For (5.47), let V1I, V2 denote the first and second column of V respectively, and
let E 4 = IE[V11 V1 2 V2 1 V2 2], then (5.47) follows from

0 = E[(VI, V2 ) 2 ] (5.76)

=nE2 -+ n(n - 1)E4 . (5.77)

Using E2 from (5.72) and solving for E4 gives (5.47).

The following proposition gives the value of the conditional variance of the infor-
mation density when input distribution has i.i.d. K(0, P/nt) entries. This will turn
out to be the operational dispersion in the case where rank H > 1.

Proposition 20. Let Xn = (X1,..., Xn) be i.i.d. with Telatar distribution (2.9) for
each entry. Then

E [Var(i(X; nY" , Hn)lX")] = nTViid(P) , (5.78)

where Viid(P) is the right-hand side of (5.2).

Proof. To show this, we take the expectation of the expression given in Proposition 18
when Xn has i.i.d. P1(0, P/nt) entries. The terms (5.7) and (5.8) do not depend
on Xn, and these give us the first two terms in (5.2). (5.9) vanishes immediately,
since E[ X112] = TP by the power constraint. It is left to compute the expectation
over (5.10) and (5.11) from the expression in Proposition 18. Using identities for x2

distributed random variables (namely, E [x ] = k, Var(X2) = 2k), we get:

2Var(|XI1||) = 2T (5.79)
nt nt nt)

EI[||X1 |F] Tp2 T + 2) (5.80)
F nt

E[||X1X1] = ntT (p) (1 + T + nt) (5.81)
nt

FX y114 (p 2
E [|XIXT1 - ] =T (nt - 1)(nt + 2). (5.82)

1F nt nt)
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Hence, the sum of terms in (5.10) + (5.11) after taking expectation over X' yields

T (-) 2 13+ (nt - 1)(nt + 2)r74.

Introducing random variables Uj = c(A?) the expression in the square brackets equals

log2 e122  [Var U) + (nt - 1) E [U]

- E[UiUi] . (5.83)

At the same time, the third term in expression (5.2) is

log 2 n E [U2] - ( E[U] . (5.84)

One easily checks that (5.83) and (5.84) are equal.

The next proposition shows that, when the rank of H is larger than 1, the condi-
tional variance in (3.6) is constant over the set of caids. Thus we can compute the
conditional variance for the i.i.d. K(0, P/nt) caid, and conclude that this expression
is the minimizer in (3.6).

Proof of Theorem 17. For any caid the term (5.9) vanishes. Let X* be Telatar dis-
tributed. To analyze (5.10) we recall that from (2.22) we have

E[||X|| = [XX,,,] = E [X*|].

For the term (5.11) we notice that

||X Xf| = Z(Ri, Ri) 2

i~j

where Ri is the i-th row of X. By (2.21) from Theorem 1 we then also have

E [\|XXT |] = E [||X*X*T||2].

To conclude, IE [V(X)]= E [V(X*)]= Vii(P). I

5.2 Intuition about the Dispersion Expression

Just as there was interesting design intuition to gain from Telatar's capacity result, by
looking at the dispersion expression found in Theorem 17, we can gain some additional
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3.5
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1.5

1 -- 3 bound
- Normal Approximation

Capacity
I I I I I

0 200 400 600 800 1000 1200 1400 1600
Blocklength, n

Figure 5-1: Achievability and normal approximation for nt = n, = T = 4, P = OdB,
and E = 10-3.

insights about the MIMO-BF channel.
Figure 5-1 plots the capacity, normal approximation, and #3 achievability bound

for the MIMO channel with nt = n, = T = 4 for the complex case. The details of

this computation are given in [21]. The 3# bound was developed by Yang et al [21]
and is often more computationally friendly than the no bound. This figure illustrates
the gap between achievability and the normal approximation, as well as the gap to
capacity. For example, at blocklength 400, we can achieve about 88% of capacity,
and at blocklength 1000 we can achieve about about 92% of capacity, given P = OdB
and tolerating an error probability of 10-3.

Figure 5-2 shows the dependence of the rate on the coherence time T for the 4 x 4
MIMO channel. The normal approximation for T = 1,20,80 is plotted. From (2.10)
and (5.2), we know the capacity does not depend on T, but the dispersion depends on
T in an affine relationship. Hence, from the dispersion we see that a larger coherence
time reduces the maximum transmission rate when the other channel parameters are
held fixed. Intuitively, when the coherence time is lower, we are able to average over
independent realizations of the fading coefficients in less channel uses. Note that the
CSIR assumption implies that we know the channel coefficient perfectly, which may
be unrealistic at short coherence times for a practical channel.

We now ask: how does the dispersion depend on the number of transmit and
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receive antennas? Figures 5-3 and 5-4 depict the normalized dispersion V/C 2 as a
function of the number of antennas. The normalized dispersion gives us a measure of
the blocklength needed to achieve a fraction r/ E (0, 1) of capacity, via

1 ( ) -) C2. (5.85)

The fading process is chosen to be i.i.d. A(0, 1). Each plot has two curves: one curve
with n, fixed and nt growing, and the other curve with nt fixed and n, growing. In
both plots, coherence time is T = 16. The difference is that on Fig. 5-3 the received
power P, is held fixed (at 20 dB, i.e. P is chosen so that P, = 100), whereas on
Fig 5-4 it is the transmit power P that is held fixed (also at 20 dB, i.e. P = 100).
The relation between P, and P is as follows:

P
Pr = -E[||H||2], (5.86)

nit

These figures also display the asymptotic limiting values of K computed via random-
matrix theory:

1. When n, is fixed and nt -+ oc under fixed received power P, we have

C(Pr) = -, log 1 + ) + o(1) (5.87)
2 n,

P
V(Pr) = log 2 (e) Pr + o(1) . (5.88)

1+ Prflr

2. When nt is fixed and nr -+ o0 under fixed received power Pr we have

C nlg Pr +o
C(Pr) = (log 1 + -+o(1) (5.89)

V~p 2 Pr(2 + Pr)
V(Pr) log 2 (e) Prn( + o(). (5.90)

2(1+ Pr)2

3. When nr is fixed and nt -+ oo under fixed transmitted power P we have

nr
C(P) = - log (1 + P) + o(1) (5.91)

2

V(P) = log2 (e) +nrP o() (5.92)
1 + P
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0 100 200 300 400 500 600 700 800
Blocklength n

Figure 5-2: The normal approximation for varying coherent times, with nt = n,= 4,
P = 20dB, and =10-T

4. When nit is fixed and nr -+ oo under fixed transmit power P we have

C(P) = 'log (i+ niJ ) o(1) (5.93)

V(P) = log2(e)"_t + o(1) . (5.94)

is the same as the capacity of the nr x nit one. Having information about dispersion,
we may ask the more refined question: although capacities of the channels are the

same, which one has better dispersion (i.e. causes smaller coding latency)?
From approximations (5.88) and (5.90), we can see that the channel dispersion is

not symmetric in nt, nir. For example, in the setting of Fig. 5-3 we see that the delay

penalty in the nt «rir regime is 58% of the penalty in the nir <«nt regime. Hence,

in a two user channel, if user 1 has ni antennas and user 2 has n 2 > ni antennas,

then the asymptotic analysis suggest that channel from user 1 to user 2 can support

higher rates than the channel from user 2 to user 1 at finite blocklength.

Figure 5-4 shows the scenario where the transmit power is fixed. In this case,

the capacity approaches a finite limit when nir is held fixed and nt -+ oc, but grows

logarithmically when ni is fixed and nir -+ oc, as shown in equations (5.91) and (5.93).

72



0.20

. . .... .1 8. .. . ... - - - - - - - - - - - - - - - - - - - - - - - - - - -.-.- -. -. --. - -------- -
0 .1 8 .. ......... ..........

0 .1 6 ... ..------- ....----- --- ------------- -. .. .. .....-----. -----..-.---..-.--- --. .--------..-.-.---

0 .1 4 - --- ---------------- ... ... .. ... .. ... .. ... .. .-- ------ ------ ---.--.-.-.- -.-.-.---.-.--.-.-.-.--- -.-.-- -
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nr=16, nt varies
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0.02 ______
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Num antennas

Figure 5-3: Normalized dispersion L as a function of n, and nr. The received power

is P, = 20dB and T = 16. Dashed lines are asymptotic values from (5.87)-(5.90).

In this setting, the normalized dispersion approaches a finite limit when n, is fixed

and nt -+ oc, yet it vanishes when ni is fixed and n, -+ oc. Consequently in this

regime, we can always choose the number of receive antennas n, large enough so

that our system can achieve a given fraction of capacity r7 using blocklength n. The

normalized dispersion in this case is proportional to 1/log2 (r)
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Figure 5-4: Normalized dispersion -K as a function of n, and nt. The transmit power
is P = 20dB and T = 16. Dashed lines are asymptotic values from (5.91)-(5.94).
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Chapter 6

The Curious Case of Rank 1

In the case where the fading process has rank 1 almost surely (of which nr = 1,
i.e. MISO, is a special case), and interesting phenomenon occurs. As described in
Theorem 1, when the fading process has rank 1, suddenly the channel has many non-
trivial capacity achieving input distributions. As we saw in Chapter 3, the dispersion
is given in the variational form

V(P) A inf -E [Var(i(X; Y, H)X)].
Px:I(X;Y|H)=C T

(6.1)

where the minimization is over the set of caids. In this chapter, we'll see that in fact
the above function is not constant over the set of caids, and
non-trivial orthogonal design like input distributions.

6.1 Computation of the Dispersion
of the Input Distribution

To understand the minimal value in (6.1), first we compute
in terms of the input Px. The following proposition gives
conditional variance in this case, as a function of the caid.

Theorem 21. When P[rank(H) < 1] = 1, we have

in fact is minimized at

as a Function

the explicit expression
the expression for the

V(P) = TVar CAWGN (LA2 +E VAWGN (EA2

2 - 2_v*(nt, T))
n 2T tnt)

(6.2)

(6.3)

where A 2 denotes the distribution of the non-zero eigenvalues of H HT, and

v*(nt, T) -= max
2P2 Px:I(X;Y,H) =C

Var(flXF
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Proof. As in Prop. 20 we need to evaluate the expectation of terms in (5.9)-(5.11).
Any caid X should satisfy E [X112] = TP and thus the term (5.9) is zero. The term
(5.10) can be expressed in terms of Var(JIX fl ), but the (5.11) presents a non-trivial
complication due to the presence of ||XXTlli, whose expectation is possible (but
rather tedious) to compute by invoking properties of caids established in Theorem 1.
Instead, we recall that the sum (5.10)+(5.11) equals (5.39). Evaluation of the latter
can be simplified in this case due to constraint on the rank of H. Overall, we get

E [Var(i(X; Y, H)IX)]

= T 2Var CAWGN A) + TE [VAWGN (A (6.5)

+ log2 eE [Var (c (Al) (HVTXII2 - X , (6.6)

where c(-) is from (5.3). The last term in (6.6) can be written as

E [c (A) E [ 1QT 2 _ t2

V 2 E[IITX1 IX]T P )2
- E2 [c (A,)] E [(E[IVi7XI X1 - T (6.7)

which follows from the identity Var(AB) = E[A2]E[B2 ] - E2 [A]E 2 [B] for indepen-
dent A, B. The second term in (6.7) is easily handled since from Lemma 2 we have

E[HITX|IjiX1 = IXFI/nt. To compute the first term in (6.7) recall from Theo-
rem 1 that for any fixed unit-norm v and caid X we must have vTX ~ P(0, P/ntIT).
Therefore, we have

2 
-TP ) 2  - 2TP 2

IE ||Vm'Xi |2_ , 2-nt nt

Putting everything together we get that (6.7) equals

[c (Al) 2T ( - E [c (A )]2 Var( X )(6.8)

concluding the proof.

6.2 Minimizing the Conditional Variance

Theorem 21 shows that the conditional variance has the form

IVar(i(X; Y, H)IX) = V17(P) - Var( |X112) (6.9)
T n T
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where V is independent of the CAID X and X2 is a non-negative constant. In this
form, the dependence of the dispersion on the input distribution is explicit: in order
to minimize the dispersion, we maximize Var( |X112) over the set of CAIDs. We can
expand Var(fXI12) as a sum of covariances which will be easier to deal with. This is
captured in the following definition, then use to define Vmin as the minimal dispersion
over the set of CAIDs.

Definition 2. For the MISO channel with nt transmit antennas and coherence time
T we define

nt nt T T

v* (nt, T) A max __ pkjl (6.10)
Px:I(X;Y,H) i=1 j=1 k=1 1=1

where

2 Cov(XkX ) (6.11)
ikjl Var(X21)

The notation pikjl is appropriate since whenever X is jointly Gaussian, pik,1 is the
squared correlation coefficient between Xik and Xjl. However, there are non-jointly
Gaussian CAIDs where this isn't the case. For instance, when nt = T = 2, for
V -, Ber(1/2) and A, B i.i.d. P1(0, P/2), the following achieves capacity

X = '((l2 (6.12)
B (-1)vA

Here, the correlation coefficient between X11 and X22 is 0, however (6.11) gives ph2 2 =

1.
Now we define Vmin, the minimal dispersion, is given in terms of v* (nt, T).

Proposition 22. The minimal dispersion of an nt x T block-fading MISO channel
is given by

A 1 2x2P2
Vmin = inf -Var[i(X;YH)X]= V1 (P) - T v*(ntT) (6.13)

x-caid T nt T

where V1 and X2 are from (6.9).

Proof. The only term that depends on X in (6.9) is Var( JX112). We can expand this
as a sum of covariance terms:

nt nt T T

Var(ll|} = Cov(Xi, Xj ) (6.14)
i=1 i=1 k=1 1=1
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Writing this in terms of the p'kj1, and using Var(X.) = 2(P/nt)2 , (6.11) yields

V IIX12 (p2 nt nt T T

Var(HX) = 2 (E p2l (6.15)
i=1 j=1 k=1 1=1

Maximizing this term over the set of CAIDs gives 2(P/nt)2v*(nt, T), and plugging
this value of Var( IX I12) into the expression for the conditional variance from Propo-
sition 21 gives Vmin above.

Intuitively, we see that minimizing dispersion is equivalent to maximizing the
amount of correlation amongst the entries of X when X is jointly Gaussian. In a
sense, this asks for the capacity achieving input distribution having the least amount
of randomness.

Next we must characterize v*(nt, T). The manifold of CAIDs is not a particularly
nice manifold to optimize over, one must account for all the independence constraints
on the rows and columns, the covariance constraints on the 2 x 2 minors, positive
definite constraints, etc. Our strategy instead will be to given an upper bound on
v*(nt, T), then show that for most of the pairs (nt, T), the upper bound is tight. The
crux of the upper bound is the following simple lemma.

Lemma 23. Let (A 1,..., An) and (B1,...,Bn) be i.i.d. random vectors that may
have arbitrary correlation between them, then

Cov(Ai, B) < n72  (6.16)
i=1 j=1

With equality iff En Ai = En Bi almost surely.

Proof. Simply use the fact that covariance is a bilinear function, and apply the
Cauchy-Schwarz inequality as follows:

ZZECov(Ai,B) =Cov ( A,ZB) (6.17)
i=1 j=1 i=1 j=1

< Var _ A_ Var EB, (6.18)
\ i=1 /(j=1/

=/(nVar(A 1))(nVar(B 1)) (6.19)

noa (6.20)

We have equality in Cauchy-Schwarz when En Ai and E" Bi are propositional,
and since these sums have the same distribution, the constant of proportionality must
be 1, so we have equality in (6.36) iff E', Ai = 1 Bi almost surely. fZ

We will use this lemma shortly to upper bound Var( IXIl). But before stating
the main theorem of the section, we review orthogonal designs.
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6.3 Orthogonal Designs

6.3.1 Historical Introduction

In this section we will give some relevant background on orthogonal designs, since
they will play a large role in this work. For some historical background, Hurwitz was
interested the existence of a "composition formula" for positive integers (r, s, n) [22]

(2 + ---+ )(y2 +-- + y2) = (Z2 + -+ Z ) (6.21)

where the xi's and yj's are indeterminantes, and each zi is a bilinear form in the xi's
and yj's. For example, such a (2,2,2) composition formula is

(X2 + x2)(y + y2) = (x 1 y1 - x 2y 2 ) 2 + (x1 y2 + x2yl) (6.22)

Let x = (x1 , ... , x,), y = (y,... , ys), and z = (zi, ... , zn), then the condition that zi
is a bilinear form of the xi's and yj's means that z can be written as z = Ay where
the entries of A (n x s) are linear combinations of xi's. In this notation, (6.21) can
be restated as

z z = yL ALT Ay = xT (6.23)

Which must hold for all indeterminants in y, so the existence condition reduces to
the existence of an n x s matrix A with entries that are linear combinations of the
Xi's such that

r

ATA = x Is (6.24)
i=1

which yields (6.21), since

iz= Y yS (6.25)

as desired. So the problem of constructing n x s matrices A with entries given by
Xi, .. . , Xr satisfying (6.24) is equivalent to finding composition formulas of the form
(6.21).

6.3.2 Hurwitz-Radon Families

Definition 3 (Orthogonal Design). A real n x n orthogonal design of size k is defined
to be an n x n matrix A with entries given by linear forms in x 1 ,.. . , xk and coefficients
in R satisfying

k

A T A = 2 xiIn (6.26)
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In other words, all columns of A have squared Euclidean norm T> x , and all
columns are pairwise orthogonal. Orthogonal designs may be represented as the sum

A = > zxiVi where {V1,... , V} is a collection of n x n real matrices satisfying
Hurwitz-Radon conditions:

VTV =In, i=1, ... , k (6.27)
VTV +V -i=0 i | jVT +V T V O ij

The main theorem on Hurwitz-Radon families gives the largest k such that a family
satisfying the above conditions exists, as stated in the following theorem from [23,24].

Theorem 24 (Radon-Hurwitz). There exists a family of n x n real matrices {V1,... , V}
satisfying (6.27) iff k < p(n), where

p(2ab) = 8 [] 2amod4, a, b E Z, b-odd. (6.28)

In particular, p(n) < n and p(n) = n only for n = 1, 2,4,8.

So the maximal size of a n x n orthogonal design is the Hurwitz-Radon number
p(n). For a concrete example, note that Alamouti's scheme is created from a Hurwitz-
Radon family for n = k = 2. Indeed, take the matrices

V1= 12, V2= , 1
1-1 0

then Alamouti's orthogonal design can be formed by taking aV + b 2. It turns out
that "maximal" Hurwitz-Radon families give capacity achieving input distributions
for the MIMO-BF channel, see Proposition 25 for the details.

The definition of orthogonal designs can be generalized to rectangular matri-
ces [25], as follows:

Definition 4 (Generalized Orthogonal Design). A generalized orthogonal design is
a p x n matrix A with p ;> n with entries as linear forms of the indeterminates

{I, .... , Xk} satisfying (6.26).

The quantity R = k/p is often called the rate of the generalized orthogonal design.
This term is justify by noticing that if p represents a number channel uses and k
represents the number of data symbols, then R represents sending k data symbols in
p channel uses. In this work, we are only interested in the case R = 1 (i.e. k = p),
called full-rate orthogonal designs. Full-rate orthogonal design can be constructed
from a Hurwitz-Radon family {V 1,... , V,}, each V E Rkxk by forming the matrix A

A = [Vx ... V,,x] (6.29)

where x = [i .... , Xk]T is the vector of indeterminates. It follows immediately from
this construction that (6.26) is satisfied. Theorem 24 allows us to conclude that a
generalized full rate n x k orthogonal design exists if and only if n < p(k).
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The following proposition shows that full rate orthogonal designs correspond to
caids in the MIMO-BF channel.

Proposition 25. Take n= p(T) and a maximal Hurwitz-Radon family {Vi,i =

1,... ,nt} of T x T matrices (cf. Theorem 24). Let ~\/(0, P/ntIT) be an i.i.d.
row-vector. Then the input distribution

X =(v ... v [ T1n T  (6.30)

achieves capacity for any MIMO-BF channel provided P[rank H < 1] = 1.

Proof. Since {V1, . .. , Vn,} is a Hurwitz-Radon family, they satisfy (6.27). Form X
as in (6.30). Then each row and column is jointly Gaussian, and applying the caid
conditions (2.17) and (2.18) from Theorem 1 shows,

P P
E[TRRi][R = V TE[ T']V = = I (6.31)

nt2 nt
PP

E [R[R] VTJE[ T i]V =V 2 T~ = PVTV -nt nt
--E[RTRi] (6.32)

Therefore X satisfies the caid conditions, and hence achieves capacity. 0

Remark 9. The above argument implies that if X E Rt xT is constructed above,
then removing the last row of X gives an (nt - 1) x T input distribution that also
achieves capacity.

6.4 Main Theorem

The main theorem of this section is the following, which summarizes our current
knowledge of v*(nt, T).

Theorem 26. For any pair of positive integers nt, T we have

v*(T, nt) = v*(nt, T) < ntT min(nt, T) . (6.33)

If nt p(T) or T < p(nt) then a full-rate orthogonal design is dispersion-optimal and

v*(nt, T) = ntT min(nt, T) . (6.34)

If instead nt > p(T) and T > p(nt) then for a jointly-Gaussian capacity-achieving
input X we havel

n2
tVar(IX IlI) <nt T min(Tut, T) . (6.35)

'So that in these cases the bound (6.33) is either non-tight, or is achieved by a non-jointly-
Gaussian caid.
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Finally, if nt < T and (6.34) holds, then v*(n', T) = n' 2T for any n' < nt (and
similarly with the roles of nt and T switched).

Theorem 26 states that for dimensions where orthogonal designs exist, the con-
ditional variance (3.6) is minimized if and only if the input is constructed from an
orthogonal design as in Proposition 25. The approach is first to prove an upper
bound on v*, then show that conditions for tightness of the upper bound correspond
to conditions of the Hurwitz-Radon theorem.

Note that the p(n) function is monotonic in even values of n (and is 1 for n odd),
and p(n) -+ oc along even n. Therefore, for any number of transmit antennas nt,
there is a large enough T such that nt p(T), in which case an nt x T full rate
orthogonal design achieves the optimal v*(nt, T).

We start with a simple lemma, which will be applied with A, B equal to the rows
of the capacity achieving input X.

Lemma 27. Let A = (A 1 ,..., A,) and B = (B1 ,...,Bn) each be i.i.d. random
vectors from the same distribution with finite second moment E[A 2] = 2 < 00

While A and B are i.i.d. individually, they may have arbitrary correlation between
them. Then

E E Cov(Ai, Bj) n72  (6.36)
i=1 j=1

with equality iff =1 Ai = En 1 Bi almost surely.

Proof. Simply use the fact that covariance is a bilinear function, and apply the
Cauchy-Schwarz inequality as follows:

Z ZCov(Ai, Bj) = Cov A2 , 5 B) (6.37)
i=1 j=1 i=1 j=1

< Var (L A) Var S B) (638)
\i=1 / (\j=1 /

= "(nVar(A1))(nVar(B1)) (6.39)
= no 2  (6.40)

We have equality in Cauchy-Schwarz when En1 Ai and >> Bi are proportional, and
since these sums have the same distribution, the constant of proportionality must be
equal to 1, so we have equality in (6.36) iff J> Ai = En B almost surely. El
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Proof of Theorem 26. First, we rewrite v*(nt, T) defined in (6.4) as

v*(nrt , T) -

2 nt nt T T

nt max X E 1 E Cov(X?, X,) (6.41)
2P 2 PX:I(X;Y|H)=C i=1 i=1 k=1 

(=1

From here, V*(nt, T) = v*(T, nt) follows from the symmetry to transposition of the
caid-conditions on X (see Theorem 1) and symmetry to transposition of (6.41). From
now on, without loss of generality we assume nt < T.

For the upper bound, since the rows and columns of X are i.i.d., we can apply
Lemma 27 with Ai = Xk and Bj = X~l (and hence U2 = 2(P/nt) 2 ) to get

Cov(Xek, X, 11) 5 2T(P/nt ) 2 = 2n2T(P/nt)2 , (6.42)
i,j,k,l i,j

which together with (6.41) yields the upper bound (6.33) (recall that nt T).
Equation (6.42) implies that if X achieves the bound (6.33), then removing the

last row of X achieves (6.33) as an (nt - 1) x T design. In other words, if (6.33) is
tight for nt x T then it is tight for all n' < nt.

Notice that for any X such that any pair Xi,k,X, is jointly Gaussian, we have

2

ar|X|)= Pyi , (6.43)
i,j,k,l

where

Pikjil COV(Xik, Xjl) . (6.44)

Take X C Rn, xT as constructed in (6.30). By Proposition 25, X is capacity achieving
and identity (6.43) clearly holds. In the representation (6.30), the matrix VTV con-
tains the correlation coefficients between rows i and j of X, since E[( Vj) ( Vi)] =

-V11V, so

T T

1VT'V7|| = EEP jI . (6.45)
k=1 1=1
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Therefore we can represent the sum of squared correlation coefficients as

nt nt

p j S VT V | 2  (6.46)
i,j,k,l i=1 j=1

nt nt

= ii tr (VV TV VT ) (6.47)
i=1 j=1

nt 2

=tr E (6.48)

=rnKT (6.49)

Line (6.49) follows since the Vi's are orthogonal by the Hurwitz-Radon condition,
so each ViT = IT in the summation in (6.48). Hence the X constructed in (6.30)
achieves the upper bound in (6.42) and (6.33).

Next we prove (6.35). Suppose X is a jointly-Gaussian caid saturating the bound (6.42).
From Lemma 27, the condition for equality in (6.36) implies that for all j E {1, ... , nt},

||RjI I = |1R112 a.s. (6.50)

where Rj is the j-th row of X for j = 1, . . . , nt. In particular, this means that every Rj
is a linear function of R1 . Consequently, we may represent X in terms of a row-vector

. ~ A(0, P/ntI) as in (6.30), that is Rj = V for some T x T matrices VX, j E [nt].
We clearly have

E[RRj] = PVTV

But then the caid constraints (2.17)-(2.18) imply that the matrix A in (6.29) con-
structed using indeterminates {x 1 ,... ,xnt } and family {V 1,... , V} satisfies Defi-
nition 4. Therefore, from Theorem 24, (see also [26, Proposition 4]), we must have
nTT p(T ).

Remark 10. In the case nt = T = 2 it is easy to show that for any non-jointly-
Gaussian caid, there exists a jointly-Gaussian caid achieving the same Var(HIX| 1).

conide (223)wit -cov(X2, 2,)+COV(X2 2,J)
Indeed, consider (2.23) with p = ( (P/nt)2  

. If this phenomena held in

general, we would conclude that (6.34) holds if and only if nt < p(T) or T < p(nt). As
a step towards the proof of the latter, we notice that any caid X achieving equality
in (6.42) satisfies

XXT = F Int (a.s.), (6.51)
nt

which is equivalent to saying RiR = 0 for i # j. The latter follows from apply-
ing (6.50) to rows of UX, where U is an arbitrary orthogonal matrix. Identity (6.51)
could be informally stated as "any caid saturating (6.42) is a random full-rate or-
thogonal design".

In summary, the full-rate orthogonal designs (when those exist) achieve the opti-
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mal channel dispersion V(P). Some examples
and nt = 4, T = 3, respectively, are as follows:

X =

X = f

(ci are i.i.d. 1(0, 1)) for nt = T = 4

(6.52)

6~

c 2
6

-4

6.5 When Full-Rate Orthogonal Designs do not
Exist

For pairs (nt, T) where nt > p(T), full-rate orthogonal design do not exist. For
example p(3) = 1, so no full-rate orthogonal design exits for nt = 2, T = 3. Which
caids are minimizer for (3.6) in this case? In general, we do not know the answer and
do not even know whether one can restrict the search to jointly-Gaussian caids. But
one thing is certain: it is definitely not an i.i.d. Gaussian (Telatar) caid. To show
this claim, we will give a method for constructing improved caids.

To that end, suppose that X consists of entries i+j, j = 1.. , d, where j .
A/(0, P/nt). Then we have:

2 d

Var(flX t) = (
t=1

(6.53)

where ft is the number of times tt appears in the description of X. By this obser-
vation and the remark after Theorem 1 (any submatrix of a caid X is also a caid),
we can obtain lower bounds on v*(nt, T) for nt > p(T) via the following truncation
construction:

1. Take T' > T such that p(T') > nt and let X' be a corresponding p(T') x T'
full-rate orthogonal design with entries ,... t CT.

2. Choose an nt x T submatrix of X' maximizing the sum of squares of the number
of occurrences of each of j, cf. (6.53).

As an example of this method, by truncating a 4 x 4 design (6.52) we obtain the
following 2 x 3 and 3 x 3 submatrices:

3 [ ' 2 1
' 1 4

- 1J

X =
V2 -1 _

3

4I
(6.54)
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Table 6.1: Values for v*(nt, T)
Int\T 1112 3 1 41 5 6 7 8

1 12 3 4 5 6 7 8
2 8 10* 16 18 24 26 32
3 21* 36 [39,45] [46,54] [57,63] 72
4 64 [68,80] [80,96] [100,112] 128
5 [89,125] [118,150] [155,175] 200
6 [168,216] [222,252] 288
7 [301,343] 392
8 512

Note: Table is symmetric about diagonal; intervals [a, b] mark entries for which dispersion-optimal
input is unknown. The optimality of entries marked with * is only established in the class of all

jointly-Gaussian caids.

By independent methods we were able to show that designs (6.54) are dispersion-
optimal out of all jointly Gaussian caids. Note that in these cases (6.34) does not
hold, illustrating (6.35).

Our current knowledge about v* is summarized in Table 6.1. The lower bounds for
cases not handled by Theorem 26 -were computed by truncating the 8x8 orthogonal
design [25, (5)]. Based on the evidence from 2 x T and 3 x 3 we conjecture this
construction to be optimal.

From the proof of Theorem 26 it is clear that Telatar's i.i.d. Gaussian is never
dispersion optimal, unless nt = 1 or T = 1. Indeed, for Telatar's input Pikjl = 0 unless
(i, k) = (j, 1). Thus embedding even a single 2 x 2 Alamouti block into an otherwise
i.i.d. nt x T matrix X strictly improves the sum (6.41). We note that the value of

VZ entering (5.85) can be quite sensitive to the suboptimal choice of the design. For
example, for nt = T = 8 and SNR = 20 dB estimate (5.85) shows that one needs

" around 600 channel inputs (that is 600/8 blocks) for the optimal 8 x 8 orthogonal
design, or

* around 850 channel inputs for Telatar's i.i.d. Gaussian design

in order to achieve 90% of capacity. This translates into a 40% longer delay or battery
spent in running the decoder.

Thus, curiously even in cases where pure multiplexing (that is maximizing trans-
mission rate) is needed - as is often the case in modern cellular networks - transmit
diversity enters the picture by enhancing the finite blocklength fundamental limits.
Remember, however, that our discussion pertains only to cases when the transmitter
(base-station) is equipped with more antennas than the receiver (user equipment), or
when the channel does not have more than one diversity branch.

In cases when full-rate designs do not exist, there have been various suggestions
as to what could be the best solution, e.g. [26]. Thus for non full-rate designs the
property of minimizing dispersion (such as (6.54)) could be used for selecting the best
design for cases nt > p(T).
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6.5.1 The 2x3 and 3x3

In this section, we explicitly compute the minimizers in (6.1) for the cases nt = 2, T =
3, and nt = 3, T = 3, where full rate orthogonal designs do not exist. These are both
practical regimes, i.e. it is easy to put two or three antennas on a device. While full
rate orthogonal designs have been proposed base on heuristics, this section serves as
a rigorous justification for space time configurations in the 2 x 3 and 3 x 3 case. We
begin the with nt = 2, T = 3 case.

Proposition 28. For nt = 2, T = 3, the distribution

X =2 -3 (6.55)
2 [-X2 X1 X4

where each Xi is i.i.d. A(0, 1) is the optimal jointly Gaussian distribution in the
optimization (6.1).

Proof. We do this by brute force. Throughout, let A, B, C, D, E, F be i.i.d. Af(0, 1).
We know that the first row has i.i.d. jointly Gaussian entries, hence we can write
is as (A, B, C). Each column must be independent, hence our input must be in the
form

A B C~
P12B + P13C + p1D P21A + p23C + p2E p31A + p32B + p3 F (6.56)

Now we apply the constraints of Theorem 1 to constrain the p's. The cross correlation
constraints gives the conditions

P21 = -P12 (6.57)

P13 = -P31 (6.58)

P23 = -P32 (6.59)

and entries of the second row must be independent, giving the conditions

P12P23 = P12P32 = P21P31 = 0 . (6.60)

We can write out the objective function in terms of the p's via

Var( |X|12) =3+3+ p21 + P21 + P2 P2 + + (6.61)

where the first two terms are from the correlations of the first and second rows with
themselves, respectively. The first observation is that we gain no benefit from allocat-
ing mass to P1, P2, P3. Secondly, by the constraints in (6.57)-(6.60), at least 4 of the
coefficients must be zero. I.e. 3 are forced to be 0 from (6.60), e.g. P31, P23, P32 = 0,
which forces at least one of conditions (6.57)-(6.59) to introduce an additional zero
(in the example, P13 = 0. Hence at most 2 of the p's can be non-zero in (6.61). Since
each p2 can be at most 1, we can take P21 = -P12 = 1, which gives the maximum
value of (6.61), and gives the distribution in the Proposition statement. E
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Remark 11. The distribution given in (6.55) is asymmetric, however we can make
a symmetric version of this as follows: let A, B, C, D be i.i.d. .V(O, 1), and take the
distribution

P A B C 1
-- '(-B-C+D) '(A-C-D) 1(A+B+D) (6.62)

The it is easily verified that this distribution satisfies the constraints given in the proof
of Proposition 28. The reason this configuration does not fall out of the theorem is
that we chose to parameterize the second to row to give each entry an independent
Gaussian component. This choice of parameterization is general enough to demon-
strate optimality of the input (6.55), but does not contain the distribution (6.62).

As a corollary, we obtain the optimal nt = T = 3 input distribution:

Corollary 29. For nt = T = 3, the following distribution achieves the maximum

value in the optimization (6.1)

S X1 X2 X3~
X = - - X2 X1 X4 (6.63)

-X3 -X4 XI1

where X1, X2 , X3, X4 are i.i.d. A(O, 1).

Proof. The objective function Var(H|X II) can be decomposed into an expression only
concerning pairs of rows, i.e.

lit lit

Var(lXfl}) =X Coy ( R1H2, 1R H2) (6.64)
i=1 k=1

Cov (IRi 112,Rk 1C2) + Coy (1R12, |R 2) + S CoV (R 2 , 112)
\i,k=1,2 i,k=2,3 i,k=1,3

(6.65)

= (Var (IX(", 2)H2) + Var (IIX( 2,3)112) + Var (IIX(1, 3) 2)) (6.66)

where X(i,k) E R2X 3 denotes the nt = 2, T = 3 input distribution from taking the i
and k-th rows of X. From Proposition 28, we know that the perfectly correlating two
elements between rows maximizes Var(H|X I') in the 2 x 3 case. But the input (6.63)
does this for each pair of rows, and hence maximizes each term individually in (6.66),
and hence must maximize Var(IIX1).2F
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Chapter 7

Variable Length List Decoding

The second point to point coding problem we study is the problem of variable length
list decoding with stop feedback. First we give some background on variable length
coding and list decoding, then give motivation for studying the variable length list
decoding problem.

The idea of using feedback in communication schemes has been around since
Shannon, where he showed the feedback cannot increase channel capacity [27]. Do-
brushin '62 [28] showed that for fixed blocklength codes, even the error exponent
cannot increase. Burnashev '75 [29] had the idea to use variable length codes along
with feedback, where he established upper and lower bounds on the average trans-
mission time of a code with M codewords and probability of error e, showing that
the reliability function is given by

Ept(R) = C1 I - - (7.1)
C

where C1 = max,XEx D(Pyix=x|IPyix=x,). Polyanskiy et al in [7] showed that us-
ing feedback with variable length codes can dramatically increase the distance from
capacity using a fixed average blocklength, in the sense that the maximal number of
codewords for average blocklength f and probability of error c is given by

log M*(f, e) )= +0(1) (7.2)
1 - E

boosting the linear term to f, and eliminating both the O(vf7 ) and 0(log f) terms.
Furthermore, this speed up can be obtained by using only stop feedback rather than
full feedback - where the decoder sends only a single bit of feedback to indicate that
the encoder should stop sending symbols.

List decoding began with Elias and Wozencraft in [30] and [31] in 1957 and 1958,
respectively. Elias' motivation was to show that for large enough L, a code for the
BSC chosen at random from the set of all codes preform nearly as well as the best
possible code. Subsequently, list decoding became an interesting question to coding
theorists - since instead of designing codes where that could tolerate at most d/2 bit
errors, many more errors could be tolerated when the decoder only must output a
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list. Works such as Blinovsky '86 [32] and Elias '91 [33] analyzed how many errors
could be tolerated by codes with a fixed list size. Tan '14 [34] gave a finite blocklength
result for the performance of list decoding, showing that essentially the same finite
blocklength results hold when replacing M with M/L.

Variable length coding allows the system to have optionality concerning when to
stop. For a fixed blocklength system, the number of messages must be chosen such
that at time n, with high probability, the correct codeword is distinguishable for
the M - 1 other codewords. In variable length coding, the correct codeword only
needs to be distinguishable in average time n. Hence, if the channel conditions are
unlucky early on, you can stop later, or if they are good, you can stop sooner. The
interesting question unique to variable length coding with stop feedback thus is: how
does the system decide when to stop? I.e. in the list decoding setting, how does the
system know that, with high probability, the correct codeword is amongst a set of L
codewords? Notice that at such a time, we do not expect the correct codeword to
be distinguishable from the other L - 1 incorrect codewords, so there is no "popping
out" behavior.

In this chapter, we first define the problem of variable length list decoding with
stop feedback. We give a definition that forces the encoder to use random coding
- arguing that this capture the nature of the problem, and showing that without
this constraint, the problem becomes trivial. We show that for the Binary Erasure
Channel (BEC), such a variable length scheme is able to kill all but the linear term
and constant term in the expansion of log M*. We give an application of variable
length list decoding to stop feedback with delay, where the stop signal is seen by the
encoder only after a delay of D time steps. Finally, we argue that, surprisingly, for
the Binary Symmetric Channel (BSC), variable length list decoding is not able to
eliminate the square root term, when the size of the list satisfies L = M - for any
a E (0, 1).

7.1 Problem Definition

We define the variable length list decoding problem as follows: an (f, M, L, e) variable
length list decodable code with stop feedback (VLLD) for a discrete memoryless
channel (DMC) Pyrx with input alphabet X and output alphabet Y consists of

1. A sequence of encoders f, : {1, . . . , M} -+ X, where the channel input at time
n is given by X,, = fn(W), and the message W is the uniformly chosen from
the set {1, . . . , M}. In this work, we will require that the encoder employs
random coding, where each f,(w) ~ P is i.i.d. from the capacity achieving
input distribution.

2. A sequence of decoders g, :Y -+ {1,..., M}L, where the decoder at time n
gives the "best guess" of the most likely list of L messages. Note that gn is
set-valued.

3. A stopping time T E {0, 1, 2, . . .} measurable on the filtration F, = -(Y, ... , Y)
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satifying the constraint

E[T] < f , (7.3)

at which time the decoder sends the stop signal to the encoder.

4. The probability of error is required to satisfy

P [W 0 MrY,)] < e (7.4)

where Yn = (Y 1,..., Ys). I.e. an error is made if at time r, the correct message
is not in the set of L messages outputted by the decoder.

With this definition, we define the fundamental quantity M* (L, f, E), which will be
the main object of study:

log M*(C, L, e) = sup{M : 3(f, M, L, e) - VLLD}. (7.5)

First we discuss the random coding assumption in the definition above.

7.1.1 The Random Coding Assumption

With regards to the random coding definition in point 1 above, notice that the prob-
lem becomes trivial if we do not impose this random coding constraint. Indeed, we
show the following simple proposition:

Proposition 30. There exists an (f, M, L, E) code without the random coding con-
straint satisfying

M EC
log - ;> + O(logf) (7.6)

L -1 -ce

Proof. Generate the codebook as follows: form M/L bins of L sequences each (per-
haps fewer than L in the final bin). Assign bin k E {1, ... , L} a codeword with i.i.d.
draws from a distribution Px, i.e. all sequences in bin k map to the same codeword.
Then, the encoder and decoder operate just as for an L = 1 variable length stop
feedback code designed for M/L codewords and having probability of error smaller
than E. The decoder produces the bin number, from which it outputs all messages
in that bin as the list. As an immediate corollary of Theorem 2 in [7], this scheme
achieves

M C
log- ;> _+ O(log f) (7.7)

L 1-

which demonstrates the claim. E

The appealing property of list decoding is that choosing the list size allow us to
trade off uncertainty about the correct message for faster stopping. I.e. we can say
" suppose we are willing to accept that our message is only one of L, how much earlier
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does this relaxation allow us to stop?". For the random coding scheme in Proposition
30, even if we decide to transmit for infinitely many time slots, we would never be
able to choose the correct message with high probability, since buckets of L messages
are associated with a single codeword. For this reason, we focus on the case when
each symbol in the codebook is generated i.i.d. from the capacity achieving input
distribution. We conjecture that, instead of this random coding assumption, it is
sufficient to require that a coding scheme has good performance for both the unique
decoding case and for lists of size L = Ml-E.

Conjecture 31. There does not exist a code for the BSC simulaneously achieving
(7.7) for unique decoding (L = 1) and achieving

log - > ]+ (log f) (7.8)
L - I-E

for L = M" for any a E (0, 1), and E[rL] = f - log L.

7.2 As a Variable Length Delayed Feedback Scheme

Suppose instead we ask a similar question: given a variable length code with L = 1,
suppose that when the decoder sends stop, the transmitter sees the stop signal only
after a delay of D time steps. I.e. the problem set up is as follows: an (f, D, M, c)
variable length stop feedback with Delay (VLSF-D) code is defined to be

1. A sequence of encoders f, : {1, . . . , M} -+ X, where the channel input at time
n is given by X, = fn(W), where W is the uniformly chosen message from the
set {1, ... , M}.

2. A sequence of decoders gn : yn -+ {1, .. , M}.

3. A stopping time T E {0, 1, 2, .. .} measurable on the filtration F, = 0-(Y,... , Y)
satisfying the constraint IE[r] < f, at which time the decoder sends the stop
signal to the encoder.

4. The probability of error is required to satisfy

P [W 7' gr+D (y-r+D]<(79

where Y"n (Y 1,..., Yn). I.e. an error is made if at time T + D, the encoder
outputs the incorrect codeword.

Such a scheme has a clear practical use: feedback is never immediately available at
the transmitter, and often is sent on a slower clock than the transmitter is operating
at. Hence, most stop feedback schemes will fall into this definition. The question
becomes: how much more information can we squeeze out of the system, given the
knowledge that the decoder will receive D extra symbols after saying stop?
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The following proposition shows that the existence of a good VLLD code implies
the existence of a good VLSF-D code. Notice that the i.i.d. random codebook is an
essential part of the proof.

Proposition 32. Suppose Pylx is a channel such that there exists a (f, M, L, E)-
VLLD code satisfying

M
log- eC + O(1). (7.10)

L

Then there exists a (f, D, M, E')- VLSF-D code for E' > E satisfying

log M > (f + D)C - DVQ 1 (co) + O(log D) (7.11)

where

CO (7.12)

Proof. We construct a VLSF-D code from the VLLD code as follows: the decoder
uses the VLLD code to say stop when the correct message is in a list of size L with
probability at least 1 - E, where

log L = DC - DVQ 1 (co) + O(log D) (7.13)

and 60 is chosen as in (7.12), so that the overall error of the code is at most 6'. The
VLLD code uses random coding according to the capacity achieving input distribution
of the channel, so that the D additional symbols can be viewed as a fixed blocklength
code to differentiate L messages in D channel uses, i.e. the encoder does not need to
change its mode of operation. The decoder decodes this fixed blocklength code, then
outputs the message it chooses. Hence we have created a (f, D, M, 6')-VLSF-D code,
with

logM > logL + eC + O(1) (7.14)

= (E + D) C - VDVQ-'(60) + O(log D) (7.15)

as claimed. 0

In the following sections, we will show that indeed the BEC satisfies the condition
(7.10), so this definition is not vacuous. However, we will see that the BSC does not
satisfy this condition.

7.3 Posterior Stopping Rule

In this section, we discuss the "ideal" stopping rule: stop when the sum of the largest
posterior values exceeds a threshold. Like many situations, it is more difficult to
analyze posterior distributions than to (suboptimally) analyze log likelihood ratios.
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However, we will see that we can directly analyze this posterior-based stopping rule
for the case L = 1 using a simple martingale argument, improving the bound and
simplifying the achievability scheme given by Polyanskiy et al in [7].

The appealing property of the "stop when the sum of the largest L posteriors
exceeds 1 - E" stopping rule is that it automatically guarantees that the correct
codeword is in the list with at least probability 1 - E. This is shown in the following
lemma.

Lemma 33. Stopping at time

,r= inf t 0: max Pwlyt > 0 1 -E (7.16)
SC{1,...,M} , ISi=L jES

and outputting

WL = argmax PwlY (y) (7.17)
Sc{1,...,M},ISI=L jES

at time T guarantees that Pe E.

Proof. Notice that the probability of error can be expresses in terms of the sum of
the largest L posterior distributions:

Pe = P [W , g,Y V)]1 (7.18)

= E [1{WZgr(Yr)}] (7.19)
M

= E 1jeg,(YT) }PW1Yr(j1Y) (7.20)
j=1

=E ( PW|Y r 7.21)
J gWL

<6 (7.22)

where the last line follows directly from the definition of r. E

It will often be useful to apply Bayes rule to represent the posteriors Pwlyt differ-
ently. To this end, define the quantity

St (yt ) = log Pyt1w(y t lj) (7.23)
Qyt (y)

where Qyt = ]_ Qy(yi) is a product distribution, and each Qy is a distribution on
Y. In this work, Qy will often be the capacity achieving output distribution. For a
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discrete memoryless channel, (7.23) can be written as a sum of information densities:

S = i(cki, yk) (7.24)
k=1

where ci = fi(j) is the i-th element of the j-th codeword, and

P(X, y) = log (7.25)

is the information density. With this, we can write the posterior as

PwlYt U 1yt PtWYI)M (7.26)
M Pytiw(ytlk) M1

e k (7.27)
k- etEk=1 O

With this representation, we can write the stopping time (7.16) as

inf t> : max ZEs e S > (7.28)
Sc{1,...,M},ISI=L M Sk

Before proceeding to variable length results, we show a simple argument for the
L = 1 case using the stopping rule (7.16), that gives a small improvement of log a
log y on the best known bound of Polyanskiy et al [7]. The main contribution is to
notice that the martingale Mt (defined below) can make the analysis very simple.

Proposition 34. There exists an (M, i, E) stop feedback code satisfying

log M > eC - log -A (7.29)

where A = max,,y i(x, y) .

Proof. Define the stopping time r as in (7.16) for L = 1, i.e.

T = inf t: max PwlYt(jlY) > 1 - E . (7.30)
LjE{1,..M}J

When r occurs, the decoder sends stop and outputs g(YT) = argmaxj Pwlyr (jIY').
With this, the probabability of error is bounded by e, as demonstrated in Lemma 33.
Now we bound the expected time to stop using this rule. To this end, define T 1 as
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the first time that the posterior for codeword 1 exceeds 1 - c,

Ti = inf {t :Pwiyt(lYt) > 1- 61 (7.31)

= inf t :Zt log }. (7.32)

where

Z 1 g S (7.33)

and Sj = i(X; Yt) is the information density for the j-th codeword. Clearly E[T] <
E[T1], since the first time that largest posterior exceed 1 - E is surely no later than
the first time the posterior for the correct codeword exceeds 1 - E. Lemma 35 below
shows that E[rT] < oc, and Lemma 36 shows that Mt A Zt - tC is a submartingale.
Hence, by the Optional Stopping Theorem (which we can apply since the increments
are bounded: IZt - Zt_ 1 I < A), we have

E[M0] = - log(M - 1) (7.34)

= E[Mr] (7.35)
= E[Zr] - CE[r] (7.36)

so that

CE[T] = log(M - 1) + E[Z] (7.37)
1 - E

< log(M - 1) + log + A (7.38)

E

since at time r, we know that Zt has exceeded log for the first time, so it cannot
be more than A above this quantity. Hence, choosing the number of codewords to be

log M = C - log -A (7.39)

guarantees that E[T] < f. Hence, there exists a code with log M given by (7.39) and
probability of error bounded by E that has average stopping time bounded by f. D

Lemma 35. E[T] < 00.

Proof. Can be upper bounded by the time M positively biased random walks cross a
threshold, each of which is finite, and therefore the max of M of them is finite. l

Lemma 36. If St = i(Xt; Yt) and St = i (X; Yt), j = 2,..., M, where Xi is i.i.d.
with the same distribution as X but independent from Y, then

Si
et!

MIt = log e - tC (7.40)
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is a submartingale.

Proof. Write

Si M
log e -log e . (7.41)

Now, est is a martingale, the sum of martingales is a martingale, and log of a mar-
tingale is a supermartingale. Hence

M

S' - tC - log ( est (7.42)
(j=2

is a martingale plus a submartingale, hence is a submartingale.

7.4 The BEC Case

In this section, we discuss results for the Binary Erasure Channel (BEC). For this,
the main result is Theorem 40, which says that there exists an (f, M, L, 0) scheme
satisfying

M
log- ;> fC + O(1) (7.43)

L

just as in the L = 1 case. First we give the channel definition and description of how
its information density evolves.

The BEC is defined as the discrete memoryless channel with input alphabet X =

{0, 1}, output alphabet Y = {0, e, 1}, and transition matrix

1-6 6 0 (.4
0 6 1-61

For this channel, the capacity achieving input distribution is uniquely Bernoulli(1/2),
and the resulting capacity achieving output distribution is given by

PY (y) = 2 '.(7.45)

With this, the information density is given by

log 2 y =x

(X, y) =0 y = e .(7.46)

-o{ y #e and y7 x

i.e. when the input and output agree, we learn one bit of information, when the
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output is erased, we learn 0 bits, and when the input and output disagree, we can
automatically rule out that input codeword. We will keep the notation

S i(cy) (7.47)

to be the information density between the first t symbols of codeword j and the first
t symbols of the output sequence. Note that the correct codeword (assume WLOG
that W = 1 is sent) will always have S1 > 0 since the input and output will never
disagree. With probability 6 an erasure occurs, and all codewords have Sit = St_1,
else an erasure does not occur, in which case all incorrect codewords evolve as

t= SU 9+ 1 w.p. 1/2,j=2..,M(48
t -00 w.p. 1/2 1j-2 . M(.8

I.e. with probability 6 all partial sums that still have S. ? 1 > 0 "survive", else they
"die out" independently, each with probability 1/2. This is depicted in Figure 7.4.
We will view the process as follows: take M independent Geo(1/2) processes, then
insert an erasure into all with probability 6 at each time step. This is captures in the
following definition.

Let Z ~ Geo(p) i.i.d. for j = 1,... IM (generally, we will take p = 1/2 later),
and define the process

M
Vt = Z llz,;t} (7.49)

j=1

In words, Vt is the number of geometric random variables that have "survived" until
time t. Notice that the first time when Vt = k for some k < M is the (M - k)-
th order statistic of the random vector (Z1, ... , ZM). With this established, we can
define the BEC(6) process, which inserts erasures into the independent geometric
random variables above.

Definition 5 (BEC(6) Process). Let Vt bet the process defined in (7.49) with p = 1/2.
Construct a Markov chain with state space {V1 , V2, .. .} as follows: set V = V1, and
transition according to

P[Si sM_1 = (7.50)
1 -6 s=%j+1

for I E {1,... i - 1}. Then Vt is called the BEC(6) process.

The following lemma gives an upper bound on expected first time that Vt < k for
some k < M.

Lemma 37. Let Vt be given by (7.49). Define the stopping time

Tk-= inft>0:Vt<k} (7-51)
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Figure 7-1: Example evolution of the information densities for the BEC, where the
x-axis is time and the y axis is the value of the information density. The red curve
represents the correct codeword, and the blue curves represent the unsent codewords.
At each time step, if there there is no erasure, approximately half of the informa-
tion densities for the unsent codewords drop to -oo. When an erasure occurs, all
information densities increase by 0. Eventually, only the correct codeword survives.
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for < k<M. Then

log -M + c
E[Tk] < l , (7.52)

log 11P

where c < 2 is a constant independent of all other parameters.

Proof. First we introduce exponential distributions, and use them to bound the quan-
tities involving geometric distributions. The idea behind this is that the expected
order statistics of an exponential distribution has a nice form in terms of harmonic
numbers, which we will see shortly.

To this end, consider the following coupling of processes:

M

V1K = S1z* (7.53)

M

V I 1{zmj t} (7.54)

where Zj - Exp(- log(1 - p)) i.i.d., so that [ZJ Geo(p) i.i.d.. Hence V is the
same process as defined in (7.49). Since, as a function of t, we have

'l{tzi'j>t} I zi'>t} , (7.55)

it follows that Vt < Vt/ almost surely. Consider the stopping times

Tk = infft > 0: Vt <k} (7.56)

Trk= inf{t > 0 : V' <k} . (7.57)

Notice that Vr, < V,<<' k, and since Tr is the first time that V' < k, we have that
T k < Tl almost surely, and hence

E[rk] < E[-rk] (7.58)

The first time that V/ < k is the (M-k)-th order statistic of Z, .. , Z'u. The expecta-
tion of the l-th order statistic for an Exp(A) distribution is given by } E=M-l_ 1/n,
so we have

E[ ] =. -=(HM-Hk) (7.59)
Tk A n A

n=k+1

where HM is the M-th harmonic number. The harmonic numbers are bounded by

1 1
<HM - logM - (7.60)

2(M +1) - 2M
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where -y is the Euler-Mascheroni constant (y ~ 0.577). Hence

1
Hv < log M + 2  + y < log M + c (7.61)

1
Hk log k + I + -y log k (7.62)

2(k + 1)

where c = 1+-y < 2. Applying this to (7.59), we obtain (noting that A = - log(1-p)),

log M + C
E[Tkl log j. (7.63)

From (7.58), we conclude

log M + C
E[ETk] < . (7.64)

log 1(.

as desired.

Our next Lemma upper bounds a similar stopping time, but now for the BEC(6)
process.

Lemma 38. For the BEC(6) process, define the stopping time

Tk= inf{t > 0: V k} . (7.65)

Then

log M + c
E[-e] < ) (7.66)Tk- (I - 6) log 2

where c < 2.

Proof. From the definition of the BEC(6) process, define Et as the number of times
the Markov chain failed to transition to a new state before state t was reached. Then
Et has Negative Binomial(t, 6) distribution, and hence

E[Et] - t6 (7.67)
1 -36

By definitions (7.51) and (7.65), we can relate the BEC(6) process stopping time to
the process without erasures, via

7k = Tk + E,, (7.68)
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I.e. V is run until time Tk, then the erasure pattern Ek is generated. Hence we have

E [E[E|rJTk]] =E T1 6 (7.69)

6
= 1 E[]. (7.70)

Therefore, using (7.68) and Lemma 37 with p = 1/2, we obtain

E[tk] = 
(7.71)

1-6
log M + c

k 16lg (7.72)~(1 - 6) log 2

as claimed. El

We now give a corollary connecting the posterior stopping rule (7.16) to the stop-
ping rule described above. The main point is that the above rule could have easily
been discovered using the posterior stopping rule.

Corollary 39. The stopping rule r given in (7.16) for the BEC also satisfies

E[7] < - (log -- + O(1)) (7.73)C L

Proof. For the BEC, the sum of the largest L posteriors is given by

Sc{1M},II=LZ P~~t~~yt)Z~ceSi
max mWx = maX s(7.74)

SC1,'...,},SI=L jE (jSc{1,...,M},Sj=L k=M eS

min(L, Vt)eS(.
= 7 1 -(7.75)

VteSt

min(L,Vt)
= - (7.76)

Vt

where Vt is given in (7.80). Hence the sum of the largest L posteriors becomes 1 when
Vt < L. Lemma 38 shows that the expected first time that Vt is less than or equal
to k is bounded by (7.66). Hence the first time that the top L posterior sum exceeds
1 - e is no larger than the first time the sum is equal to 1, hence we have from Lemma
38,

E[T] < - (log M+ 0(1)) (7.77)C L

which shows the claim. Fl

Now we arrive at the main theorem of this section, which says that for the BEC,
we can indeed kill all lower order terms in the expansion of log M*(f, M, L, 0) for any
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list size L. Note that this is a zero error scheme.

Theorem 40. There exists an (f, M, L, 0) VLLD code satisfying

M
log - > fC + co (7.78)L

where C = (1 - 6) log 2 is the BEC capacity, and co < 2 + log 2 is a fixed constant.

Proof. Let the encoder map each message w E {1,..., M} to fn(w) = Xn(w), where
X, ~ Bernoulli(1/2) i.i.d.. The decoder sends stop when

T = infft > 0: :-]J C {1, . .. , M}, JJ : L : Vj E JC,7 i(c) ,yt) = -COj}. (7.79)

In words, the decoder sends stop when at most L codewords have information density
not equal to -oo. Define

M

t S {i(c;Yt)O0} (7.80)
j=1

then

M-1

= 1 + E 1{i(Xt;yt)O} (7.81)
j=1

since the correct codeword always has i(cj; Yt) > 0, and Xt represents the first t
symbols of a randomly generated unsent codeword. Now, the second term is precisely
a BEC(6) process. Applying Lemma 38, noting that T is the first time that the
process with M - 1 variables is less than or equal to L - 1, we obtain

log L-1 + c
iE [r] < L-1 (-2- (1 - 6) log 2

To meet the constraint E[T] < 1, notice that

M -1 M
log < log +log 2 . (7.83)

L - 1 L

Choose L as

logL = logM - eC + c' (7.84)

where c' = c + log 2. This choice of L guarantees E[T] < 1. Hence we have a code
with zero error (since the correct codeword never has S,1 = -oc) with

= WC + c' (7.85)
L

codewords and average stopping time E[T] < f, as desired.
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In Theorem 40, we see that there exists a zero error code with only the linear and
constant term in this expansion. If we'd like, from this we can form a code where the
linear term is boosted to , at the expense of no longer being a zero error code.

Corollary 41. There exists an (f, M, L, c) code for the BEC satisfying

M 0
log -> + cO (7.86)L -

where co > 0 is a fixed constant.

Proof. The idea is to use a zero error code for the BEC, but stop at time t = 0 with
probability E, increasing the error probability but decreasing average stopping time.
To this end, construct the new stopping time T as follows: take an (f', M, L, 0) code
with E' = E for the BEC that stops at time T', which we know can be chosen to
satisfy, from Theorem 40,

M
log - > f'C + co. (7.87)

L

Our new code stops at time

T' w.p. p (7.88)
0 else

where p is chosen such that the probability of error is

Pe < p + (I - p) = E 1> P - . (7.89)

Notice that the average length of this code, by choice of f', is

E[] = pIE[T'] + (1 - p)0  (7.90)

= pf' (7.91)

= f (7.92)
1-

=f . (7.93)

Hence we have constructed an (f, M, L, e) code satisfying

log -> f 'C + co (7.94)
L

= + cO (7.95)

as desired. El
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Figure 7-2: Example evolution of the information densities for the BSC, where the x-
axis is time and the y-axis is the information density value. The red curve represents
the correct codeword, and the blue curves represent the unsent codewords. Eventually,
the red curve "pops out" of the collection of blue curves - however in the list decoding
problem, we aim to stop before the red curve becomes distinguishable.

7.5 The BSC Case

In this section, we will show that for the BSC, we cannot stop in a way such that
the dispersion term vanishes whenever the list has size L = M-4. Note the stark
difference in the evolution of the information densities for the BEC and BSC: for the
BEC, all values were either equal or zero as in Figure 7.4 - for the BSC information
densities move up and down in finite increments. Figure 7.5 gives example trajectories
of the BSC information densities. The information density for the correct codeword
drifts up with drift C = D(PxyllPxPy) (with Px being the caid), while the M - 1
information densities for the unsent codewords drift down with drift -D(PxPy I Pxy).

The surprising property of the BSC is that the distribution of the posteriors turns
out to be nearly deterministic when L = M " for some a E (0, 1). Hence, there
is no clever way to stop based on the evolution of the posteriors that beats simply
ignoring the received sequence. This is shown in the following two sections.
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7.5.1 Concentration of the Largest L Posteriors

In this section, we show that the sum of the L largest posteriors concentrates tightly
around its mean. This is the contents of the following theorem.

Theorem 42 (Largest L posteriors concentration). Define the following quantities,

p S Pwiyt(j|Y') (7.96)
i ETtL

fit= P Y it ]j (7.97)

where TtL is the set of the largest L posteriors at time t, Y|~ Binom(t, S), and Jt is
such that

[ y1/2 L/2 Jt -i . (7.98)

Then,

P [Pt - P| t-1] < cot-ko (7.99)

for some constants k, ko, co > 0.

Proof. First let us introduce notation. Define the quantities

S = i(X , Yt) (7.100)

= t log(26) + Bj log (7.101)

where Xj is the first t symbols of the j-th codeword, Yt is the channel output from
codeword 1 (assume W 1 WLOG), i(x, y) is the information density for the BSC,
and

(Binomial (t, 1 - 6) 2,..,1 (7.102)t Binomial (t, 12) J = 2,. . ., M

is a random variable representing the number of flips between Yt and the first t
symbols of the j-th codeword. Note that for the BSC, all St for j = 1, ... , M are
independent, which is not true for a general channel. With this definition, we can
express the posterior distributions via Bayes rule as

S3e t
PWly 1Y ) M 'k(7103)
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for j =1,..., M. Now pt can be expressed as

Zje TL eSt
Pt z MSk

k ei
(7.104)

The following arguments will describe the behavior of the numerator and denominator
separately.

Lemma 43. The denominator in (7.104) satisfies

M
P Eest' - MPr'

.j=1
SMprit-1 kO < ct-ki (7.105)

where F1 = {m : - () tk} for constants k, ko, ki, c > 0.

Remark 12. There are two competing behaviors here, in M and in t.
M -+ oo with fixed t, we have law of large numbers behavior:

I.e. for

1 M

M -1 Zesj ~j=2
E [es't] = 1 (7.106)

However, for fixed M and t -+ oo, we have a softmax type behavior

- log e

(j22

- max
t j=2,...,M

(7.107)

Since we can approximate

StytP+ t* 2Zj, j=2,...,M.

where p =E[i(X, Y)] < 0 and o.2 = Var(i(X, Y)), and the Zj's are i.i.d. .A(0, 1), we
see that this tends towards p.

Hence our argument above in a sense shows that we are operating in the LLN
regime.

Remark 13. Note that if we apply Chebyshev's inequality, we see the following:

MM1

P 1:est - M > M6
.j=1

Var (e-3t)
M62

E [est]
M6 2

where in the second line, St has the distribution of the information density for the
send codeword, and St has the distribution of the information density for an unset
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codeword. If we are interested in times t < ' log M, then

M~
1es -M > M6 < (7.111)

[=1 M Ml-ao62

where C = log E[ei(XY)] > C. Hence Chebyshev's inequality shows that for times
t < " log M, where a < C/C, we have concentration. The more elaborate argument
below shows that, for the BSC, we can improve this concentration up to times with
a < 1.

Proof. We start by rewriting the sum of interest

M t

Zest = Lmeft(m) (7.112)
j=1 m=0

where

M

Lm ' Z {fB=m} (7.113)
j=1

ft1(m) t log 26 + M . (7.114)

Then (7.112) follows from grouping all the occurrences of St = ft(m). For now,
assume that each Bj - Binomial(t, 1/2) i.i.d., i.e. there is no "correct codeword",
later in the proof we will show that this approximation is valid. Partition the Lm's
into three sets,

F1 = {m : E[Lm] > tk} (7.115)

F2 = {m :E[Lm] E (-k tk)} (7.116)

F3 =m : E[Lm] < tk}. (7.117)

The idea is that Lm for m C F1 exhibits concentration around its mean, and nearly
all of the mass is in Fl. Applying (7.112), we can bound (7.105) as follows, defining
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Pri A LiY i E ] with Y/ denoting the distribution Binomial(t, p), and 1 - 6,

- MprI Mprit-ko

ftmef(") - MPr1

(7.118)

(7.119)> Mpri t-ko

Lmeft(m) - MprI Lmeft(m)+ mF
mEP2

- Mpr1< P Lmeft(M)
.Merl

-3

+ E
MEr3

+ P
-E

Mprit-ko]

Lmeft(m) > Mprl

Lsnf(M) > I
r2

Lmeft(M) Mplr-ko1

3

Now we bound each term in (7.121) individually.

Term 1 in (7.121): First we apply the union bound to get a statement about
binomial distributions:

PF Lmeft~m) -Mp,, -IMpr,tkOl

< P 13m

< E P
Merl

E 1 : Lm - E[Lm]| I -t-koE[Lm]I
3

|Lm - E[Lm] I t-E [Lm]]

(7.122)

(7.123)

(7.124)

where the first line follows from the fact that EmerF E[Lm] Mpr,, and the second
is from the union bound. Note that Lm ~ Binomial(M, P[B = m]), and the Chernoff
bound tells us that if X ~ Binomial(n,p), then for any q > 0,

P [IX - E[X]| I >FlE[X]] < e-- (7.125)
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=P E
.m=0

< P
.Merl

t-ko

[Pr1

(7.120)

t-ko

(7.121)

M

P Es C

3

+ P
.mEF3



Applying this to the RHS of (7.124), we obtain

zi
mCF1

P [Lm t-ko [ ] 1 
s2e E[L,] 3 Li

-meri

< 2
.. 2 7 t

2
ko-k

mEri

S(t + 1),--Ltk-2ko

(7.126)

(7.127)

(7.128)

where we have used that E[Lm] > tk for m E F, in the second line, and IFI t + 1
in the third line. Hence term 1 in (7.121) tends to zero exponentially fast whenever
k > 2ko.

Term 2 in (7.121): First note that F2 cannot contain very many codewords, since
by Markov's inequality,

ED
LMEF2

Lm > tkol < (t + 1)tk
tko

1

< tko-k-2

(7.129)

(7.130)

and hence as long as ko > k + 2, this goes to zero. Define A as the event where
Zmer2 Lm > tko, then term 2 in (7.121) can be bounded by

P [: Lmeft(m) > MPrit-ko]
-3 < P Lmeft(m) > Mpr1 t-ko A] +P[A]

SP tko max
I MCEF2

(7.131)

eft(M) > IMpFt-ko + t-(ko-k-2)
3 1

(7.132)

In the final line, the quantities inside the P[-] are deterministic. We now argue that

max ft (m) < log (Mprl) + 0 (log t)
mG1r2

(7.133)

which will show that the first term in (7.132) vanishs. To this end, note that we can
write

-d ( T) (7.134)

(7.135)logIE[Lm] logM - td + O(logt)

where d(pl q) = p log L + (1 - p) log L is the divergence between a Bernoulli(p) and
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Bernoulli(q) distribution. Applying the definition of 172 to (7.135), and using the
bounds on binomial coefficients, for k / 0, n,

n nh(k/n)

8k(n - k)
n nh(k/n)

- 2rk(n - k)
(7.136)

we obtain

log E[Lm] = k log t ==> d ( rn 1 \
t~ 2 = log

t
M +O (logt

and hence the LHS of (7.133) is upper bounded by

max ft(m) max (log M - td 6) + O(logt))
mCF2 mnEl 2 \ \t

(7.137)

(7.138)

(7.139)< log M - t min d
mEr2

Now we show that the second term in (7.139) scales linearly in t. To this end, we
show that there exists a 6' > 6 such that tS' E 172. The criteria for membership in F2,
as in (7.137), whenever t < ' log M, is that m satisfies

(log t) (7.140)

(7.141)> +( lo

C = d(S||1/2), so since C/a > C, any m in P 2 must have m > t6', where
C-1 (C/a) > S, where the inverse of C(S) is taken on [1/2, 1]. Hence we have

(7.142)

From this, we conclude that the RHS of (7.133) is upper bounded by

+ O(log t) (7.143)

The RHS of (7.133) is simpler to bound, via

log Mprj = log

> max (log E[Lm] + ft(m))

=max log M - td (f$ ) + O(logt))

> log M + O(log t)

(7.144)

(7.145)

(7.146)

(7.147)
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S' =

min d P ) ;> d (6' I) > 0.

max ft (m) < log M - td (3' 3)

3)+ O(log t) .
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where the first inequality follows from keeping only the largest term in the sum, along
with applying E[Lml > tk for m E IF, and the second follows since tM E 1. We can
see this by noting that for any time t < ' log M,

C1

log E[Ls] = log M - tC + O(log t) > t (-- 1) + O(log t). (7.148)

Combining bound (7.143) and (7.147), we find the first term of (7.132) to vanish,
and hence term 2 of (7.121) is bounded by

P Lmeft(m) > _Mprt-ko < t-(ko-(k-2) (7.149)

Term 3 in (7.121): First, notice that the probability that Lm for m E '3 is non-zero
is small. Indeed,

P [Lm > 0] = P [Lm > 1] (7.150)

< E[Lm] (7.151)
< t-k (7.152)

where the second line is Markov's inequality, and the third is from the definition of
F3. Hence, we can bound term 3 as

P L eft(") > -Mprpt-ko P [m E F3 : Lm > 0] (7.153)

< P [Lm > 0] (7.154)
mEF3

1 fF31 (7.155)
tk

1
- tk-2 (7.156)

where we have used the union bound in the 3rd line, Markov's inequality in the 4th
line, and IF3 1 < t + 1 < t2 in the 5th line.

Finally, note that we can ignore the "correct codeword". Suppose WLOG W = 1,
then in our original expression i.e. the LHS of (7.105), we can separate out the St,
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P es
_ j=1

< P es

- Mpri > Mprit-ko

M

+ eS - Mpri
j=2

(7.157)

(7.158)]
P es i > MPrIt-ko] +p s S - Mpr > Mprlt-koI

Then the second term in (7.159) is bounded by the analysis above M - 1, and the
first term is small, because

t-ko] = P [S"

< P s [

> log(Mpr1 ) + O(log t)]

> t- + O(log t) -+ 0
a kI

where the second line used (7.147), and the third uses log M > t6.
goes to zero by the law of large numbers.

Hence, overall we have the bound

The final line

SMp,,t ko < t + e--tk-2k 0  -(ko-k-2) + -(k-2)

(7.163)

If e.g. k = 5/2, ko = 1, then the RHS vanishes as t -+ oc.

Lemma 44. The denominator in (7.104) satisfies

P ( esj - Mq > Mqt

j GTt'

c2 t-ki

l

(7.164)

(7.165)E[Lmleft(m)q = E

in the notation of the proof of Lemma 43, and j, is the solution to, for Y1/ 2
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Mpri t~ko

(7.159)

1Mpri
P [est > (7.160)

(7.161)

(7.162)

- Mpr1

~M

.j=1

where

< P [St > log M + O(log t)]



Binomial(t, 1/2),

[y1/2/2 (7.166)

Proof. The proof is largely the same as Lemma 44, except for one step. Take j, to
be the largest integer value such that

Z E[Lm] > L. (7.167)
M~j"

First, we show that j,, E F1 .

Lemma 45. For all time t < - log M, we have j,, E 1 for large enough t.

Proof. Indeed, for all times t < - log M,

L = Ml-a > etc '-c (7.168)

and hence L is lower bounded by an exponential function in t. Note that j, < t/2,
since L = M-, and j,, t/2 yields _mE. E[Lj] M/2. Hence E[Lj,] is the largest
term in the sum (7.167). Since the sum grows exponentially in t, at least one of the
terms must grow exponentially in t, and hence E[Lj,] certainly grows exponentially
in t. Hence E[Lj.] > t' for large enough t, so j, E F1. Eli

Because of Lemma 45, we expect that the sum on the LHS of (7.167) concentrates
around its mean. To this end, following a similar set of steps as in Lemma 43,

P Lm Z E[Lm] > tki E[Lm] (7.169)
-m~j. m~j" M~j,,ME]Fl

Lm E[Lm] >km] (7.170)
mej.,'mE 1  m~j.,mEF1 m>j.,mEri

< ( e- E[Lm]2d e 3t2kl (7.171)
m>j. ,mEF1

< (t + 1)e-Itk-2ki 3 (7.172)
< t-k2 (7.173)

where (7.170) follows since P mgF, Lm > tko t-(ko-k-2) by Markov's inequality,
(7.171) follows from Chernoff's bound, and (7.173) follows from E[Lm] > tk for m E
F 1 , just as in (7.149).
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Hence we conclude that with probability at least 1 - t-ki, by the definition of j,

Lm = (1 + t-ki) E[Lm] > (1 t-ki)L

Lm = (1+ t-ki )

M>j.

S7
m~j"+1

M j [

S E[L] (I1 t-kl)L

Then, with probability at least (1 - t-k)2, we have

Lme 1 ) < 5 est1 < 5 Lmeft(m)
m~j.+1 ,ETL mgj.

Noting that

E
M>j"

E[Lm] = MP y1/2 >i*1I
we find that j, satisfies

L
PYI/2 j* + [y1/2 j1 (7.178)

as claimed in (7.166). The concentration of E est now follows from applying the
same steps as Lemma 43 to the upper and lower bounds in (7.176).

Now we combine lemmas 43 and 44. Define A as the event where the numerator
and denominator are both within their high probability bounds, i.e.

M

- Mq < Mqt-o n Eest
j=1

< MPFlt-ko}

With this, we can show concentration of pt. Note that q/pr, = ft, so that when
t-ko < 1/4,

E jTL eS 1
P t - fit > pt4t-ko < P[AC] (7.180)

where in the second line, we have used that, when A occurs and t-ko < 1/4)

-ko < - - t-ko -1 -+ t-ko
Pt(1 - - A Pt < Pt k

+t-k 0 + t- 0

From Lemma 43 and Lemma 44, we know that

P [Ac] < (cI + c 2)t-ki

< Pt (1 + V-ko) (7.181)

(7.182)
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as claimed.

7.5.2 Non-Existence of Good Stopping Rules

In the previous section, we showed that the sum of the largest L posteriors concen-
trates when L = M 1" for any a E (0, 1). In this section, we use this result to show
that any stopping rule for the BSC results in a non-zero dispersion term.

Theorem 46. Let the codebook ft(w) for w E {1,... , M}, t = 1,2,... be chosen
uniformly at random according to the capacity achieving input distribution, and let
r be any stopping time with E[7] = f on filtration Fo = O({ft(w)||tez,we[MI), and
F = o-(Y t ) V Fo, and such that there exists a decoder IW E F, with probability
F[W 0 WL] < E, then

M EC 1
log - < - VE logf +o(elogf) (7.183)

L - -

where

C = log 2 - h(J) (7.184)

V*= 6(1 - 6) log (1j) (7.185)

are the BSC(6) capacity and dispersion, respectively, and h(.) is the binary entropy
function.

Remark 14. Here we demonstrate that the IC and f log f terms can be seen as a con-
sequence of randomizing fixed blocklength codes. Take an (f, M, C) fixed blocklength
code for the BSC. We know that such a code can support

log M = f C - v1VQ- 1 () + I log + 0(1). (7.186)
2

codewords. Suppose we are allowed to randomize the blocklength f ~ r where E[r]
f, but T must be a fixed distribution that does not depend on the codebook or the

received symbols. Then, applying the approximation Q-1 (e) 2 log i, we see

M 11
log - C- 2Vflog- + -logf + O(1). (7.187)

L 62

Hence, there exists an (f, M, 1/) fixed blocklength code satisfying

M 1
log - fC - V/2Vf log + -log + 0(1). (7.188)

L 2

Now, as done by Polyanskiy [7], with probability p = choose T - 0, otherwise
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use the (f, M, 1/) code above. With this randomization, the probability of error is

I
Pe p + (1 - P) (7.189)

fe'-i 1 e(1 - ') 1
= + -(7.190)

=E'f (7.191)
S -1

=e'. (7.192)

The average blocklength of this code is now, call this E[T'],

E[T'] = pf + 0(1 - p) (7.193)

= .2(1 (7.194)

Defining f' -( , we see that there exists an (f', M, E') code satisfying

M lC 1
log - > - -/2Vf'log fl + o(f log E). (7.195)

L -1-6' 1i-'

Hence, at least heuristically, we can achieve (7.195) even if the decoder ignores the
codebook and the received sequence, and picked the stopping time r as above. Note
that this argument depends crucially on how log 1 depends on e.

Proof. We begin by expressing the probability of error in terms of the sum of the
largest L posteriors:

Pe > 1 - E PwlY,( I Y-r)1 (7.196)

where Tf indicates the largest L posteriors Pwlyt (j yt) at time t. This lower bound is
tight if and only if the decoder g, outputs the top L posteriors as the list. Note that
regardless of the stopping rule, outputting the messages corresponding to the largest
L posteriors always gives a better probability of error than any other list.

The main idea of this argument is the following: we expect the quantity

Pt A Pwlyt(lY t ) (7.197)
jTLI

to be nearly deterministic, as shown in the last section, then so too do we expect the
probability of error above to evolve deterministically, since the lower bound (7.196)
(which is tight when the decoder outputs the largest L posteriors) depends only on

117



pt. Rigorously, we have the following chain of inequalities

Pe > 1- E [pr] (7.198)

= 1 - E [I {r=t}pt] (7.199)
t=21

= 1 - 5F (|pt -t | <-a] IE [11{-=tl|ptpt - pt < pItko] (7.200)
t=1

+ P [pt - pgt > t-k] E [1{1=t}p||pt - pI > t-ko] (7.201)

> 1 - E [pr] - 2E [-k] . (7.202)

We can interpret the E [pAr as randomizing between fixed blocklength codes, since Pt is
the error for a fixed blocklength (t, M, e) code. We will show that such randomization
cannot kill the dispersion term. Let et be the probability of error for a fixed length
code with blocklength t, and suppose we can choose any distribution r E {1, 2, ...
such that E[T] = f, how small can E[c,] be?

To this end, note that fit satisfies

P= P Y >tJ (7.203)

L P [y1/2 > 
7.204)

i.e. take a binary hypothesis test between

HO : Z ~ Yt1/2 (7.205)

H,: Z ~ Yt (7.206)

that outputs HO when HO is true with probability at least ft, then jit gives the mini-
mum type 2 error, i.e. with a slight abuse of notation,

S (t ,Y ) . (7.207)

First note that when t = 0, we have that the probability of error is 1 - y 1, i.e.
the best that we can do is guess the codeword. Hence our analysis will lower bound
1 - ft for t > 1. From [15, Lemma 14], we have the bound on p,, for any A > 0,

M -y y12
log L /2 (7.208)

< tC + tVQ- 1  t + B A log t -log A (7.209)

where C and V are the capacity and dispersion of the BSC, respectively, and B > 0
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is a fixed constant. Solving for the error 1 - it, we obtain

log - tc - -1 log t B + A
> -> A2. 2 + (7.210)

log M - tc 1 t> 4DLoPft" 1 log (7.211)
~tV J 227rtV

where (.) denotes the Gaussian CDF, and the second line follows from BA > 0 and
Taylor's theorem, i.e. defining

log M - tC
= L ,(7.212)

tv

for some 6 E x- g log ,x], we have

1 t1 lo
x/V - 1 og = D(x) - log p(0) (7.213)

2 v WV A2 2 -v-tV A 2

> 'T(x) - 2 log j (7.214)
2/27tV A

where W(-) is the Gaussian pdf, which is maximized at 1/V2w. For large enough M
and t, the second term can be made arbitrarily small relative to the first, since the
region of interest of the first term is around t ~ 1 log . To this end, choose t large
enough so that

1 t
log - < 77

2/27rtV A2 -

for some y > 0 arbitrarily small. Hence we have a lower bound on the probability of
error,

I - Pt > () - .(7.215)

Now we return to the question, give any distribution T on the positive integers such
that E[T] < f, how small can E[i - ] be? Using (7.215), we have the lower bound

E [I log M - TC
ED [ - _ ;> (7.216)

Note that the RHS of (7.215) is a decreasing function of t, as x is monotonically
decreasing in t, and that 4)(.) has an inflection point at 0. Hence we can further lower
bound the RHS of (7.216) by the linear function with largest negative slope. The
point of this is, if say 1 - -i > max(-at + b, 0), then 1) the distribution T never puts
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mass beyond the point t = b/a, lest it gains nothing while increasing E[T]T, and 2)

IE[l - p,] > E[max(-ar + b, 0)] = -aE[T] + b (7.217)

since we never put mass on the zero part. Hence all distributions T such that E[T] = f
give the same lower bound of -at + b, eliminating the challenge of optimizing over
T 's. To this end, the point of interest t is given by

- 8t -(1 -t) (7.218)

S =Pt (7.219)
t ap

Notice that shifting (7.216) by the offset r1 does not affect the location t where the
maximal slope occurs, hence we can ignore r/ for now. Applying this to the lower
bound in (7.216), and we obtain

Q log Q -tC a log M -tC -Q - to) (7.220)
t vt-V at yVT

log - tc log + tC
=-L (7.221)

vt tV 2V/Vt3/2

which becomes,

Q(x) = (x) G +) (7.222)

for x defined as in (7.212). Note that the point t we seek will occur when x < 0, since
Q is concave on the interval (-oc, 0], and hence we define y = -x to work with a
positive value. Let b C for clarity. Rearranging (7.222) yields

1 -Q(y) _1( ) + Vib. (7.223)
O(y) 2

Plugging in p(y) = e-y2/2 yields

v' Fe/ _ 2 Y + vb + .() (7.224)

When y > 0, we have constant bounds Q(y)/(y),

0 < .()< 5 (7.225)
Q (y) 2
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Using this, first we upper bound y, via

27eY 2/2 < 0 + o/tb+
2

Solving for y yields the upper bound

rb + VE
== y < 2log 2

Now, we can also lower bound y via (7.224),

v e 2 /2 1
2

2 log tb +

(7.226)

(7.227)

(7.228)+ b + 0

1
> - Vb + Vb (7.229)

2
1

=-fb (7.230)
2

where in the first line we used (7.227), and the second we used log(1 +x) < x. Solving
for y yields the lower bound

y > 2log I-b.
2V

From (7.227) and (7.231), we conclude that

y = (I + 0(1)) V/lO-.

(7.231)

(7.232)

Applying the
satisfies

definition of y, this shows that the t from (7.219), which we will call V,

M
log - t*C -

L Vt* log t*(1 + o(1)). (7.233)

Hence, we have the linear lower bound via (7.216) as

E[I log M - t*C
E[ - ( pL -- -+ ( -p) (7.234)

since we have that (0,1) and (t, io L *C are two points on the line, where p

is selected so that E[] = f, i.e.

(7.235)
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Plugging this p into (7.234) yields

E[1 - Pt] >
log M - t*C

tL +

> 1 - -

where the second line uses that V satisfies (7.233). Setting this equal to 6 gives the
condition on t*:

> 1 - -
- t* (7.239)==> t* <

-1 -

With this, finally we obtain an upper bound on the number of messages:

Mlog = t*C - Vt* log t*(1 + o(1))

XC 1
<; + \/Vf log f + o(f log f)

1-e f1-6

(7.240)

(7.241)

since the first line is an increasing function in V for large enough V.
DJ

122

t* (7.236)

(7.237)

(7.238)

= Q l-VOg 0 + I - t



Appendix A

Existence of non-Gaussian caids

Proposition 47. Let S C Rn be such that a) 0 E S and b) there exists a non-zero
polynomial in n variables with real coefficients vanishing on S. Then there exists
a random variable X taking values in R n with the property that its characteristic

function '(t) I E [e -1tx], t E Ii satisfies

T(t) = d e- Vt E S

but there exist a to E R such that IF(to) $ e- 2 (i.e. X 76 M(0, In)).

Remark 15. The simplest application of this proposition is the following. Suppose
that three random vectors in R' have the property that projection onto any (2-
dimensional) plane has the joint distribution A/(0, 12) x AJ(0, 12) x .J(0, 12). Does it
imply that the joint distribution of them is P1(0,13 ) x A(0, 13) xAf(0, 13)? Note that it
is easy to argue that joint distribution of any pair of them is indeed AP(0, 13) x J(0, 13)
and thus the only jointly Gaussian distribution that satisfies the requirements is
indeed the i.i.d. triplet. However, the above proposition shows that the general
answer is still negative. Here S is a subset of all R3x3 with determinant zero.

Proof. We will slightly extend the argument of [35]. We will assume familiarity with
basic commutatitive algebra on the level of [36]. Consider an identity expressing the
well-known computation of the Gaussian characteristic function:

1 x
2  

2t
2

e 2 = e 2
v27ro2 R

Setting 13 = , changing sign of t we get

- t -O2 27r t 
2

e-t--2 dx = e 2.

Differentiating this in 3 and setting B = we get

x2k -itxx dx= P2k (t)e__2
J R
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where p2k(t) is some polynomial of degree 2k with real coefficients (and involving only
even powers of t). For later convenience, we also interchange t and x to get

fR '~gTz- dt =P2k~xj ( A. 1)

(Identity (A. 1) also follows from the fact that Hermite polynomials times Gaussian
density are eigenfunctions of the Fourier transform.)

Next, suppose that there is a polynomial q(ti, . . . , t,,) such that q vanishes on S and
each monomial tf ... tk. in q has all ki,..., k,, even. Then, define the characteristic
function

'F(t,.t)= e- 2 +6e- 4 q(ti,...,tn). (A.2)

We will argue that for 6 sufficiently small, T is a characteristic function of some
(obviously non-Gaussian) probability density function f on R". By taking the inverse
Fourier transform we get that

f ( = (2) , e-2 (1 + Eg(x)).
(2jr)2

where e 2 g(x) is the inverse Fourier transform of the second term in (A.2). Since
TI(t) is even in each tj, we conclude that f(x) is real. Since q(0) = 0 (recall that
0 C S) we have T(0) = 1, and thus fRn f = 1. So to prove that f is a valid density
function for small c we only need to show that

sup 1g(x)I < 00. (A.3)
xER"

To that end, notice that applying (A.1) to each monomial H tj we get

t e-(5jtjXj%14 dt1  dt

Rn\ 
/

(H P2k (XJ) eIII (A.4)

Multiplying the right-hand side by e 2 we conclude that contribution of each mono-
mial of q to supx g(x)I is bounded by

sup (flP2kixj) e~iC 2 < 00.
XERn

Since there are finitely many monomials in q, the proof of (A.3) and of validity of
T (t) is done.

We are left to argue that there must necessarily exist polynomial q with required
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properties. By assumption there exist some other polynomial qO vanishing on S.
Consider an inclusion of rings

T R 1 R X2,7i ..., Il -+ R[xi,..., Xn]

where R[i,..., Xn] denotes the ring of polynomials with variables XI,..., X? and co-
efficients in R, and " denotes an inclusion map. This morphism of rings is obviously
finite. Consider ideal (qo) of R[x1,..., Xn] and denote as usual by (qO)c = (qo) n T its
contraction. We argue that (qo)C # (0). Assume otherwise, then we have (qo)c = (0)
and (qo) = (0) (since (0) = (0) as T is an integral domain). Take all mini-
mal primes of (qo), call these {p}, then the radical of (qo) is the intersection of all

prime ideals that contain it, i.e. (qo) = nOpj. Then, denoting qj pc we get that
nfqj = (0) in T. By "prime-avoidance", cf. [36, Prop. 1.11], we know (0) c nqj
implies that qj c (0) for some j, hence qj is the zero ideal for some j. This contradicts
the "going-up theorem", cf. [36, Corollary 5.9], so we must have (qO)c # (0), and
hence we may take q as an arbitrary non-zero element of (qo)c. L
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