§ 29. CLASSICAL ASYMPTOTICS IN STATISTICS

Last lecture we discussed systematic methods to find the best inequalities between different f-
divergence via their joint range. We showed that examining the binary cases is sufficient to derive
optimal inequalities. In this lecture we will further discuss lower bounds for statistical estimation
using f-divergences.

Outline:

e Variational representation of f-divergences.

— Convexity.

— Lower semi-continuity.
e (Specializing to x?) Lower bounds for statistical estimation.

— Hammersley-Chapman-Robbins (HCR) lower bound.
— Cramér-Rao (CR) lower bound.
— Bayesian Hammersley-Chapman-Robbins (HCR) lower bound.

— Bayesian Cramér-Rao (CR) lower bound.

29.1 Hammersley-Chapman-Robbins (HCR) lower bound

In this section, we derive a useful statistical lower bound by applying the variational representation
of f-divergence in Section 7.5. Specifically, we will focus on the y?-divergence for probability
distributions P and @ on R.! By limiting the choice of function h to affine functions, the equality
(7.27) becomes an inequality. In particular, let h(x) = ax + b and optimize over a,b € R, we have

(Ep[X] — Eq[X])
Varg(X) ’

Y*(P||Q) > sup {Z(QEP(X) +b) — Eg[(aX +b)?] — 1} = (29.1)

a,beR

Note: The inequality (29.1) can be interpreted as follows: On the left hand side of the inequality
we have the y2-divergence, a measure of the dissimilarity between two distributions. Looking at the
right hand side we see that if the two distributions are centered at very distant locations, then the
right hand side will be large. Due to (29.1), this will lead to a bigger y?-divergence something that
was in fact expected.

The reason that the variance with respect to the @) distribution appears in the denominator is
to quantify how different the two means are relatively. Indeed, the standard deviation must appear
as a normalizing factor because the LHS is a numerical number. Also, the bound only involves the
variance under @ not P, which is consistent with the asymmetry of x2-divergence.

'This can always be assumed by allowing the likelihood ratio function % which is a sufficient statistic.
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Using (7.27) we now derive the HCR lower bound on the variance of an estimator (possibly
randomized). To this end, assume that data X ~ Py, where § € © C R. We use quadratic cost to
quantify the difference between the real and the predicted parameter, i.e., (6, é) = (0 — 9)2 Then
the risk of estimator § when the real parameter is 0 is given by Rg(6) = Eg[(6 — )2]. Now, fix 6 € ©.
For any other ' € © we will use (29.1) with Qx = Py and Py = Py. As a result we have that

R 10])2
CPr P = Qx| Px) = 2 (PyQp) = Eelf) = Eorlf) (20.2)
Vary(0)

Where the first inequality arises by using the data processing inequality and the second inequality
by (29.1). Finally, by swapping the denominator with the left hand side and taking the supremum
over all 8 # 6, and since Varg(f) is not a function of ¢, we derive the final result.

Theorem 29.1 (Hammersley-Chapman-Robbins (HCR) lower bound). For the quadratic loss, any
estimator 0 satisfies

5 5 (E[0] — Egr[0])?
Ro(6) 2 Vary(0) 2 v C(PollPy)

Vo € ©. (29.3)

When {Fy : 0 € ©} have different support, consider the following version: Fix € € (0,1). Similar
to (29.2), let us apply x2-data processing to the pairs Qx = Py + ePy and Px = Py. By linearity
of expectation, we get ) R
(Eq[6] — Eq[6])°

2 _ 2
X~ (P ||€Py + ePy) > €
Varep, tep, (0)

(29.4)

Note that the LHS is equal to e€Dy, (Py||Fp), which is a f-divergence defined by fc(z) = (f;if
Applying its local expansion from Theorem TODO, we get

Dy.(Py||Ps) = 1(0)(0" — 0)*(1 + 0(1)), 0" — 0.

where we used the fact that f'(1) = 2. ) ) ) )
Using the fact that Varep,4cp,, (6) = € Varg(0) + € Varg (0) 4 2¢e(Eg[0] — Eg[6])%, by first sending
0’ — 0 followed by € — 0, we conclude from (29.4) that, for unbiased 0,
Varg(d) > L
r —.
a0

29.2 Cramér-Rao (CR) lower bound

We now derive the Cramér-Rao lower bound as a consequence of the HCR lower bound. To this
end, we restrict the problem to unbiased estimators, where an estimator 6 is said to be unbiased if

A

Eg[f] = 0 for all # € ©. Then by applying the HCR lower bound we have that

: : 00 _ (-0
Rp(0) = Varp(0) > sup —— > lim ———=—. 29.5
o(0) = Vars(0) = SUb 5B TBy) = 0% X2(By [ By) (20.5)

As ¢ — 0, we expect the denominator will go to zero quadratically as the numerator does. Recall

that ( )2
P9 — Pg/

Erplp = [

(]
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Then by using the Taylor expansion for Py around 6 we get that

dP,
Py— Py =(0— 9’)709 +o[(0—0)?,

for 6 near #’. Combining the above while ignoring the little-o terms we get that
> o [ (43)?
Crplp) =07 [ 2L
0
Plugging back in (29.5) we get the well-known Cramér-Rao (CR) lower bound.

Theorem 29.2. For any unbiased estimator 6 and any 0 € ©

Varg(0) > O

where I(0) is the Fisher information given by

dPy\2
o [

An intuitive interpretation of 1(0) is that it is a measure of the information the data contains for
the estimation of the parameter when its true value is 6.

Example 29.1 (GLM). Let § € R and X ~ Py = N(6,1). Define the standard normal density by
(). Then the density of Py is pg(x) = ¢(x — ). Next we calculate the Fisher information. By
shifting = to 6, note that

D e 0 ete — 61
1(9)—/ 20() dac—/($ ) p(x — O)dx = 1.

Thus, I(6) = 1(0) =1 for all # € ©. In general, this is for any location model where X = 6 + Z, the
Fisher information is the same everywhere.

Remark 29.1. Another useful way of seeing the Fisher information is the following:
0Py () \2 IPy(X) \ 2 2
log Py(X log Py(X
1(9):/( 20 ) oz — E, a0 :EQKB og Py( )”:\/arg[‘%g@()},
Py(X)

Py(x) 00 00
where the last equality holds after noticing that

g [2E000]

29.3 Fisher information

The Fisher information is a way of measuring the amount of information that an observable random
variable X carries about an unknown, deterministic parameter # upon which the distribution of the
observation X depends. Assume the probability density function of random variable X conditional
on the value of 6 is pyg. The Fisher information is defined as
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Definition 29.1 (Fisher information). The Fisher information of the parameteric family of densiti-
ties {py : 0 € O} (with respect to u) at 6 is

dlogps\* / 9o
= d . 29.6
( a0 90 ) pe ! (29.6)
Theorem 29.3 (Fisher information). Assume that py is twice differentiable with respect to 6 and
satisfies the regularity condition:
0? 0?
S /pedu =0.

06? 06?

1(0)=E

The Fisher information can be written as

1(0) = —E, [%gm}

06?

Proof. Since

02 o 2 82
8210gp9: szg_ ﬁ :801029_<810gp9>2
Po Po 90

062 I
62[)9 1
E|l——| =0
|:892 p9:|

d 2 iz
1(0) = Eq <8010gp9> = —Ey [892 10gp9} . O

Theorem 29.4 (Fisher information: mutiple sample). Suppose random sample X1, ..., X, inde-
pendently and identically drawn from a distribution pg. The Fisher information I, (0) provided by
random samples X1, ..., X, is

and

by assumption, we have

In(0) = nI(0),
where 1(0) is Fisher information provided by a single sample X .

Proof. We first denote the joint pdf of Xq,..., X, as

n

po(x1,...,Tn) = Hpe(ﬂfz‘)-

=1

Then the Fisher information I,,(6) provided by Xi,..., X, is

I,(0) = E, [(8”()(1(’9'9“’ )] / /<8p9 T n)>2p9(1:1,...,:cn)dxldxg...dazn,

which is an n-dimensional integral. Thus, by Theorem 29.3, the Fisher information provided by
X1,...,X, can be calculated as

9?logpp(X1,...,X,) 9% log ps(X. - 9% log pe(Xi)
I,(0) = —EQ[ 7 ] = —Ey ZT ZEQ[ = ] = nl(0).
=1

O
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29.4 Variations of HCR/CR lower bound

This section contains the following three versions of HCP/CR lower bound:
e Multiple Samples Version
e Multivariate Version

e Functional Version

29.4.1 Multiple-sample version

Suppose 6 is some unknown, deterministic parameter and Xy, ..., X, are n random variables iid
drawn from the distribution Py. The estimate 6 comes from X7,..., X,. The relationships is shown
as follows:

9—>X1,...,Xn—>é.
Then the risk is lower bound by

A _ (Eg0 — Eg/6)2
Ry(0) > Varg(0) > 20— 200
XA(Py" (1)
For the HCR lower bound,

Ro(6) > Und )
su .
N A+ 2B P —1 = nl(0)

29.4.2 Multivariate Version

We next show the multi-dimensional version of

(EpX —EgX)?

2(p >
X (PQ) > Varg X

Suppose P, Q are two distributions defined on RP, then

X(PlQ) = EQRRBEPQ(X) — Eqg*(X) — 1].

Furthter, if g(X) = (a, X) + 1, then
X*(P||Q) = 2Ep (a, X) + 1 —Eq((a, X) +1)%.
If we further assume EgX = 0, then we have
Y(P|Q) > 2(a,EpX) — a"Eg[X X7 ]a.
Therefore, we finally have
—1
C(PIQ) 2 (EpX —EgX)! @V(X)(EpX —EqX)
Let the loss function £(6,0) = [|§ — 6|3 and  be the unbiased estimate of 6, i.e., Egf = 0. Then
(O~ 0)" v (O)(®' — 0) < P(Fw | Py) "= (6~ 0)1O)E' — 0) + 116" 613,
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where the equality follows from the Taylor expansion and Fisher information matrix is given as

_ / VP (VPy)T

If we take 6/ = 0 + eu for an arbitrary unit vector u and € — 0, we have

u cBif(é)u < u'1(0)u,

which is equivalent to

ccgw(é) =170),

and further indicates R X
Ry(0) = tr(cgv(@)) > tr(I71(9)). (29.7)

Then we have

p p
A N 1
E|6—015=> Bl —6,)>>) T (29.8)

i=1 i=1

where I; £ I;(6), since

M@

z:l

Note that if we apply the one-dimensional CRLB for each coordinate we would get (29.8) which is
weaker than (29.7).

Finally, similar to Theorem 29.3, assuming the corresponding regularity of the Hessian, the
Fisher information matrix can be written as

9%log P,
1(0) = Ey[(V1og Py)(Vlog Py)T] = cov(Vlog Py) = — | Eg g 0801
0 8918(%

29.4.3 Functional Version

Assume that @ is an unknown parameter, that random variable X comes from the distribution Py
and that 7'(X) is an estimation for T'(#), where T : © — R. The relationship is shown as follows:

X T
If we further assume 7°(A) is an unbiased estimation for 7'(6), then

VT3
1(0)

Vary(T) >

29.5 Bayesian Cramér-Rao Lower Bound via data processing
inequality

The class will introduce two methods of proving Bayesian Cramér-Rao lower bound.
e Method 1: x? — Bayesian HCR — Bayesian CR (next).

e Method 2: Classical Method.
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The notation used in this section is shown as follows:

e O©=R
e ((0,0) = (0 —0)2.
e 7 is a “nice” prior on R
The relationship can be described by the following Markov chain:
60— X0

Theorem 29.5 (Bayesian Cramér-Rao Lower Bound). Assuming suitable regularity conditions,

then .
R* > R; =infE.(6, 6
= nf B )2 Egrl(0) + 1(m)’
where R is the Bayes risk and I(m f 72 s the Fisher information of the prior.

Proof. Consider the following comparison of experiments:

Qim— 00 x g,

Py=P A
Pii—0— " x4
Then
X’ (Pox||Qox) = X*(PysllQys) data processing inequality
> X2( 9— éHQg (;) data processing inequality
L B0 -Eg0-0)
B Vary (0 — 6)

Let Tys denote the pushforward of shifting by 0, that is, T5(P4) = Pays. Let us choose
Qo =, Qxj9 = Py, Py = Tsm, Pxjp = Po—s,

then Px = Qx which further indicates P; = Q4 and the mean of 6 under distribution of P equals

to the mean under the distribution under Q. Hence Ep(6 — ) — Eq(0 — 0) = 6! For the Bayesian
HCR lower bound,

52 52 1
R > sup ————— > lim = . 29.9
S 2 ProllQxa) 05 X (Pro[Qxs) 1w + Egr[1(0) (299)
The last step is justified as follows:
Pxo — 2 [Ps(Pxjo — Qx1o) + (Po — Qo)Qx)o)?
X*(PxollQxs) = / —( xo Qo) _ / P Oxs =

PX|6 — Qxp)? (Py — Qp)? Py(Py — Qo) )
/ / Qx| +/ Q3 + 2/ Qo /(PX|9 Q@x19)

X*(Px1ollQxo) - (SQ

= X*(P|Qq) + E

Then applying
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o (P Qo) = X*:(Tsr||m) = 0%[I(7) + o(1)] by Taylor expansion,
o \*(PxpllQx19) = [1(8) + o(1)]6? by Taylor expansion,

we obtain (29.9). O
To end this part, we give a classical proof of the Bayesian Cramér-Rao Lower Bound (cf. [GL95a]):

Alternative Proof of Theorem 29.5. Note that
/ é(:c)%(a,(m)ﬂ(e)) 6 =0, (29.10)

/ 9%(139(95)7(9)) 0 = — / Py(a)m(6) o), (29.11)

where the first equation follows from the regularity condition, and the second equation follows from
integration by part.
Therefore,

B (600 - o 2B BEOTON] _ [y [ (o) - o) 2O DO,
_ / u(de) / Py(a)m(6)d6
-1,

where the second line follows from (29.10) and (29.11).
By Cauchy-Schwarz inequality,

e [(é(X) - 9)310%(P98(9)()7r(9))] <E [(é(X) - 9)2} E (8102;(139@(5()%(9)))2] |
Hence E [(é(X) _ 9)2] S 1 ) , )
E [(%g@P@G(X) + 2 (9))2] ~E[IO)] + ()

29.6 Information Bound

In this section, we introduce the local version of the minimax lower bound. The local minimax risks
is defined in a quadratic form: infysupjg_g,|<c E(0 — 6)2. Further, we have

. 52 1
ue}fwfgoﬁ)geme o= I(0) + nEgr[1(0)]
s o(1)
 nEox[I(0)]
If 6 — I(0) is continuous, then
Eanal1(0)] = 1(00) +o(1) = =00
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Assume the random variable Z coming from the distribution 7, Z ~ 7. Let I(Z) = I(r). For
constant «, 8 # 0, then I(Z + ) = I(Z) and I(BZ) = IZ) 1f the 7 has the distribution of form

62
cos? =2 then ming._y 1 /(7) = 72. If the distribution 7 has the form of cos? @, then I(0) = ”—:
Then we have )
inf sup E(6—0)2>R: > .
0 |00—0|<e nEor[I(0)] + I(7)

Now if we pick € = n=1/4, we have

. A 1 Optimize 1+ 0(1)

R*>inf sup FEg(0—02> ——— =R —
A Y () ER ) winfayco 1)

29.7 Example: Gaussian Location Model (GLM)

Let X; = 0 + Z;, where Z; ~ N(0,1), and § ~ 7 = N(0,s). Given ii.d. observations X =
(X1, X9, , X,), we have

X’ (Pox|1Qox) = X*(Pyx|1Qox)

= x*(Py]|Qo) + Eq

2
<g§> X2(PX|0HQX|0)]

_ (652/3 - 1) + 662/s(en52 o 1)
= 53 1,

The first line follows from the fact that X is a sufficient statistic (§ — X — X), and the information
processing inequality. The second line follows from Lecture 7 (last equation, Page 5). The third line
follows from

X2 (N(0,0%)IN(0 +6,0%)) = /7" 1.
Therefore, by Bayesian HCR and Bayesian Cramér-Rao Lower Bound:
62 52 1

>sup ———— = lim = - i
= Pt 1 0m0 2t _ 1 mt s sntl

R* i

™

S

In this case, the lower bound is exact! (It has been verified that R} = _%5.

bound is R* > sup, R = L.

n

) The minimax lower

29.8 An Alternative Information Inequality

If we choose a uniform prior in Theorem ?7, the resulting lower bound is zero since the Fisher
information of uniform distribution is infinity. Nevertheless, it is possible to obtain an alternative
information inequality involving Eg uniform [/ (#)]; however, it should be pointed out that the lower
bound applies to the minimax risk (not Bayes risk with respect to uniform prior) since the proof in
act involves two prior: uniform on the interval and uniform over the two endpoints.

Theorem 29.6. Assume the usual reqularity condition:

Ope
—dx = 0.
ox v
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Then )
R*=inf sup (-0 > —
0 0c]fo—e,f0-+e (e71 +Vnl)?

where I denotes the average Fisher information:
. 1 Oo+€
I=— 1(0) d6.
2e Oo—e¢

Proof. See Problem 2 in Homework 1. O

Remark 29.2. Theorem 29.6 is a strict improvement of the inequality of Chernoff-Rubin-Stein:?

A 62 1—e¢ 1
inf sup Eg[(6 — 6)?] > max min {, = } = — .
0 0€to—e,00+e] 0<6<1 47 nl (=1 +vVnl +1)2

Both this and Theorem 29.6 suffice to prove the optimal minimax lower bound.

29.9 Maximum Likelihood Estimator (MLE) and asymptotic
efficiency

We sketch the analysis of MLE in the classical large-sample asymptotics. Let X = (X1, Xo, -+, X,) L
Py, , define maximum likelihood estimator:
OMLE = arg max Lg(X),
0O
where

Ly(X) =log P (X) = Y _ log Py(X).
i=1

Intuition:

IE90 [LG(X> - L90 (X)] = E90

L Py(X))
; ngeo(Xi)] nD(Py,||Py) <0

So as long as 6y # 6, Ly(X)— Ly, (X) is a random walk with negative drift. From here the consistency
of MLE follows upon assuming appropriate regularity conditions.

Assuming more conditions one can obtain asymptotic normality and \/n-consistency of MLE.
Next, we derive a local quadratic approximation of the log-likelihood function. By Taylor expansion,

LX) = L, (X) + Y POENED)

=1

n 2 ]

(6 —00)% + o((0 — 6)?).
60, 2 & 062

0=0o

(29.12)

Recall that

o [alog Py(Xi)

5 ]_0, E

06 962 ] =10).

2This is given in [?, Lemma 1] without proof, which Chernoff credited to Rubin and Stein.
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By the Central Limit Theorem,

8logP9 i) d
\/WZ — N(0,1).

By the Weak Law of Large Numbers,

Zn: 9%log Py(X;)

902 —nl(6y) + op(n).

i=1
Substituting these quantities into (29.12), we obtain a local quadratic approximation of the log-
likelihood function:

1
Lo(X) & Loy (X) + /nI(600) - Z - (6 = b0) — 5nI(00)(60 - 0o)>,
where Z ~ N(0,1). Maximizing the right-hand side, we obtain:
_Z
nl(6o)
140(1)

Therefore, MLE achieves the locally minimax lower bound R* > WI(o) (see Section 7.5 in Lecture
7).

OniLe ~ 0o +

Remark 29.3. The general asymptotic theory of MLE and achieving information bound is due to
Héjek and LeCam.

29.10 Bayesian Lower Bounds for Functional Estimation

Next, we derive the Bayesian Cramér-Rao lower bound for functional estimation f(X ).

Theorem 29.7. Let T : RP - R, and

g — X
{ \
T(6) T(X)

Then we have
R: > (VT)T7'VT.

Proof. By similar arguments in previous lectures,
~ ~\2
(Ep[T — T] - Eq[T - T1)
Varg[T — T

Let Q(6) = w(#), and P(f) = w(0 — eu), where u € RP. In order to make the marginal distribution
of Px = Qx, let Py(x) = Qp—cy(x). Hence the numerator and the denominator in (29.13) satisfy:

— Eq[T])*

(Ep[T]
_ ( / 7(O)T(60 + eu) df — / =(0)T(0) d0)2
( / (0) (VT, eu) + 0(6)) 2

= & (B, VT, u)? + o(e?), (29.14)

X2(P9XHQ9X) ZX (P T— THQT T) 2

(29.13)

(Ep[T - T] - EqIT - ﬂ)Q _
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Varg[T — T) < Eg[(T — T)? = R. (29.15)
The left-hand side of (29.13) satisfies

X (Pox||Qox) = X*(P5l|Qs) +Eq | x

2(Pyl Q) (Pg)

Qo
[ (0= ew) — 7(9))? (Qocal®) = Qo(@))? (70— cu)\?
-/ O | [ G (1 >]

(6
_ / (Vﬂ(-)()vﬂ') Ude +E, |:/ 62UI(VE2Q()()VQQ)/de:| +0(€2)
T o(x
= U/ (I(m) + Ex[1(0)]) u + o(€?). (29.16)

Substituting (29.14), (29.15), and (29.16) into (29.13), we have

(E, VT u)?
u' (I(m) + Ex[1(0)]) u
Locally, EVT(0) ~ VT(0y), and I(m) + E;[1(6)] ~ I(6y). Hence

Ry

>

2
R: > sup L0 (7(90) YT (6,) VT (6).

The maximum is attained when u = I=(00)VT (). O

Remark 29.4. The maximum likelihood estimator satisfies T(fyrg) = T(60 + ﬁZ), where
Z ~ N(0,I71(6p)). Hence

S|

T(Osim) ~ N (Two), <VT<90>>'11<90><VT<90>>) |

The maximum likelihood estimator again asymptotically achieves the locally minimax lower bound.

29.11 Example: Classical asymptotics of entropy estimation

1.9.d

Corollary 29.1. Let Xy,---, X, ~ p & My, where My, denotes the set of probability distributions
over [k] ={1,...,k}. Then the minimax quadratic risk of entropy estimation satisfies
~ 1
R* =inf sup E[(H — H)* =~ <max Vip )+0(1)>, n — 0o
H PeM, pEMy

where

k
1 1
= E p-log:E[log ],
= p(X)

V(p) = Var <log p(lX)>

1

3This can be shown, for example, by letting @ = I~2 (6p)u.
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Note: maxyerr, V(p) < logk for all k > 3 (see [PPV10a, Eq. (464)]).

Proof. We have H : © — R™, where 0 = (p1,pa,--- ,pr_1) (recall that p, =1 —py —

Therefore,

OH
—log?t =12, k-1
Opi Di

Next, we compute the Fisher Information matrix:

0?log p(X) I%+Z%k ifi=j
10) =—E|———| =" o
Op;Op; if i #j
Therefore,
1
PL 1
I1(6) = + —11
1 Pk
Pk—1

By the Matrix Inversion Lemma,* we have

b1 p1
171(0) = + o pe]-
Pr—1 Pk—1

Therefore,

k—1 2
VH'I"Y(9)VH = sz log;2 Pk (Zpl log ?)

i=1 v

= szlog ;Hog i—2Zzozlogf10gf— ((szlog >

=1 Pk =1

1 - 1\’
= Zpi10g2*— > pilog —
i=1 bi i=1 Pi

sl ] (e ) -] -

Given n samples, the Fisher Information matrix is n(¢). By Theorem 29.7,

1 1 1 1
R* > Jr:()VH’I‘l(G)VH = jL:()V(p).
A+vov)y t=A"tU(CcT v+ vATID) TV AT
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§ 30. APPLICATIONS TO STATISTICAL DECISION THEORY

In this lecture we discuss applications of information theory to statistical decision theory. Although
this lecture only focuses on statistical lower bound (converse result), let us remark in passing that
the impact of information theory on statistics is far from being only on proving impossibility results.
Many procedures are based on or inspired by information-theoretic ideas, e.g., those based on
metric entropy, pairwise comparison, maximum likelihood estimator and analysis, minimum distance
estimator (Wolfowitz), maximum entropy estimators, EM algorithm, minimum description length
(MDL) principle, etc.

We discuss two methods: LeCam-Fano (hypothesis testing) method and the rate-distortion
(mutual information) method.

We begin with the decision-theoretic setup of statistical estimation. The general paradigm is
the following:

6 — X — 0
~— —~ ~—
parameter data estimator

The main ingredients are
e Parameter space: © > ¢

e Statistical model: {Pxg : 0 € ©}, which is a collection of distributions indexed by the
parameter

e Estimator: § = 6(X)
e Loss function: £(6,#) measures the inaccuracy.

The goal is make random variable £(6, f) small either in probability or in expectation, uniformly
over the unknown parameter 6. To this end, we define the minimax risk

R* = inf sup Ey[¢(0, 0)].
0 0O
Here Ey denotes averaging with respect to the randomness of X ~ Py.

Ideally we want to compute R* and find the minimax optimal estimator that achieves the
minimax risk. This tasks can be very difficult especially in high dimensions, in which case we will
be content with characterizing the minimax rate, which approximates R* within multiplicative
universal constant factors, and the estimator that achieves a constant factor of R* will be called
rate-optimal.

As opposed to the worst-case analysis of the minimax risk, the Bayes approach is an average-case
analysis by considering the average risk of an estimator over all § € ©. Let the prior m be a
probability distribution on ©, from which the parameter 6 is drawn. Then, the average risk (w.r.t

) is defined as X R X
RTI'(H) = EQNWRG(G) = EG,Xe(ea 9)
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The Bayes risk for a prior 7 is the minimum that the average risk can achieve, i.e.

R: = inf R, (6).
0

By the simple logic of “maximum > average”, we have
R* > R} (30.1)

and in fact R* = sup,¢c o) lix whenever the minimax theorem holds, where M(©) denotes the
collection of all probability distributions on ©. In other words, solving the minimax problem can be
done by finding the least-favorable (Bayesian) prior. Almost all of the minimax lower bounds boil
down to bounding from below the Bayes risk for some prior. When this prior is uniform on just two
points, the method is known under a special name of (two-point) LeCam or LeCam-Fano method.

Note also that when £(6,0) = ||0—8]|2 is the quadratic £, risk, the optimal estimator achieving R*
is easy to describe: * = E[A|X]. This fact, however, is of limited value, since typically conditional
expectation is very hard to analyze.

30.1 Fano, LeCam and minimax risks

We demonstrate the LeCam-Fano method on the following example:
e Parameter space 0 € [0, 1]
e Observation model X; —i.i.d. Bern(0)

e Quadratic loss function:

e Fundamental limit: )
R(n)2 sup infE[O(X")— 0)2]0 = 0]
6o€l0,1] 6

A natural estimator to consider is the empirical mean:
Oemp(X™) = Z X;

It achieves the loss (18 )
SUp E[(Gemp — 0)%]0 = 6p] = sup fo(1 = b0) =—. (30.2)
6o 0o n 4n
The question is how close this is to the optimal.
First, recall the Cramer-Rao lower bound: Consider an arbitrary statistical estimation problem

9 — X — 0 with 6 € R and Pxg(dx|6o) = f(z]0)u(dx) with f(z|0) is differentiable in 6. Then for
any 0(x) with E[0(X)|0] = 6 + b(h) and smooth b(#) we have

5 2, (L+0(6h))

E[(0 — 0)%]6 = 60] > b(6o)* + Tty (30.3)

where Jp(0y) = Var[%w = 0| is the Fisher information (5.4). In our case, for any unbiased
estimator (i.e. b(f) = 0) we have

E[(6 — )20 = ;] > L —00)

)
n
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and we can see from (30.2) that éemp is optimal in the class of unbiased estimators.
Can biased estimators do better? The answer is yes. Consider

A 1—¢, 1 1
Opias = S (Xi— )+ 5
bias n ( 7 2)"‘27

i

where choice of €, > 0 “shrinks” the estimator towards % and regulates the bias-variance tradeoff.
In particular, setting ¢, = ﬁ achieves the minimax risk

- 1
E[(Opias — 0)%0 = 6p] = ————5 30.4
Sélop [( bias ) | 0] 4(\/ﬁ—|—1)2’ ( )
which is better than the empirical mean (30.2), but only slightly.
How do we show that arbitrary biased estimators can not do significantly better? This is where
LeCam-Fano method comes handy. Suppose some estimator 6 achieves

E[(6 — 0)%|0 = 6] < A2 (30.5)
for all fy. Then, setup the following probability space:

W—=60—X" 30 W

W ~ Bern(1/2)

0 =1/2+ k(—1)WA, where x > 0 is to be specified later

X" is iid. Bern(0)

0 is the given estimator

e W=0iff>1/2and W = 1 otherwise

The idea here is that we use our high-quality estimator to distinguish between two hypotheses
0 =1/2 + kA,,. Notice that for probability of error we have:

PW #£ W] =P[0 > 1/2|0 =1/2 — kA,] <

where the last steps are by Chebyshev and (30.5), respectively. Thus, from Fano’s inequality
Theorem 6.3 we have

I(W; W) > (1 - /$12> log2 — h(k™?).
On the other hand, from data-processing and golden formula we have
I(W; W) < 1(6; X™) < D(Pxnjg|Bern(1/2)"| Pp)
Computing the last divergence we get
D(Pxnp||Bern(1/2)"|Pp) = nd(1/2 — kAy||1/2) = n(log2 — h(1/2 — kAy))

As A,, — 0 we have
h(1/2 — kA,) =log2 — 2loge - (kA,)? + o(A2).

341



So altogether, we get that for every fixed x we have
<1 - ;) log?2 — h(k™2) < 2nloge - (kA,)? + o(nA2) .
In particular, by optimizing over x we get that for some constant ¢ ~ 0.015 > 0 we have
A% > = 4o(1/n).

Together with (30.2), we have

0.015 1
— 1/n) < R*(n) < —,
S oll/n) S RY(n) < -
and thus the empirical-mean estimator is rate-optimal.
We mention that for this particular problem (estimating mean of Bernoulli samples) the minimax

risk is known exactly:
1

%

R*(n) = TEESOE (30.6)
but obtaining this requires different methods.! In fact, even showing R*(n) = ;- + o(1/n) requires
careful priors on 6 (unlike the simple two-point prior we used above).?

We demonstrated here the essense of the Fano method of proving lower (impossibility) bounds
in statistical decision theory. Namely, given an estimation task we select a prior, uniform on finitely
many 6’s, which on one hand yields a rather small information 7(6; X) and on the other hand has
sufficiently separated points which thus should be distinguishable by a good estimator. For more
see [Yu97].

A natural (and very useful) generalization is to consider non-discrete prior Py, and use the
following natural chain of inequalities

f(Pp,R) < I(6;0) < I(6;X™) <supl(f;X"),
Py

where X R
f(Pp, R) = inf{I(6;0) : Py st E[6(0,0)] < R}

is the rate-distortion function. This method we discuss next.

!The easiest way to get this is to apply (30.1). . Fortunately, in this case if 7 is the S-distribution, computation of
conditional expectation can be performed in closed form, and optimizing parameters of the S-distribution one recovers
a lower bound that together with (30.4) establishes (30.6). Note that the resulting worst-case 7 is not uniform, and in
fact 8 — oo (i.e. ™ concentrates in a small region around 6 = 1/2).

2Tt follows from the following Bayesian Cramer-Rao lower bound [GL95b]: For any estimator 6 and for any prior
m(0)df with smooth density = we have

(loge)?

Eonx[(0X) = )% 2 g o 7o)

where Jp(0) is as in (30.3), Jr(7) = (log e)2f%d0. Then taking 7 supported on a n~/“-neighborhood
surrounding a given point 0y we get that E[Jr(0)] = sotizey T o(n) and Jr(m) = o(n), yielding

R*(n) > +o(1/n).

0o (1 — o)
n
This is a rather general phenomenon: Under regularity assumptions in any iid estimation problem § — X" — 6 with

quadratic loss we have
1

) = o5 Tn 0)

+o(1/n).
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30.2 Mutual information method

The main workhorse will be
1. Data processing inequality
2. Rate-distortion theory
3. Capacity and mutual information bound

To illustrate the mutual information method and its execution in various problems, we will discuss
three vignettes:

e Denoise a vector;
e Denoise a sparse vector;
e Community detection.

Here’s the main idea of the mutual information method. Fix some prior 7w and we turn to lower
bound R%. The unknown 6 is distributed according to 7. Let 0 be a Bayes optimal estimator that
achieves the Bayes risk R}.

The mutual information method consists of applying the data processing inequality to the
Markov chain 6 — X — 6:

dpi

inf  I(6;0) <1(0,0) < I(6;X). (30.7)
Py EL(0,0) <R

Note that

e The leftmost quantity can be interpreted as the minimum amount of information required for
an estimation task, which is reminiscent of rate-distortion function.

e The rightmost quantity can be interpreted as the amount of information provided by the
data about the parameter. Sometimes it suffices to further upper-bound it by capacity of the
channel 0 — X:

1(0; X) < sup I(6;X). (30.8)
TEM(O)

e This chain of inequalities is reminiscent of how we prove the converse in joint-source channel
coding (Section 27.3), with the capacity-like upper bound and rate-distortion-like lower bound.

e Only the lower bound is related to the loss function.

e Sometimes we need a smart choice of the prior.
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30.2.1 Denoising (Gaussian location model)
The setting is the following: given n noisy observations of a high-dimensional vector 6 € RP,

XN, L), i=1,....n (30.9)

The loss is simply the quadratic error: £(6,0) = || — ||3. Next we show that
«_ P
R* = e Vp, n. (30.10)

Upper bound. Consider the estimator X = %Z?:l X;. Then X ~ N(0, %Ip) and clearly
E||X — 0] = p/n.

Lower bound. Consider a Gaussian prior § ~ N(0,021,). Instead of evaluating the exact Bayes
risk (MMSE) which is a simple exercise, let’s implement the mutual information method (30.7).
Given any estimator 6. Let D = E[|0 — 0||2. Then
o2

2
p : 2 A suff stat > p o
—log — = inf 1(0;0) <1(0,0) <I1(0; X)) ="1(0;X)==1lo 1—|—>.
S R CUEY CURY R (RS e(147;

where the left inequality follows from the Gaussian rate-distortion function (27.3) and the single-
letterization result (Theorem 26.1) that reduces p dimensions to one dimension. Putting everything

together we have
2

* * po
RF>R > ——.
T T 14+ no?

Optimizing over o2 (by sending it to co), we have R* > p/n.

30.2.2 Denoising sparse vectors

Here the setting is identical to (30.9), expect that we have the prior knowledge that 0 is sparse, i.e.,
0 € © £ {all p-dim k-sparse vectors} = {§ € R? : ||0]|o < k}

where (|00 = >_;c(y 1{o:20) is the sparisty (number of nonzeros) of .
The minimax rate of denoising k-sparse vectors is given by the following

k

R* < —log P
n

%, Yk, p, . (30.11)
Before proceeding to the proof, a quick observation is that we have the oracle lower bound R* > %
follows from (30.10), since if the support of the € is known which reduces the problem to k& dimensions.
Thus, the meaning of statement (30.11) is that the lack of knowledge of the support contributes
(merely) a log factor.

To show this, again, by passing to sufficient statistics, it suffices to consider the observation
X ~ N(6, %Ip). For simplicity we only consider n = 1 below.

Upper bound. (Sketch) The rate is achieved by thresholding the observation X that only keep
the large entries. The intuition is that since the ground truth # has many zeros, we should kill the
small entries in X. Since || Z]|c < (2 + €)y/logp with high probability, hard thresholding estimator
that sets all entries of X with magnitude < (24 €)+/log p achieves a mean-square error of O(klogp),
which is rate optimal unless £ = (p), in which case we can simply apply the original X as the
estimator.
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Lower bound. In view of the oracle lower bound, it suffices to consider k£ = O(p). Next we
assume k < p/16. Consider a p-dimensional Hamming sphere of radius k, i.e.

B={be {0,137 : wy(b) =k},

where wp(b) is the Hamming weights of b. Let b be drawn uniformly from the set B and 6 = 7b,

where 7 = H% log . Thus, we have the following Markov chain which represents our problem

model, o
b—0—X —60—0.

Note that the channel # — X is just p uses of the AWGN channel, with power %, and thus
by Theorem 5.6 and single-letterization (Theorem 6.1) we have

1(6;0) < I(6; X) <

(VRS

2k 1
log (1 * ) < sup 2|02 = ckr?,
D 0eG 2

for some ¢ > 0. We note that related techniques have been used in proving lower bound for stable
recovery in noiseless compressed sensing [PW12].
To give a lower bound for 1(6;6), consider

b = argmin || — 7b]|2.
beB

Since b is the minimizer of [|§ — 7b||2, we have,
l76 = 6lla < [|7b — Bl|2 + (|6 — 0|2 < 2|6 — |-

Thus, ) X R
T2 (b,b) = [|I7b — 0]|3 < 4]0 — 413,

where dy denotes the Hamming distance between b and b. Suppose that E||§ — 0||2 = er2k. Then
we have Edgy(b,b) < 4ek. Our goal is to show that € is at least a small constant by the mutual
information method. First,

I(b;b) >  min  I(b;b).
Ed (b,b)<4ck
Before we bound the RHS, let’s first guess its behavior. Note that it is the rate-distortion function
of the random vector b, which is uniform over B, the Hamming sphere of radius k, and each entry is
Bern(k/p). Had the entries been iid, then rate-distortion theory ((27.1) and Theorem 26.1) would
yield that the RHS is simply p(h(k/p) — h(4ek/p)). Next, following the proof of (27.1), we show
that this behavior is indeed correct:

min  I(b;b) = H(b) — max  H(b|b)

Ed g (b,b)<4ek Edy (b,b)<4ek
= log (p) —  max H(bablb)
k) Bdy(bp)<dek
b
> 1 — H(W).
= 108 (ks) Eer(an};(S%k (W)

The maximum-entropy problem is easy to solve:

m
HW) =ph (™). 30.12
B )y o1y T W) =P <p> (30-12)
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The solution is W = Bern(m/p)®P. One way to get this is to write H(W) = plog 2—D(Py||Bern(1/2)%?)
and apply Theorem 14.3 with X = wg (W), to get that optimal Py (w) ~ exp{cwg(w)}. In the
end we get Combine this with the previous bound, we get

I(b;b) > log <£> —ph(élj)-

On the other hand, we have
I(b;b) < I(0;Y) < er? = c’klog%.

Note that h(a) < —aloga for a < 3. WLOG, since k < {%, we have € > ¢g for some universal

constant cy. Therefore
R* > etk > k:log%

Combining with the result in the oracle lower bound, we have the desired.
* p
R* 2 k+ klog z

or for general n > 1
R* >

~

log — .
08

Remark 30.1. Let R,";p = R*. For the case k = o(p), the sharp asymptotics is

k ep
n

R, > (2+ 0y(1))klog %
To prove this result, we need to first show that for the case k =1,
Ri, > (2+0p(1))logp.

Next, show that for any k, the minimax risk is lower bounded by the Bayesian risk with the block
prior. The block prior is that we divide the p-coordinate into k£ blocks, and pick one coordinate
from each p/k-coordinate uniformly. With this prior, one can show

* k p
Rk,P 2 le,p/k = (2 + 0p(1))k10g E

30.2.3 Community detection

We only consider the problem of a single hidden community. Given a graph of n vertices, a community
is a subset of vertices where the edges tend to be denser than everywhere else. Specifically, we
consider the planted dense subgraph model (i.e., the stochastic block model with a single community).
Let the community C' be uniformly drawn from all subsets of [n] of cardinality k. The graph is
generated by independently connecting each pair of vertices, with probability p if both belong to the
community C*, and with probability ¢ otherwise. Equivalently, in terms of the adjacency matrix A,
A;; ~ Bern(p) if i, j € C and Bern(g) otherwise. Assume p > ¢. Thus the subgraph induced by C*
is likely to be denser than the rest of the graph. We are interested in the large-graph asymptotics,
where both the network size n and the community size k grow to infinity.
Given the adjacency matrix A, the goal is to recover the hidden community C' almost perfectly,
i.e., achieving
E[|CAC| = o(k) (30.13)
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Given the network size n and the community size k, there exists a sharp condition on the edge
density (p,q) that says the community needs to be sufficient denser than the outside. It turns
out this is precisely described by the binary divergence d(pl||¢). Under the assumption that p/q is
bounded, e.g., p = 2¢, the information-theoretic necessary condition is

kd
k-d(pllq) = oo and liminf (p\Lq) > 2. (30.14)

n—00 og &

This condition is tight in the sense that if in the above “>” is replaced by “>”, then there exists an
estimator (e.g., the maximal likelihood estimator) that achieves (30.13).

Next we only prove the necessity of the second condition in (30.14), again using the mutual
information method. Let £ and f be the indicator vector of the community C' and the estimator
C, respectively. Thus & = (&1,...,&,) is uniformly drawn from the set {z € {0,1}" : wy(x) = k}.
Therefore &;’s are individually Bern(k/n). Let E[dH(f,f)] = €,k, where ¢, — 0 by assumption.
Consider the following chain of inequalities, which lower bounds the amount of information required
for a distortion level €,:

dpi

I(A;6) > I(&€) > min I(§€)>H(E) ~ max HE®DE)
E[d(&,8)]<enk E[d(§,6)]<enk
30. nk
(3022) log <Z> —nh <€n> > klog %(1 +o0(1)),

where the last step follows from the bound (Z) > (%)k, the assumption k/n is bounded away from

one, and the bound h(p) < —plogp + p for p € [0, 1].
On the other hand, to bound the mutual information, we use the golden formula Corollary 4.1
and choose a simple reference Q:

I(A;¢) = HgnD(PAmHQ!P&)

< D(Pyl|Bern(q)*() | Py)

= (4o

Combining the last two displays yields liminf,, . % > 2.

30.3 Assouad’s method

Theorem 16.2 (Assouad’s lemma) provides another method for lower bounding the minimax risk

(especially popular for the high-dimensional questions, like density estimation). A high-level idea is

that in the (two-point) LeCam method we attempt to find two values which have small TV (FPy,, Py, )

implying that the minimax risk is bounded by the distance between 6y and 6;. Assouad’s improvement

is that if we manage to find 2¥ pairs of such #’s and arrange then adjacent on the vertices of the

hypercube, then the minimax risk is now bounded by k times the distance between adjacent 0’s.
Here is a formal description:

e Step 0. Consider a statistical problem 6 € ©, X ~ Py with a loss function £(6,6) (note that
this also models questions like estimating f(9)).
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e Step 1. “Embedding the e-hypercube in ©”. Suppose 2F values 6, € ©,b% € {0,1}* were
selected so that one can convert any estimator #(X) into an estimator B* so that for some

e>0:
c¢Eldu (B, B")] < E[((9,0(X))], (30.15)
where we have the space
B¥ 505X 0B B'"'Bern(1/2),0 = 0z, X ~ Py (30.16)
As an example, if © is a subset of a Hilbert space and £(6,60) = || — 0|2, one chooses
Oy = 62?:1 b;u; where uq, ..., u; are orthonormal in ©.

e Step 2. “Bounding adjacent TV.” Suppose furthermore that for any b*, b* differing in one
coordinate we have
TV(Pgbk,ngk) <c<1. (30.17)

e Step 3. Then we obtain a lower bound on the minimax risk:
1—c¢

inf sup Exp, [((0(X),0)] > ke : (30.18)
0 0eo 2

Indeed, from Step 1 it is sufficient to lower-bound E[d (B*(X), B¥)] which is a sum of

1—c
2

P[Bi(X) # Bi| > ir}fP[f(X, B.i) # Bi] 2

where in the first step we allowed “decoder of B;” to depend on side-information B.; =
(Bj,j # 1), and in the second step we used (30.17). The proof of (30.18) is then completed by
invoking (30.15).

As we described above, the key advantage here is the extra-factor k in (30.18) compared to the
LeCam method.

Example 30.1. Say the data X is distributed according to Py parameterized by 6 € R* and let
6 = 0(X) be an estimator for §. The goal is to minimize the maximal risk supyce Eol]|0 — 0)1]. A
lower bound (Bayesian) to this worst-case risk is the average risk E[||§ — 0]|1], where 6 is distributed
to any prior. Consider @ uniformly distributed on the hypercube {0, €}* with side length e embedded
in the space of parameters. Then

A ke
inf sup E[|0—0|1]>— min (1—-TV(Fy, Py)). 30.19
: OG{OE}k 1l ] =~ dH(e,e/)=1( (Po, Pyr)) (30.19)

Explicitly, we have (WLOG assume € = 1).

L () 1 . 1 .
Efl6 =0ll] = SE[I6 = baisll1] = SE[dr (6, 0ais))
Lk 1
> — min P[; #£ 0;] = - 1 —TV(Px9.—0, Pxlg.—
> ZgézZéi(X) [0; # 0i] 4;( (Px19,—=0> Px|0,=1))
Dk i (1= TV(Py, Py))
= 4 dy (0,601 8 50))
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Here 04 is the discretized version of é i.e. the closest point on the hypercube to 6 and so

(a) follows from |0; — 0;| > %I{W CGy>1/2) = 11 (000101} (b) follows from the optimal binary
hypothesis testing for ¢; given X, (c) follows from the convexity of TV: TV(Pxg,—o, Px|g,=1) =

TV (3=t Y p.0,—0 Px 10> =1 Y0:0,-1 Px10) < 5751 20:0,—0 TV (Px(0> Pxjose,) < MaX, (9,6')=1 TV (Py, Py).
Alternatively, (c) also follows from by providing the extra information #\* and allowing 6; = 6;(X, 8\%)

in the second line.

30.3.1 Assouad’s lemma from the Mutual information method

One can integrate the Assouad’s idea into the mutual information method. Consider, the probabilistic
setting of (30.16). From the rate-distortion function of Bernoulli source (Section 27.1.1), we know
that for any B* and 7 > 0 there is some 7/ > 0 such that

Here 7/ is related to 7 by 7log2 = h(7'). Thus, if the “e-hypercube embedding” has already been
done, the bound similar to (30.18) will follow once we can bound I(B*; X) away from k log 2.

Can we use the pairwise assumption (30.17) to do that? Yes! In fact we can recover exactly
(30.18). Notice that thanks to the independence of B;’s we have?

I(B; X|B™') =I(B;; X, B"™") < I(B; X, B\;) = I(Bi; X|By;) -

Applying the chain rule leads to the upper bound

k k
; 1-c
k. — . 1
I(B ,X)_Z;I(Bz,X|B’ Z (Bi; X|B\,) <k<log2—h< 5 )) ,
1= =1
where in the last step we also used a fact that for any B ~ Bern(1/2) we have

1 —TV(Px|p=o; PX|B=1))
5 .

I(B; X) <log2—h ( (30.21)

This implies the desired (30.18) by the mutual information method. To see (30.21), simply note
that I(B; X) = E[log 2 — h(min, P[B = b|X])] < log2 — h(E[min, P[B = b|X]]) by concavity and
observe that E[min, P[B = b|X])] = 1 [(Px|p=o A Px|p=1) = 5.

In all, we may summarize Assouad’s method as a convenient method for bounding I(B*; X) away
from the full entropy (klog2) on the basis of distances between Px g corresponding to adjacent

BFg.

3Equivalently, this also follows from the convexity of the mutual information in the channel (cf. Theorem 5.3).
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