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Abstract. We study the long-context limit of softmax self-attention with a
fixed query and a random context of n i.i.d. keys on the sphere, viewing the
inverse temperature βn as the scaling parameter that decides whether attention
degenerates into uniform averaging or collapses onto the single closest key. We
show that the critical scale at which selectivity emerges is determined by the
local exponent of the distance-to-query distribution near zero rather than by
global features of the context, and scales like β˚

n — n2{pd´1q for uniform keys on
Sd´1. Furthermore, we characterize the limiting laws of the ordered attention
weights and of the attention output across all regimes of βn: a subcritical
regime in which the output reduces to a local average around q with explicit
deterministic bias and Gaussian fluctuations; a critical regime in which a finite
collection of nearest keys retains macroscopic mass without single-key collapse;
and a supercritical regime in which all mass concentrates on the closest key.
Of notable interest is the subcritical case with identity value matrix where the
attention map approximately implements a backward heat equation.
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1. Introduction

The push toward ever longer contexts has placed transformers on a trajectory
in which the context length n is no longer a fixed architectural detail but a scaling
parameter in its own right [DYY`19, BPC20, ZGD`20, Goo24]. From this vantage
point, a finite-context attention head is naturally understood as a finite-sample

1

ar
X

iv
:2

60
5.

08
50

5v
1 

 [
cs

.L
G

] 
 8

 M
ay

 2
02

6

https://arxiv.org/abs/2605.08505v1


2 G. BRUNO, S. CHEN, Z. LIN, Y. POLYANSKIY, AND P. RIGOLLET

approximation of an idealized infinite-context limit. Context length then plays the
role of a resource controlling how faithfully the finite system resolves this idealization,
and its n Ñ 8 scaling limit becomes the natural object to study.

Self-attention [VSP`17] with Post-LayerNorm1 routes a query q P Sd´1 against a
context of keys x1, . . . , xn P Sd´1 through the softmax attention weights

(1.1) Aj “
exp

`

βnxq, xjy
˘

řn
l“1 exp

`

βnxq, xly
˘ , j “ 1, . . . , n,

which form a probability distribution over the context and are then used to ag-
gregate the xj . The inverse temperature βn is a classical device employed in
long-context transformers [BBC`23, PQFS24, ZCL`24, AWA25, BPA25, Nak25,
PLAS`25, CLPR26, GG26, QHVM26] that tunes how sharply A “ pA1, . . . , Anq

separates keys with highest scores from the bulk. In all settings, βn is set to grow
with the context length n. With no rescaling (βn “ 1), even a key whose alignment
xq, xjy exceeds the bulk by a constant margin still produces a weight Aj “ Θp1{nq:
the exponential gap such a key introduces is dwarfed by the n competing terms in
the softmax denominator. The head loses the ability to distinguish relevant keys
from the bulk—a phenomenon now commonly called attention dilation or attention
fading [VPBP25, Nak25]—and βn must grow with n at the right rate to preserve
selectivity.

A first wave of theoretical work has examined the scaling limits as n Ñ 8, βn Ñ 8

through simple, fully tractable models in which the fluctuations across keys are
suppressed by design. These analyses connect attention sharpness to the contraction
properties of self-attention layers [GLPR25, CLPR25] and identify a logarithmic
critical scale [Nak25, CLPR26]: when βn — logn, attention concentrates on Θp1q

tokens while remaining content-adaptive. Such results pin down the right scale,
but the price of tractability is that the random objects which actually live at this
scale—the size of the largest weight, the gap to the runner-up, the effective number
of attended tokens, and the corresponding fluctuations of the attention map—are
by construction invisible. A finer description requires that the keys themselves be
treated as random and that the entire random profile of attention be analyzed at
large n.

Probability theory has a long tradition of answering such questions: take a
random system indexed by a size n, find the rescaling under which it admits a
non-degenerate limit, and identify the law that emerges. Familiar instances include
Gaussian fluctuations at scale

?
n in the central limit theorem, the Fisher–Tippett–

Gnedenko classification of extremal laws, and the log n-scale free-energy transition
of the Random Energy Model [Der81], recently connected to long-context attention
by [GG26].

For a fixed query vector q P Sd´1 and context vectors x1, . . . , xn P Sd´1, define
the attention weights as in (1.1) and the corresponding attention output

ATTpnq “ V
n

ÿ

j“1

Ajxj ,

where V P IRdˆd is a fixed value matrix. The natural scalar coordinate for these
objects is the distance-to-query, or D2Q, Ti :“ 1 ´ xq, xiy, which is half the squared

1We show how PostLN attention with general Key and Query matrices reduces to this model
in Section 2.
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Figure 1. Unified schematic of the ordered-weight and attention-output
regimes as the inverse temperature βn varies, with Ynpqq “ ATTpnq ´V q

Euclidean distance from key xi to the query. Two qualitatively distinct failure
modes flank the regime of interest: if βn is too small, the smallest D2Qs are blurred
into the bulk, the weights Aj are essentially uniform, and the attention map fails
to distinguish relevant tokens; if βn is too large, the entire output collapses onto
the single closest key, and the map ceases to integrate the context. The question
addressed in this paper is:

As n Ñ 8, which scalings of βn produce non-degenerate limiting
laws for the ordered attention weights tAjuj and the attention output
ATTpnq, and what are those laws?

To make the limit precise, we model the keys x1, . . . , xn as i.i.d. samples from
a common distribution on the sphere, which induces a distribution of the D2Qs
T1, . . . , Tn on r0, 2s. The behavior at large n is then governed by the local behavior
of this distribution near 0—the distribution of close neighbors—through the same
mechanism that controls right-tail extremes in classical extreme-value theory. Within
this model, our results below paint a complete picture of the scaling limits of attention
across regimes of βn, with explicit limit theorems at and around the critical scale.

Our contributions. We answer the question above through a statistical scaling
theory for the attention distribution of a fixed query q over a random context.
The unifying principle is that long-context behavior is controlled not by the global
shape of the context distribution but by the small-T tail of the D2Q—i.e., the local
geometry of the context around q—and by the point process of the closest keys that
this tail generates. Our main results are the following.
(C1) The critical scale is set by the small-D2Q tail. We identify the inverse

temperature β˚
n at which softmax first resolves the closest keys to q from

the bulk of the context, and show that this scale is determined by the local
exponent of the D2Q distribution near zero, rather than by global features of
the context. For keys uniform on Sd´1, this principle yields the polynomial
law β˚

n — n2{pd´1q, and for more structured key distributions it singles out
local dimension and density as the relevant quantities.
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(C2) Limit laws for the ordered attention weights. We characterize the asymptotic
law of the ordered profile Ap1q ě Ap2q ě ¨ ¨ ¨ across the full range of βn.
Three regimes emerge within a single framework: a subcritical regime in
which the weights flatten and the head approaches uniform averaging; a
critical regime around β˚

n at which the weights converge to a non-degenerate
random profile, with a finite collection of influential neighbors retaining
macroscopic mass; and a supercritical regime in which the weight on the
single closest key tends to one. The critical limit is the principal object
of the paper: it is the unique scale at which selectivity emerges without
single-key collapse.

(C3) Limit laws for the attention output. We extend the analysis to the attention
output ATTpnq “ V

ř

j Ajxj . The subcritical phase is not merely a regime
of vanishing individual weights: as long as βn still diverges, ATTpnq behaves
as a local average of the keys around q, and we obtain its limiting law as
the sum of a deterministic bias, a Gaussian fluctuation term, and a density-
sensitive tangential drift. At and above the critical scale, the corresponding
limits of ATTpnq follow from those of the weights in (C2).

(C4) A heat-type interpretation of subcritical residual updates. The deterministic
vector field that drives the subcritical output in (C3) admits a transparent
interpretation: in the isotropic case, its tangential component is the gradient
of the log token density. Attention layers operating below the critical
scale therefore push representations from low-density toward high-density
regions of the context, which corresponds approximately to a backward heat
evolution.

Related work. Empirical work on long-context attention provides much of the
motivation for the present study. A number of recent methods modify the attention
logits in order to preserve useful sparsity as the context grows, including Qwen-
style scaling, YaRN, SWAN-GPT, scalable-softmax, selective attention, and scale-
invariant attention [BBC`23, PQFS24, PLAS`25, Nak25, ZCL`24, AWA25]. These
works show that attention sharpness is an important practical degree of freedom in
long contexts. Our goal is complementary: we do not propose a new implementation,
but instead ask what limiting law a rescaled attention row should obey once the
context itself is modeled statistically.

Theoretical explanations of such scaling laws are still limited. The deterministic
critical-scaling theory of [CC22, Nak25, CLPR26] identifies a logarithmic scale
βn — logn, while the signal-propagation theory of [GG26] and the scale-invariant-
attention framework of [AWA25] point, in different Gaussian settings, to

?
logn-type

score scales. Our polynomial scale arises from a different score geometry: the relevant
competitors are rare nearest neighbors to a fixed query vector, and the scale is
set by the local lower tail of the D2Q. Thus the contrast between logarithmic,
square-root-logarithmic, and polynomial laws should be viewed as evidence that
attention scaling depends on the geometry of the competing scores, rather than as a
disagreement between models.
Notation. We introduce the notation used throughout the paper. We denote the
ordered attention scores as Ap1q ě Ap2q ě ¨ ¨ ¨ ě Apnq. Define the D2Q Ti :“



SCALING LIMITS OF LONG-CONTEXT TRANSFORMERS 5

1 ´ xq, xiy P r0, 2s, i “ 1, . . . , n. The attention weights can be written as

(1.2) Ai “
e´βnTi

Zn
, Zn :“

n
ÿ

j“1

e´βnTj .

Let Tp1q ď Tp2q ď ¨ ¨ ¨ ď Tpnq be the order statistics of the D2Qs. Finally, let the
D2Q CDF be F ptq :“ PpT1 ď tq, t P r0, 2s. We set α :“ 2

d´1 throughout the paper.
We define the constant Cpqq to be the local intensity of near matches to the query
Cpqq :“ limtÑ0` F ptqt´1{α.
Organization. The remainder of the paper is organized as follows. Section 2 intro-
duces the fixed-query attention model and the spherical i.i.d. baseline. Section 3
establishes the subcritical, critical, and supercritical limits for the ordered attention
weights. Section 4 derives the corresponding attention-output limits, including
the marked Poisson functional at criticality and the subcritical drift/fluctuation
trichotomy. Section 5 presents numerical experiments illustrating the predicted
phase transitions. The appendices collect the proofs and extend the framework to
correlated tokens and RoPE.

2. Setup

We recall that a PostLN attention head [VSP`17, GLPR25] with context x1, . . . , xn

is parametrized by three d ˆ d matrices Q, K, and V . It implements the map

x P Sd´1 ÞÑ V
n

ÿ

j“1

Ajxj ,

where the attention weights are defined by

Aj “
exp

`

βxQx,Kxjy
˘

řn
l“1 exp

`

βxQx,Kxly
˘ , j “ 1, . . . , n .

Setting q “ KJQx{}KJQx} P Sd´1 and β1 “ β }KJQx}, we can rewrite

Aj “
exp

`

β1xq, xjy
˘

řn
l“1 exp

`

β1xq, xly
˘ , j “ 1, . . . , n,

so that, up to rescaling β, the attention weights take the form (1.1).
Throughout the main theorems, we assume a random context x1, . . . , xn sampled

i.i.d from some distribution on the sphere.

Assumption 1 (i.i.d. spherical context). The query q P Sd´1 is fixed. The context
directions x1, . . . , xn are i.i.d. with common law ρpxq dσpxq on Sd´1, where σ is
surface measure. The density ρ is positive at q and is C2.

A few remarks regarding Assumption 1 should be noted.
Regularity of ρ, intrinsic dimension, and off-support geometry. The C2 regularity is
used only for the attention-output expansions in Section 4. The scaling limits of
the ordered weights in Section 3 require only continuity of ρ at q and ρpqq ą 0. If
ρ is supported on a smooth pd1 ´ 1q-dimensional submanifold, with d1 ´ 1 ă d ´ 1,
through q with positive local density and non-degenerate contact, then our results
hold with d replaced by d1. If q is not contained in the support of ρ, the same
analysis applies after subtracting the smallest attainable D2Q from all D2Qs.
Correlations and positional encoding. Independence is also not essential to our
results. The proofs of the scaling limits use only two inputs: a one-point lower-tail



6 G. BRUNO, S. CHEN, Z. LIN, Y. POLYANSKIY, AND P. RIGOLLET

law for the D2Q Ti “ 1 ´ xq, xiy and a Poisson, or more generally extremal, limit
for close neighbors to the query q. Under stationary weak dependence with anti-
clustering, the same exponent and Poisson softmax limit persist. We also discuss
how positional encodings such as RoPE [SAL`24] can also be handled with minor
technical adjustments in Section F.

3. Scaling limits of attention weights

In this section, we consider the scaling limits for the ordered attention weights. We
start with an informal derivation of the critical scaling β˚

n — n2{pd´1q (equivalently
β˚
n — nα with α “ 2{pd ´ 1q).

3.1. A heuristic explanation for the critical scaling. The critical scale β˚
n —

n2{pd´1q arises precisely at the balance point of two opposing effects. As the context
length n grows, more random tokens from the input naturally fall close to the fixed
query direction q. At the same time, increasing the rescaling factor βn narrows
the effective softmax window: the factor e´βnTi assigns comparable weight only to
tokens whose distance-to-query (D2Q) values Ti differ on the scale 1{βn.

For simplicity, first assume that the distribution ρ in Assumption 1 is the uniform
measure on the unit sphere Sd´1. Geometrically, a D2Q window of width 1{βn

corresponds to a small ball around q. Indeed, for tokens xi sufficiently close to
q, we have the local approximation Ti « 1

2distpq, xiq
2. Consequently, the active

softmax window has radius of order β
´1{2
n . Since this region is intrinsically pd ´ 1q-

dimensional, the expected number of context tokens falling inside the window scales
as

n ¨ Vol
`

Bd´1pq, β´1{2
n q

˘

— nβ´pd´1q{2
n “ nβ´1{α

n .

Here, Vol
`

Bd´1pq, β
´1{2
n q

˘

is the volume of the geodesic ball around q of radius β´1{2
n .

If βn grows too rapidly with n, the window shrinks faster than new tokens enter it
and the expected count tends to zero: attention collapses onto the single nearest
token. Conversely, if βn grows too slowly, this number diverges and attention is
effectively averaged over a diverging number of tokens. The critical regime occurs
precisely when these two effects balance, i.e.,

nβ´1{α
n — 1, or equivalently βn — nα.

The same scaling holds for general distributions ρ satisfying Assumption 1. Indeed,
PpTi ă tq — t1{α (see Theorem A.1), so the expected number of tokens lying in a
D2Q window of width β´1

n is

nPpTi ă β´1
n q — nβ´1{α

n .

The next three results make this intuitive picture precise. In each case, the main
technical step is to pass from the tail law PpTi ă tq — t1{α to the corresponding
limit law for the softmax denominator.

3.2. Supercritical regime. When βn " nα, the temperature is high enough to
distinguish the top D2Q from all its competitors. The attention function therefore
becomes a hard nearest-neighbor selector.

Theorem 3.1 (Supercritical regime). Under Assumption 1, choose βn in (1.1) such
that βnn

´α Ñ 8 as n Ñ 8. We have that for every fixed i ě 2,

lim
nÑ8

Ap1q “ 1, lim
nÑ8

Apiq “ 0, in probability.(3.1)
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The proof of Theorem 3.1 is deferred to Section B.

3.3. Critical regime. At the critical scale βn — nα, the expected number of tokens
in the active softmax window remains of order one. The correct limiting object is
the point process of rescaled D2Qs.

Theorem 3.2 (Critical regime). Under Assumption 1, choose βn in (1.1) such
that βnn

´α Ñ γ P p0,8q. Let N be a Poisson point process on R` with intensity
measure Λpr0, ysq “ Cpqqpy{γq1{α , for y ě 0. Write 0 ă Y1 ă Y2 ă ¨ ¨ ¨ for its
atoms in increasing order. Then, for every fixed k ě 1,

pAp1q, . . . , Apkqq Ñ pW1, . . . ,Wkq in distribution,(3.2)

where

Wi “
e´Yi

ř8

j“1 e
´Yj

,

and tYiuiě1 are the increasing atoms of the Poisson point process N , i.e., Yi is the
i-th arrival of N .

This is the selective regime: finitely many close neighbors retain nonzero mass,
but no deterministic winner is selected. The proof is given in Section C.

3.4. Subcritical regime. When βn ! nα, the active softmax window contains a
diverging number of near-query tokens. Define the active softmax window size by
mnpqq :“ Cpqqnβ

´1{α
n . In the subcritical regime with βn Ñ 8, we have mnpqq Ñ 8.

Hence no individual token can retain macroscopic mass. Nevertheless, after ordering
by score, the top Opmnpqqq weights secure a deterministic amount of total weight.

Theorem 3.3 (Subcritical regime). Under Assumption 1, choose βn in (1.1) such
that βnn

´α Ñ 0 as n Ñ 8. We have that for every i ě 1,

lim
nÑ8

Apiq “ 0 in probability .(3.3)

If βn Ñ 8, and let tknuně1 be a sequence of integers such that limnÑ8
kn

mnpqq
“

x ě 0, for some nonnegative constant x (for instance kn “ txmnpqqu). We have that

(3.4) lim
nÑ8

Apknq

Ap1q

“ exp p´xαq in probability,

Indeed, we have that

(3.5) lim
nÑ8

mnpqqApknq “
exp p´xαq

Γ
`

1
α ` 1

˘ in probability,

where Γp¨q is the gamma function. Moreover,

(3.6) lim
nÑ8

kn
ÿ

i“1

Apiq “
γinc

`

1
α , x

α
˘

Γ
`

1
α

˘ , in probability ,

where γincps, zq :“
şz

0
us´1e´u du is the lower incomplete gamma function.

The proofs for Theorem 3.3 is included in Section D.
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4. Scaling limits of attention outputs

Section 3 describes how the ordered attention weights Ap1q ě Ap2q ě ¨ ¨ ¨ ě Apnq

are distributed. We now track the vector returned by the attention layer ATTpnq.
Under Assumption 1, we show in Section 4.1 and Section 4.2 that all three regimes
with βn Ñ 8 concentrate on those tokens approaching q, so that the first-order
limit of ATTpnq is always V q. We therefore study the displacement

Ynpqq :“ ATTpnq ´ V q “ V
n

ÿ

i“1

Aipxi ´ qq.(4.1)

The two relevant scales in Section 4.1 and Section 4.2 are βn — nα, the ordered-
weight transition, and βn — nα{p1`αq “ n2{pd`1q, the drift/fluctuation transition
inside the subcritical regime.

4.1. Extreme-value output limits. In this subsection, we record attention outputs
in the supercritical and the critical regimes in which only finitely many near-query
tokens are visible at the output scale.

First, for the supercritical regime, we prove in the following Theorem 4.1 that
the displacement Ynpqq scales as n´α{2.

Theorem 4.1 (Supercritical output). Under Assumption 1, assume that βnn
´α Ñ

8. Then for an “ pCpqqnqα, we have

lim
nÑ8

?
an Ynpqq “ V Φ in distribution,

where the random vector Φ “
?
2R1 Θ1, R1 is a Weibull random variable with

PpR1 ą rq “ e´r1{α

, r ě 0,

and Θ1 is uniformly distributed over Sd´2
q :“ tθ P TqSd´1 : }θ} “ 1u , and is

independent of R1. In particular, Ynpqq Ñ 0 in probability, and hence ATTpnq Ñ V q
in probability.

Theorem 4.1 says that, once the weights have collapsed to a single winner, the
only remaining randomness is the nearest-neighbor geometry: its radial D2Q has a
Weibull-type extreme-value law, while its angular mark is asymptotically uniform in
the tangent space.

We next show the attention outputs within the critical regime.

Theorem 4.2 (Critical output). Under Assumption 1, assume that βnn
´α Ñ γ P

p0,8q. There exists a Poisson point process Mγ on r0,8q ˆ Sd´2
q with intensity

measure depending on γ and ρpqq in Assumption 1, such that as n Ñ 8

lim
nÑ8

a

βn Ynpqq “ V Ξ in distribution.

where

Ξ :“

ż 8

0

ż

Sd´2
q

e´y
a

2y θMγpdy, dθq

ż 8

0

ż

Sd´2
q

e´y Mγpdy, dθq

.(4.2)

In particular, Ynpqq Ñ 0 in probability, and hence ATTpnq Ñ V q in probability.
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The marked Poisson process in Theorem 4.2 is the output analogue of the Poisson
process governing the critical ordered weights in Theorem 3.2. Its scalar coordinate
records how far a token is from the optimal score, while the mark records the local
direction in which that token perturbs the output. The denominator in (4.2) is the
limiting softmax partition function; the numerator is the corresponding tangent
displacement.

4.2. Subcritical local averaging. When βn ! nα, the number of relevant near-
query tokens diverges. The output is then governed by local averaging rather than
by a finite extreme process. Define
(4.3)

Ypqq :“ ∇Sd´1 log ρpqq ´
d ´ 1

2
q, Σpqq :“

cd
ρpqq

Pq, cd :“ 2´dπ´pd´1q{2,

where Pq “ Id ´ qqJ is the orthogonal projection onto the tangent space TqSd´1.

Theorem 4.3 (Subcritical output). Under Assumption 1, choose βn in (1.1) such
that βn Ñ 8 and βnn

´α Ñ 0 as n Ñ 8.
(1) Drift dominated. If β1`α

n n´α Ñ 0, then

lim
nÑ8

βnYnpqq “ V Ypqq in probability .

(2) Mixed drift–fluctuation regime. If β1`α
n n´α Ñ τ P p0,8q, then

lim
nÑ8

βnYnpqq “ V Ypqq ` Gτ in distribution .

where Gτ „ N p0, τ1{αV ΣpqqV Jq.
(3) Fluctuation dominated. If β1`α

n n´α Ñ 8, then

lim
nÑ8

b

nβ
´1{α`1
n Ynpqq “ G1 in distribution .

where G1 „ N p0, V ΣpqqV Jq

In all three regimes, we have that Ynpqq Ñ 0 in probability, and hence ATTpnq Ñ V q
in probability.

The condition β1`α
n n´α — 1 is equivalent to βn — nα{p1`αq “ n2{pd`1q. Thus the

subcritical regime contains its own output-level phase transition: for βn at or below
this critical scale, the deterministic local-density drift is present, while it is swamped
by Gaussian fluctuations above it.

4.3. Residual dynamics. We now study how one attention layer changes the
relative geometry of the tokens in the drift-dominated subcritical regime, tracking
the cosine similarity between normalized tokens before and after one layer. For
V “ Id, the attention output can be written as

ATTpnq “ q ` Ynpqq,

where, by Theorem 4.3(1), Ynpqq is of order β´1
n . Therefore the layer-normalized

attention output can be approximated as

q1 “
ATTpnq

}ATTpnq}
“

q ` Ynpqq

}q ` Ynpqq}
» q `

1

βn
∇Sd´1 log ρpqq.

The proposition below formalizes this observation and makes this claim rigorous.
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Proposition 4.4. Assume V “ Id. Let q P Sd´1 satisfy ρpqq ą 0, and define q1 as

q1 :“
q ` γYnpqq

}q ` γYnpqq}
,(4.4)

for some fixed γ ą 0. In the drift-dominated regime where β1`α
n n´α Ñ 0 and

βn Ñ 8, it holds

βnpq1 ´ qq Ñ γ∇Sd´1 log ρpqq,(4.5)

in probability.

The above proposition indicates that attention, together with PostLN, approxi-
mately implements the update

q ÞÑ q `
γ

βn
∇Sd´1 log ρpqq,

which is precisely a one-step Euler discretization of 9q “ ∇Sd´1 log ρpqq. In turn, it is
a celebrated result of Jordan, Kinderlehrer, and Otto [JKO98] that this Wasserstein
gradient flow of the entropy functional [CNWR25] implements the reverse heat
equation.

The proof of Theorem 4.4 is postponed to Appendix E.

5. Numerical Experiments

The following experiments illustrate three consequences of the scaling theory
from the main results on the model introduced in (1.1) and (4.1).

Output field on the sphere. We first visualize the output vector fields from
Theorems 4.1 to 4.3. We take d “ 3, so α “ 1, set V “ Id, and draw n “ 104

context tokens from
ρpxq9 exppx1x2q, x P S2.

For each query direction q we compute Ynpqq “
ř

i Aipxi ´ qq and plot the first
coordinate of PqYnpqq after the corresponding scaling. With this choice of parameters
the critical scaling is βn — n, while the subcritical drift/fluctuation scaling from
Theorem 4.3 is βn — n1{2. Thus the columns of Figure 2 show the supercritical regime
(βn “ n5{4), the critical regime (βn “ n), the fluctuation-dominated subcritical
regime (βn “ n3{4), the mixed drift–fluctuation regime (βn “ n1{2), and the drift-
dominated subcritical regime (βn “ n1{4).

The first two empirical columns are visibly rough: in the supercritical regime the
output is essentially determined by one nearest token, while at criticality only a
finite number of close neighbors contributes. Moving into the subcritical regime,
more tokens enter the local average and the field becomes smoother. The fluctuation-
dominated panel still shows sampling noise; the mixed panel begins to show the
large-scale drift; and the drift-dominated panel has the same structure as the
deterministic density-gradient field PqYpqq from (4.3), shown in the last column.

Ordered weights. We next check the ordered attention weight statements in
Theorems 3.1 to 3.3. Contexts are uniform on S4, so d “ 5 and α “ 1{2. The left
panel of Figure 3 estimates Ap1q over a logarithmic grid in pn, βnq, averaging over
100 trials. In agreement with Theorems 3.1 and 3.3, the largest weight is small below
the critical scaling and approaches one above it; the transition occurs at βn — nα.
The right panel fixes n “ 1000, q “ e1, and βn “ nα{4. It plots the ratios Apkq{Ap1q

against the rescaled rank x “ k{mnpqq, and compares them with the prediction
e´xα

in Theorem 3.3.
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Figure 2. Rescaled output displacement on S2 for n “ 104, V “ Id, and
ρpxq9 exppx1x2q. The columns use βn “ n5{4, n, n3{4, n1{2, n1{4, with the
regime-dependent scalings shown above the panels, and the last column is
the deterministic drift field. The bottom row is a geodesic chart centered
at p1, 1, 1q{

?
3.

Figure 3. Ordered attention weights for uniform contexts on S4. Left:
the heatmap shows the empirical mean of Ap1q over 100 trials; the dashed
curve βn “ 2nα marks the critical scaling. Right: with βn “ nα{4, the
rescaled ordered weights follow the subcritical prediction e´xα

, where
x “ k{mnpqq.

6. Conclusion

We introduced a tractable probabilistic model to better understand attention
scaling in the long-context regime. Within this framework we obtained a complete
classification of the scaling limits for both the ordered attention weights and the
resulting attention outputs. The central result is that the optimal rescaling takes
the form βn — n2{pd´1q, governed by the local extreme-value tail of the distance-to-
query distribution PpTi ă tq. To the best of our knowledge, this is the first scaling
prescription for attention that exhibits an explicit dependence on the embedding
dimension d, reflecting the intrinsic geometry of the key space. Below this threshold
every attention weight vanishes; above it the mechanism collapses to a single-winner
selector; only at the critical scale do the ordered weights converge to a non-degenerate
Poisson point process.
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Appendix A. Introduction to the Appendix, Notation, and Shared
Lemmas

The appendices are organized as follows. Appendix B proves the supercritical
single-winner regime. Appendix C proves the critical Poisson point process limit and
the induced limiting ordered weights. Appendix D proves the subcritical results in
the same order as the main text: scalar softmax estimates and ordered weights first,
then the local moment estimates and central limit argument for the attention output,
and finally the backward heat-type behavior of long-context attention. Appendix F
treats the RoPE extension with correlated tokens.

We use the following notation throughout the appendices. The query q P Sd´1 is
fixed, x1, x2, . . . are drawn according to the density ρ in Assumption 1. The D2Qs
and their CDF are

Ti :“ 1 ´ xq, xiy P r0, 2s, F ptq :“ PpTi ď tq.

We write
Tp1q ď Tp2q ď ¨ ¨ ¨ ď Tpnq

for the order statistics of the D2Qs and

Ai “
e´βnTi

Zn
, Zn :“

n
ÿ

j“1

e´βnTj , Ap1q ě Ap2q ě ¨ ¨ ¨ ě Apnq

for the corresponding attention weights and their decreasing rearrangement. We
also set

α :“
2

d ´ 1
, η :“

1

α
´ 1 “

d ´ 3

2
, Pq :“ Id ´ qqJ.

We use Θphq to denote a quantity comparable to h, i.e., there are constants C1,
C2 depending on ρ as introduced in Assumption 1 such that C1h ď Θphq ď C2h.
Similarly, we use x « y if there are two positive constants C1, C2, which depend
at most on d and ρ in Assumption 1, such that C1x ď y ď C2x. The symbol
oPp1q denotes a random sequence converging to 0 in probability. More generally,
Rn “ oPpanq means Rn{an Ñ 0 in probability, and Rn “ OPpanq means that Rn{an
is tight.

The CDF F ptq is of order Θpt1{αq, because

F ptq :“ P pTi ă tq “ P
´

distpq, xq ă 2 arcsin
´

t1{22´1{2
¯¯

“ Θ

ˆ

t
d´1
2

˙

“ Θ
´

t1{α
¯

.

Here, distpq, xq is the geodesic distance between q and x on the unit sphere Sd´1,
and hence exactly equals the angle between q and x. In particular, we denote

Cpqq :“ lim
tÑ0`

F ptqt´1{α .

We summarize the asymptotics of F ptq in the following two lemmas.

Lemma A.1 (CDF asymptotics). Under Assumption 1, the law of Ti is absolutely
continuous on r0, 2s, and has a density fT ptq :“ F 1ptq. Moreover, there are constants
0 ă c´ ă c` ă 8 such that

c´t
1{α ď F ptq ď c`t

1{α, c´t
η ď fT ptq ď c`t

η @t P r0, 2s.

In particular, as t Ñ 0`,

F ptq “ Cpqqt1{α ` o
`

t1{α
˘

, with Cpqq “
21{ασd´2

d ´ 1
ρpqq,
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where σd´2 denotes the surface area of Sd´2.

Lemma A.2 (Quantile asymptotics). As u Ñ 0`,

F´1puq “

ˆ

u

Cpqq

˙α

p1 ` op1qq.

The same relation holds with u replaced by any random sequence Un Ñ 0 in proba-
bility:

F´1pUnq “

ˆ

Un

Cpqq

˙α

p1 ` oPp1qq.

We use the following form of Rényi’s representation for uniform order statistics;
see [Dev06, Chapter 5, Theorem 2.2].

Lemma A.3 (Rényi’s Representation). Let U1, U2, . . . , Un be i.i.d. Uniformp0, 1q

random variables, and let Up1q ă Up2q ă ¨ ¨ ¨ ă Upnq denote the associated order
statistics.

Let E1, E2, . . . , En`1 be i.i.d. exponential random variables with rate 1, i.e.,
Ei „ Expp1q. Define the partial sums

Γk “

k
ÿ

i“1

Ei, k “ 1, 2, . . . , n ` 1.

Then
`

Up1q, Up2q, . . . , Upnq

˘ d
“

ˆ

Γ1

Γn`1
,

Γ2

Γn`1
, . . . ,

Γn

Γn`1

˙

.

We will repeatedly use the standard point-process formulation. Let Ω be a locally
compact Polish space. We denote by MppΩq the space of boundedly finite counting
measures on Ω, equipped with the vague topology; see [DVJ08]. A point process on
Ω can be viewed as an MppΩq-valued random element. Thus, when

Nn ñ N in MppΩq,

we mean weak convergence of the laws of the random counting measures Nn to the
law of N in this topology.

We will use the Laplace-functional characterization of convergence of point
processes. Namely, to prove Nn ñ N in MppΩq, it is enough to show that, for every
φ P C`

c pΩq,

E
„

exp

"

´

ż

Ω

φpyqNnpdyq

*ȷ

ÝÑ E
„

exp

"

´

ż

Ω

φpyqN pdyq

*ȷ

,

where C`
c pΩq denotes the set of nonnegative continuous functions on Ω with compact

support; see, e.g., [DVJ08, Chapter 11].

Appendix B. Supercritical Regime: Proof of Theorem 3.1

We use the notation from Appendix A. In particular,

Ai “
e´βnTi

Zn
, Zn “

n
ÿ

j“1

e´βnTj , Tp1q ď ¨ ¨ ¨ ď Tpnq.

By Theorem A.1,

F ptq “ Cpqqt1{α ` o
`

t1{α
˘

, Cpqq “
21{ασd´2

d ´ 1
ρpqq,



14 G. BRUNO, S. CHEN, Z. LIN, Y. POLYANSKIY, AND P. RIGOLLET

and the density fptq “ F 1ptq satisfies fptq “ Θptηq near 0, where η “ 1{α ´ 1. The
largest attention weight can be written as

Ap1q “
e´βnTp1q

řn
k“1 e

´βnTk
“

1

1 ` Sn
, Sn :“

n
ÿ

k“2

e´βnpTpkq´Tp1qq.

We first prove the following lemma for Sn.

Lemma B.1. For any n Ñ 8 and any βn Ñ 8, we have that

ErSns « n2
´

O
`

e´βn
˘

` O
´

e´C1n
¯

` β´1{α
n B p1, n ´ 1q ` β´1

n B p2 ´ α, n ´ 1q

¯

.

(B.1)

Here, C 1 is a positive constant depending on ρ in Assumption 1, and Bp¨, ¨q is the
beta function.

We defer the proof of Theorem B.1 after proving Theorem 3.1.

Proof of Theorem 3.1. We show that if βnn
´α Ñ 8, we have that

lim
nÑ8

ErSns “ 0,(B.2)

and thus Sn Ñ 0 in probability.
By Theorem B.1 and the classical asymptotics of the beta function [Olv97], we

have that as n Ñ 8,

B p1, n ´ 1q « n´1, and B p2 ´ α, n ´ 1q « n´2`α.(B.3)

Hence, we have that

n2β´1{α
n B p1, n ´ 1q « β´1{α

n n, and n2β´1
n B p2 ´ α, n ´ 1q « β´1

n nα,(B.4)

both of which go to 0 if βnn
´α Ñ 8. Because O

`

e´βn
˘

` O
´

e´C1n
¯

also goes to
0, we thus get that limnÑ8 ErSns “ 0. □

Proof of Theorem B.1. Recall that η “ d´3
2 “ 1´α

α . Hence, by the arguments at
the beginning of Section B, we see that fptq “ Θptηq.

Let Kn :“ ti P J1, nK | Ti “ Tp1qu and Rn :“ #Kn. First, we see that

n
ÿ

i“1

1iPKn

ÿ

j‰i

e´βnpTj´Tiq “ RnSn .(B.5)

Because Ti’s are i.i.d. and have continuous density, we have that for any i ‰ j,
P pTi “ Tjq “ 0. Hence, PpRn ą 1q “ 0 and thus Rn “ 1 almost surely. We have
that

ErSns “ ErRnSns “ E

«

n
ÿ

i“1

1iPKn

ÿ

j‰i

e´βnpTj´Tiq

ff

“

n
ÿ

i“1

E

«

1iPKn

ÿ

j‰i

e´βnpTj´Tiq

ff

.

(B.6)



SCALING LIMITS OF LONG-CONTEXT TRANSFORMERS 15

Because Ti’s are i.i.d., we have that

ErSns “ nE

«

11PKn

ÿ

jě2

e´βnpTj´T1q

ff

“ n
ÿ

jě2

E
”

11PKn
e´βnpTj´T1q

ı

“ npn ´ 1qE
”

11PKn
e´βnpT2´T1q

ı

“ npn ´ 1q

ż 2

0

fptq

ˆ
ż 2

t

fpsqds

˙n´2 ˆ
ż 2

t

e´βnps´tqfpsqds

˙

dt,

(B.7)

where in the last equality, we used the fact that

1 P Kn ðñ T1 ď Tj for all j ě 2.

We first estimate the term fptq
´

ş2

t
fpsqds

¯n´2

for t P r0, 2s. We know that C1t
η`1 ď

F ptq ď C2t
η`1 for some C1, C2 depending on ρ in Assumption 1. We pick a δ ă 1

depending on ρ, d, such that when t ă δ, C2t
η`1 ă 1. Because

ş2

δ
fpsqds “

F p2q ´F pδq “ 1´F pδq ă 1, we have that
´

ş2

δ
fpsqds

¯n´2

« e´Cn for some positive
C depending on ρ in Assumption 1. Hence, we see that

fptq

ˆ
ż 2

t

fpsqds

˙n´2

« e´Cn ` 1tăδfptq

ˆ
ż 2

t

fpsqds

˙n´2

“ e´Cn ` 1tăδfptq p1 ´ F ptqq
n´2

« e´Cn ` 1tăδt
η

`

1 ´ C1t
η`1

˘n´2
.

(B.8)

We next estimate the term
´

ş2

t
e´βnps´tqfpsqds

¯

. By (B.8), we only need to discuss
the case when t P r0, δs as we can use the trivial bound 1 when t ą δ. Because
fpsq “ Θpsηq, we have that

ż 2

t

e´βnps´tqfpsqds «

ż 2

t

e´βnps´tqsηds “

ż 2´t

0

e´βnsps ` tqηds

«

ż 2´t

0

e´βnspsη ` tηqds « O
`

e´βn
˘

`

ż 8

0

e´βnspsη ` tηqds

« O
`

e´βn
˘

` β´η´1
n ` β´1

n tη.

(B.9)

Hence, combining (B.8) and (B.9), we see that ErSns in (B.7) can be estimated as

ErSns « n2

˜

e´Cn ` O
`

e´βn
˘

`

ż δ

0

`

β´η´1
n ` β´1

n tη
˘

tη
`

1 ´ C1t
η`1

˘n´2
dt

¸

.

(B.10)

In the above integral, we do a change of variable for t “ sC
´ 1

η`1

1 to s and by the
choice of δ, the integral domain for s is r0, δ1s for some δ1 ă 1. Hence,

ErSns « n2

˜

e´Cn ` O
`

e´βn
˘

`

ż δ1

0

`

β´η´1
n ` β´1

n sη
˘

sη
`

1 ´ sη`1
˘n´2

ds

¸

« n2

ˆ

e´Cn ` O
`

e´βn
˘

` O
´

e´C1n
¯

`

ż 1

0

`

β´η´1
n ` β´1

n sη
˘

sη
`

1 ´ sη`1
˘n´2

ds

˙

.

(B.11)
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The above estimate follows because when s P rδ1, 1s, the term
`

1 ´ sη`1
˘n´2 is an

Ope´C1nq term for some C 1 depending on ρ. Finally, we make a change of variable
s “ r

1
η`1 , and we combine the two terms e´Cn and Ope´C1nq, we then have that

ErSns « n2

ˆ

O
`

e´βn
˘

` O
´

e´C1n
¯

`

ż 1

0

´

β´η´1
n ` β´1

n r
η

η`1

¯

p1 ´ rq
n´2

dr

˙

“ n2

ˆ

O
`

e´βn
˘

` O
´

e´C1n
¯

` β´η´1
n B p1, n ´ 1q ` β´1

n B

ˆ

2η ` 1

η ` 1
, n ´ 1

˙˙

.

(B.12)

Because η “ 1
α ´ 1, we finish the proof of Theorem B.1.

□

Appendix C. Critical Regime: Proof of Theorem 3.2

We prove Theorem 3.2 in this section. Let Ui “ F pTiq. Then Ui are i.i.d. uniform
on p0, 1q, and Tpiq “ F´1pUpiqq. By Theorem A.3, we may write

pUp1q, . . . , Upnqq
d
“

ˆ

Γ1

Γn`1
, . . . ,

Γn

Γn`1

˙

,

where Γi “ E1 ` ¨ ¨ ¨ ` Ei and Ei are i.i.d. exponential random variables of mean
one. Hence

βnTpiq
d
“ βnF

´1

ˆ

Γi

Γn`1

˙

.

Recall from Theorem A.2, we have

F´1puq “

ˆ

u

Cpqq

˙α

p1 ` op1qq, u Ó 0.

Because Γn`1{n Ñ 1 almost surely and βnn
´α Ñ γ, it follows that for every fixed i,

βnTpiq Ñ Yi :“ γ

ˆ

Γi

Cpqq

˙α

a.s.

It remains to pass this convergence through the softmax denominator. By
Theorem A.2, there is a c ą 0 such that F´1puq ě cuα,@u P r0, 1s. On the event
Γn`1{n Ñ 1, for all large n,

βnF
´1

ˆ

Γi

Γn`1

˙

ě c1Γα
i ,

for some c1 independent of n. We obtain the domination

exp

"

´βnF
´1

ˆ

Γi

Γn`1

˙*

ď e´c1Γα
i , 1 ď i ď n,

for all sufficiently large n.
We now check that this dominating sequence is summable almost surely. By the

strong law of large numbers,

Γi

i
“

E1 ` ¨ ¨ ¨ ` Ei

i
ÝÑ 1 a.s.
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Therefore, almost surely, there exists i0 such that Γi ě i
2 , for all i ě i0. Consequently,

for all i ě i0, e´c1Γα
i ď e´c12´αiα . Hence

ÿ

iě1

e´c1Γα
i ă 8 a.s.

We may therefore apply dominated convergence for series, and get
n

ÿ

i“1

exp

"

´βnF
´1

ˆ

Γi

Γn`1

˙*

ÝÑ

8
ÿ

i“1

e´Yi a.s.

The limiting denominator is finite by the previous summability argument and is
strictly positive because e´Y1 ą 0. Therefore, for every fixed k,

pAp1q, . . . , Apkqq ñ

˜

e´Y1

ř

jě1 e
´Yj

, . . . ,
e´Yk

ř

jě1 e
´Yj

¸

.

Finally, we identify the limit with the Poisson point process: the variables
Yi “ γpΓi{Cpqqqα are the increasing atoms of the Poisson point process on R` with
intensity measure Λpr0, ysq “ Cpqq py{γq

1{α
. This proves Theorem 3.2.

Appendix D. Subcritical Regime: Proof of Theorem 3.3

This appendix proves the attention weight results in the subcritical regime.

D.1. Subcritical partition function. Recall from Appendix A. We use

Zn “

n
ÿ

i“1

e´βnTi , Ai “
e´βnTi

Zn
.

The following lemma characterizes the limit of Zn in the subcritical regime.

Lemma D.1. As β Ñ 8,

Ere´βT1s “ CpqqΓ

ˆ

1

α
` 1

˙

β´1{αp1 ` op1qq.

Proof. Let F ptq “ PpT1 ď tq. Integration by parts gives

Ere´βT1s “ e´2β ` β

ż 2

0

e´βtF ptq dt.

Theorem A.1 gives

F ptq “ Cpqqt1{αp1 ` op1qq, t Ñ 0`.

After the change of variables u “ βt, dominated convergence yields

β

ż 2

0

e´βtF ptq dt “ Cpqqβ´1{α

ż 8

0

e´uu1{α du p1 ` op1qq.

The integral is Γp1{α ` 1q, which proves the claim. □

Corollary D.2 (Subcritical partition function). If βn Ñ 8 and βnn
´α Ñ 0, then

Zn

ErZns

P
ÝÑ 1,

Zn

Cpqqnβ
´1{α
n Γ

`

1
α ` 1

˘

P
ÝÑ 1.
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Proof. By Lemma D.1,

ErZns “ Cpqqnβ´1{α
n Γ

ˆ

1

α
` 1

˙

p1`op1qq, VarpZnq ď nEre´2βnT1s “ Opnβ´1{α
n q.

Therefore
VarpZnq

ErZns2
“ O

´

pnβ´1{α
n q´1

¯

Ñ 0,

because βnn
´α Ñ 0. Chebyshev’s inequality gives Zn{ErZns Ñ 1 in probability,

and the displayed deterministic asymptotic for ErZns gives the second claim. □

D.2. Proof of Theorem 3.3. The ordered-weight proof uses the quantile asymp-
totics from Theorem A.2 to handle the denominator Zn in Apiq. To handle the
numerator e´βnTpiq in Apiq, we prove in the following that the best D2Q is so
small that βnTp1q vanishes, and the kn-th D2Q is governed by the quantile level
kn{pnβ

´1{α
n q.

Lemma D.3. If βn Ñ 8 and βnn
´α Ñ 0, then

βnTp1q
P

ÝÑ 0.

Proof. For every ε ą 0,

PpβnTp1q ą εq “

ˆ

1 ´ F

ˆ

ε

βn

˙˙n

ď exp

ˆ

´nF

ˆ

ε

βn

˙˙

.

By Theorem A.1,

nF

ˆ

ε

βn

˙

“ Cpqqε1{αnβ´1{α
n p1 ` op1qq Ñ 8,

so the probability tends to zero. □

Lemma D.4. Assume βn Ñ 8, βnn
´α Ñ 0, and

kn

Cpqqnβ
´1{α
n

Ñ x P r0,8q.

Then
βnTpknq

P
ÝÑ xα.

Proof. First suppose x ą 0. Let Upknq be the kn-th order statistic of an i.i.d. uniform
sample on p0, 1q. Then

Tpknq
d
“ F´1pUpknqq.

Since kn Ñ 8 and kn{n Ñ 0, the beta distribution formulas for uniform order
statistics give

ErUpknqs “
kn

n ` 1
, VarpUpknqq “

knpn ´ kn ` 1q

pn ` 1q2pn ` 2q
.

Therefore,

lim
nÑ8

VarpUpknqq

ErUpknqs2
“ 0.
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Hence pn{knqUpknq Ñ 1 in probability by Chebyshev’s inequality. Applying Lemma
A.2,

βnTpknq
d
“ βnF

´1

ˆ

kn
n

nUpknq

kn

˙

“ βn

ˆ

kn
Cpqqn

nUpknq

kn

˙α

p1 ` oPp1qq
P

ÝÑ xα.

A priori the convergence is in distribution, but since the limit is deterministic then
βnTpknq converges also in probability. It remains to treat x “ 0. Fix ε ą 0 and set

Mnpεq :“ #

"

i : Ti ď
ε

βn

*

.

Then Mnpεq is binomial with mean

µn “ nF

ˆ

ε

βn

˙

“ Cpqqε1{αnβ´1{α
n p1 ` op1qq Ñ 8.

The assumption kn{pCpqqnβ
´1{α
n q Ñ 0 gives kn{µn Ñ 0. Hence, for all large n,

kn ď µn{2, and Chebyshev’s inequality yields

PpβnTpknq ą εq “ PpMnpεq ă knq ď Pp|Mnpεq´µn| ą µn{2q ď
4VarpMnpεqq

µ2
n

ď
4

µn
Ñ 0,

where we used the fact that VarpMnpεqq ď µn because Mnpεq is binomial. Since
ε ą 0 was arbitrary, βnTpknq Ñ 0 in probability. □

Proof of Theorem 3.3. First, Apiq ď Ap1q. To prove Apiq Ñ 0 for fixed i, it suffices
to consider subsequences with either βn ď M ă 8 or βn Ñ 8. If βn ď M , then

Ap1q ď
1

řn
j“1 e

´βnTj
ď

e2M

n
Ñ 0,

since Tj P r0, 2s. If βn Ñ 8, then Theorem D.2 implies Zn Ñ 8 in probability, and
therefore Ap1q ď 1{Zn Ñ 0 in probability.

Now assume βn Ñ 8 and

β
1{α
n kn
Cpqqn

Ñ x, x ě 0.

By Lemma D.3, and Lemma D.4,

βnTp1q
P

ÝÑ 0, βnTpknq
P

ÝÑ xα.

Thus
Apknq

Ap1q

“ exp
`

´βnTpknq ` βnTp1q

˘ P
ÝÑ expp´xαq .

For the absolute normalization,

Cpqqnβ´1{α
n Γ

ˆ

1

α
` 1

˙

Apknq “
Cpqqnβ

´1{α
n Γ

`

1
α ` 1

˘

Zn
e´βnTpknq .

The first factor converges to 1 in probability by Corollary D.2; the second factor
converges to expt´xαu by Lemma D.4. Slutsky’s theorem gives

Cpqqnβ´1{α
n Γ

ˆ

1

α
` 1

˙

Apknq
P

ÝÑ expp´xαq ,
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which is equivalent to the stated formula.
Finally, for (3.6), by assumption, we have that mn Ñ 8 and limnÑ8

kn

mnpqq
“

x ě 0. We can rewrite the sum in (3.6) as:
kn
ÿ

i“1

Apiq “
mn

Zn

ż kn{mn

0

e´βnTprsmnsq ds.

We now identify the limit of the integral. For each fixed s P p0, xs, rsmns

mn
Ñ s.

Therefore, by Theorem D.4, βnTprsmnsq
P

ÝÑ sα, and hence e´βnTprsmnsq
P

ÝÑ e´sα . Since
the random variables are bounded by 1, this convergence also holds in L1. Thus, by
Fubini and dominated convergence,

E
ż x

0

ˇ

ˇ

ˇ
e´βnTprsmnsq ´ e´sα

ˇ

ˇ

ˇ
ds “

ż x

0

E
ˇ

ˇ

ˇ
e´βnTprsmnsq ´ e´sα

ˇ

ˇ

ˇ
ds ÝÑ 0.

Consequently,
ż x

0

e´βnTprsmnsq ds
L1

ÝÝÑ

ż x

0

e´sα ds,

and hence also in probability. Moreover,
ˇ

ˇ

ˇ

ˇ

ˇ

ż kn{mn

0

e´βnTprsmnsq ds ´

ż x

0

e´βnTprsmnsq ds

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

kn
mn

´ x

ˇ

ˇ

ˇ

ˇ

Ñ 0.

Therefore
ż kn{mn

0

e´βnTprsmnsq ds
P

ÝÑ

ż x

0

e´sα ds.

Furthermore, by Theorem D.2, mn

Zn

P
ÝÑ 1

Γp 1
α `1q

, and using the Continuous Mapping

Theorem we get:
kn
ÿ

i“1

Apiq
P

ÝÑ
1

Γ
`

1
α ` 1

˘

ż x

0

e´sα ds “
1

Γ
`

1
α ` 1

˘

1

α

ż xα

0

e´uu1{α´1 du “
γinc

`

1
α , x

α
˘

Γ
`

1
α

˘ .

□

Appendix E. Attention Outputs in the Supercritical, Critical, and
Subcritical Regimes

This appendix proves the attention-output limits from Section 4. The proofs of the
supercritical and critical regimes first identify the relevant local point process near
the query, then apply the softmax functional to that process. The subcritical regime
is different and is treated later by local moment estimates and a triangular-array
central limit theorem.

E.1. Convergence of a marked point process. We recall from Section 4,

an “ pCpqqnqα, Pq “ Id ´ qqJ,

and, whenever Pqxi ‰ 0, define the tangent direction

Θi :“
Pqxi

}Pqxi}
P Sd´2

q , Sd´2
q :“ tθ P TqSd´1 : }θ} “ 1u.

On the null event Pqxi “ 0, choose Θi arbitrarily. Let νq denote the uniform
probability measure on Sd´2

q .
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We use the following marked version of the point-process limit. It is the only
local extreme-value input needed in Theorem 4.1 and Theorem 4.2.

Lemma E.1 (Local marked point process). Let bn ą 0 satisfy bnn
´α Ñ λ P p0,8q,

and define

Mpbq
n :“

n
ÿ

i“1

δpbnTi,Θiq on r0,8q ˆ Sd´2
q .

Then
Mpbq

n ñ Mλ,

where Mλ is a Poisson point process with intensity measure

Λλpr0, ys ˆ Bq “ Cpqq

´ y

λ

¯1{α

νqpBq

for every y ě 0 and every νq-continuity set B Ă Sd´2
q .

Proof. Let
µnpAq :“ nP

`

pbnT1,Θ1q P A
˘

be the one-particle mean measure. We first show µn Ñ Λλ vaguely. Let g P

Ccpr0,8q ˆ Sd´2
q q, with support contained in r0, Rs ˆ Sd´2

q . In geodesic polar
coordinates around q,

x “ pcos rqq ` psin rqθ, T pxq “ 1 ´ cos r, dσpxq “ psin rqd´2dr dσqpθq,

where dσq is surface measure on Sd´2
q . With the change of variables y “ bnp1´cos rq,

psin rqd´2dr “ b´1{α
n

ˆ

2y ´
y2

bn

˙1{α´1

dy.

Therefore
ż

g dµn “ nb´1{α
n

ż

Sd´2
q

ż R

0

gpy, θqρ

˜

ˆ

1 ´
y

bn

˙

q ` b´1{2
n

ˆ

2y ´
y2

bn

˙1{2

θ

¸

ˆ

ˆ

2y ´
y2

bn

˙1{α´1

dy dσqpθq.

Since nb
´1{α
n Ñ λ´1{α, ρ is continuous at q, and y1{α´1 is integrable at zero,

dominated convergence gives
ż

g dµn ÝÑ
Cpqq

αλ1{α

ż

Sd´2
q

ż R

0

gpy, θqy1{α´1dy νqpdθq.

Here we used

Cpqq “
21{ασd´2

d ´ 1
ρpqq, α “

2

d ´ 1
, dσq “ σd´2 dνq.

Thus µn Ñ Λλ vaguely.
Now take φ P Ccpr0,8q ˆ Sd´2

q q, φ ě 0. Since the marked pairs pbnTi,Θiq are
i.i.d.,

E exp

"

´

ż

φ dMpbq
n

*

“

´

Ee´φpbnT1,Θ1q
¯n

“

ˆ

1 ´
1

n

ż

p1 ´ e´φq dµn

˙n

.
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By vague convergence of µn, the integral converges to
ş

p1 ´ e´φqdΛλ. Hence the
Laplace functionals converge to those of a Poisson point process with intensity
Λλ. □

E.2. Supercritical output: proof of Theorem 4.1. In the supercritical regime,
the softmax output is asymptotically the nearest token itself. The only extra point
beyond Theorem 3.1 is that this replacement is valid at the finer scale a

´1{2
n , where

we recall the definition an “ pCpqqnqα.
Let

In :“ arg min
1ďiďn

Ti, T ‹
n :“ TIn “ Tp1q, x‹

n :“ xIn , Θ‹
n :“ ΘIn .

The minimizer is unique almost surely because the law of Ti is continuous.

Lemma E.2 (Nearest marked token). Under Assumption 1,

panT
‹
n ,Θ

‹
nq ñ pR1,Θ1q,

where
PpR1 ą rq “ e´r1{α

, r ě 0,

and Θ1 „ νq is independent of R1.

Proof. Apply Theorem E.1 with bn “ an. Since ann
´α “ Cpqqα, the limiting

intensity is

Λ‹pdy,dθq “
1

α
y1{α´1dy νqpdθq.

The first atom map is continuous at the limiting process almost surely, because the
process is simple and its y-marginal is diffuse. Thus the first marked atom converges.
Its radial tail is

PpR1 ą rq “ expt´Λ‹pr0, rs ˆ Sd´2
q qu “ e´r1{α

,

and the product form of Λ‹ gives independence of R1 and Θ1. □

Lemma E.3 (Nearest-token reduction). If βnn
´α Ñ 8, then

?
an

›

›

›

›

›

n
ÿ

i“1

Aixi ´ x‹
n

›

›

›

›

›

P
ÝÑ 0.

Proof. Set λn :“ βn{an, so λn Ñ 8. Since the denominator of the softmax is at
least e´βnT

‹
n ,

?
an

›

›

›

›

›

n
ÿ

i“1

Aixi ´ x‹
n

›

›

›

›

›

ď Dn :“
ÿ

i‰In

e´βnpTi´T ‹
nq?

an}xi ´ x‹
n}.

Fix M ą 0 and write En,M “ tanT
‹
n ď Mu. By Theorem E.2,

lim
nÑ8

PpEc
n,M q “ e´M1{α

.

We show that ErDn1En,M
s Ñ 0. Conditionally on T ‹

n “ t, the remaining D2Qs have
law dF psq{p1 ´ F ptqq on rt, 2s. Also

}xi ´ x‹
n} ď }xi ´ q} ` }x‹

n ´ q} “
a

2Ti `
?
2t.
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For t ď M{an, and for all large n, 1 ´ F ptq ě 1{2. Using the local density bound
F 1psq ď Cs1{α´1 in Theorem A.1, ErDn1En,M

s is bounded by

Cn
?
an

ż 2

t

e´βnps´tqp
?
s `

?
tqs1{α´1 ds.

Put t “ y{an, s “ t`v{an. Since 0 ď y ď M and na
´1{α
n “ Cpqq´1, the last display

is at most a constant times

sup
0ďyďM

ż 8

0

e´λnv
`?

y ` v `
?
y

˘

py ` vq1{α´1 dv.

This supremum tends to zero as λn Ñ 8: for d “ 2 the integrand is bounded by a
constant, and for d ě 3 it is bounded on 0 ď y ď M by CM p1 ` v1{α´1{2q. Hence
ErDn1En,M

s Ñ 0.
By Markov’s inequality,

lim sup
nÑ8

PpDn ą εq ď e´M1{α

,

for every ε ą 0. Letting M Ñ 8 proves Dn Ñ 0 in probability. □

Proof of Theorem 4.1. Write

x‹
n “ pcos r‹

nqq ` psin r‹
nqΘ‹

n, T ‹
n “ 1 ´ cos r‹

n.

Then
x‹
n ´ q “ ´T ‹

nq `
a

2T ‹
n ´ pT ‹

nq2 Θ‹
n.

By Theorem E.2, anT ‹
n is tight, and therefore

?
anpx‹

n ´ qq “
a

2anT ‹
n Θ‹

n ` oPp1q ñ
a

2R1 Θ1.

By Theorem E.3,

?
an

n
ÿ

i“1

Aipxi ´ qq “
?
anpx‹

n ´ qq ` oPp1q.

Applying the fixed linear map V gives
?
an Ynpqq ñ V p

a

2R1Θ1q “ V Φ.

Since an Ñ 8, this also implies Ynpqq Ñ 0 in probability and hence ATTpnq Ñ V q
in probability. □

E.3. Critical output: proof of Theorem 4.2. In the critical regime, the output
is no longer determined by a single nearest token. Instead, the finitely many near-
query competitors surviving in the Poisson limit all contribute through the same
softmax functional as in Appendix C.

Assume βnn
´α Ñ γ P p0,8q. Let

Mn :“
n

ÿ

i“1

δpβnTi,Θiq.

By Theorem E.1 with bn “ βn,

Mn ñ Mγ , Λγpdy,dθq “
Cpqq

αγ1{α
y1{α´1 dy νqpdθq.
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Define

Hn :“

ż 8

0

ż

Sd´2
q

e´y
a

2y θMnpdy,dθq, Zn :“

ż 8

0

ż

Sd´2
q

e´y Mnpdy,dθq,

and define H and Z by the same formulas with Mγ in place of Mn.

Lemma E.4 (Critical softmax functional). We have

pHn, Znq ñ pH,Zq, 0 ă Z ă 8 almost surely.

Consequently,
Hn

Zn
ñ

H

Z
.

Proof. For fixed R ă 8, the truncated maps

µ ÞÑ

ż R

0

ż

Sd´2
q

e´y
a

2y θ µpdy,dθq, µ ÞÑ

ż R

0

ż

Sd´2
q

e´y µpdy,dθq

are continuous at every point measure with no atom on tRu ˆ Sd´2
q . Since the

limiting intensity has diffuse y-marginal, the continuous mapping theorem gives
convergence of the truncated pair.

It remains to remove the truncation. The required tail bound is

(E.1) lim
RÑ8

lim sup
nÑ8

E
ż 8

R

ż

Sd´2
q

e´yp1 `
?
yqMnpdy,dθq “ 0,

and the same bound holds with Mγ in place of Mn. Indeed,

E
ż 8

R

ż

Sd´2
q

e´yp1 `
?
yqMnpdy,dθq “ nE

“

e´βnT1p1 `
a

βnT1q1tβnT1ąRu

‰

ď

8
ÿ

ℓ“tRu

e´ℓp1 `
?
ℓ ` 1qnPpβnT1 ď ℓ ` 1q.

For ℓ ` 1 ď t0βn, the small-cap bound gives

nPpβnT1 ď ℓ ` 1q ď Cγ´1{αpℓ ` 1q1{α,

while the remaining range ℓ ` 1 ą t0βn is exponentially small. Hence the limsup is
bounded by the tail of a convergent exponential series. The limiting version follows
directly from Campbell’s theorem:

E
ż 8

R

ż

Sd´2
q

e´yp1 `
?
yqMγpdy,dθq “

Cpqq

αγ1{α

ż 8

R

e´yp1 `
?
yqy1{α´1 dy Ñ 0.

The same ε{3 truncation argument used in Appendix C now yields pHn, Znq ñ

pH,Zq.
Finally, Z ă 8 almost surely by Campbell’s theorem. Also, for every R ą 0,

PpZ “ 0q ď P
`

Mγpr0, Rs ˆ Sd´2
q q “ 0

˘

“ exp

#

´Cpqq

ˆ

R

γ

˙1{α
+

,

which tends to zero as R Ñ 8. Thus Z ą 0 almost surely, and the ratio convergence
follows from the continuous mapping theorem. □
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Proof of Theorem 4.2. The ideal tangent numerator is Hn, but the true centered
numerator is

pHn :“
n

ÿ

i“1

e´βnTi
a

βnpxi ´ qq,
a

βn

n
ÿ

i“1

Aipxi ´ qq “
pHn

Zn
.

We first show that

(E.2) pHn ´ Hn
P

ÝÑ 0.

For an atom with yi “ βnTi, write

xi “

ˆ

1 ´
yi
βn

˙

q `

ˆ

2yi
βn

´
y2i
β2
n

˙1{2

Θi.

Therefore, uniformly over 0 ď yi ď R,
›

›

›

a

βnpxi ´ qq ´
a

2yi Θi

›

›

›
“ oPp1q.

The contribution from tyi ď Ru is thus oPp1q, because Mnpr0, Rs ˆ Sd´2
q q is tight.

On the tail tyi ą Ru,
›

›

›

›

›

ÿ

yiąR

e´yi
`

a

βnpxi ´ qq ´
a

2yiΘi

˘

›

›

›

›

›

ď 2
?
2

ż 8

R

ż

Sd´2
q

e´y?
yMnpdy,dθq,

and the expectation of the right-hand side vanishes after n Ñ 8 and then R Ñ 8

by (E.1). This proves (E.2).
By Theorem E.4,

a

βn

n
ÿ

i“1

Aipxi ´ qq “
pHn

Zn
ñ

H

Z
.

Applying V gives

a

βn Ynpqq ñ V

ż

e´y
a

2y θMγpdy,dθq

ż

e´y Mγpdy,dθq

“ V Ξ.

Since βn Ñ 8, this also implies Ynpqq Ñ 0 in probability and hence ATTpnq Ñ V q
in probability. □

E.4. Local moment estimates for the attention output. The attention output
theorem is different from the ordered-weight theorem, since it requires the vector
numerator, not just the scalar denominator. Write

Bnpqq :“
n

ÿ

i“1

pxi ´ qqe´βnTi , Zn “

n
ÿ

i“1

e´βnTi .

Then, when V “ Id

Ynpqq “
Bnpqq

Zn

The following local estimates identify the deterministic bias and covariance of Bnpqq.
In this subsection, Pq :“ Id ´ qqJ denotes the orthogonal projection onto TqSd´1,
and ∇Sd´1 denotes the spherical gradient. We also recall the two deterministic
quantities used in Theorem 4.3:

Ypqq “ ∇Sd´1 log ρpqq ´
d ´ 1

2
q, Σpqq “

cd
ρpqq

Pq.
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The proof below uses the additional C2-regularity of ρ near q assumed in Theorem 4.3.

Lemma E.5 (Local output moments). As β Ñ 8,

Erpx1 ´ qqe´βT1s “ CpqqΓ

ˆ

1

α
` 1

˙

β´1{α´1Ypqqp1 ` op1qq,(E.3)

Erpx1 ´ qqpx1 ´ qqJe´2βT1s “ CpqqΓ

ˆ

1

α
` 1

˙

p2βq´1{α´1 Pqp1 ` op1qq,(E.4)

Er}x1 ´ q}3e´3βT1s “ O
´

β´1{α´3{2
¯

.(E.5)

Proof. Rotate coordinates so that q “ ed, and put m “ d´1 “ 2{α. We parametrize
a neighborhood of q by tangent coordinates v P Rm:

Ψpvq “
`

v,
a

1 ´ }v}2
˘

, }v} ă δ.

In this chart,

T pΨpvqq “ 1 ´ xq,Ψpvqy “ 1 ´
a

1 ´ }v}2 “
}v}2

2
` Op}v}4q,

dσpΨpvqq “ p1 ´ }v}2q´1{2 dv “ p1 ` Op}v}2qq dv,

and
Ψpvq ´ q “

`

v,´}v}2{2
˘

` Op}v}4q,

where dσ denotes surface measure on Sd´1, Moreover, since ρ is C2 near q,

ρpΨpvqq “ ρpqq ` x∇Sd´1ρpqq, vy ` Op}v}2q,

where TqSd´1 is identified with Rm ˆ t0u. The contribution from the complement
of this coordinate patch is exponentially small because T is bounded below there by
a positive constant.

For the first moment (E.3), the tangent component comes from multiplying the
linear term v in Ψpvq ´ q by the linear term x∇Sd´1ρpqq, vy in the density expansion:

ż

Rm

v x∇Sd´1ρpqq, vy e´β}v}
2

{2 dv “ p2πqm{2β´m{2´1∇Sd´1ρpqq.

The normal component comes from ´}v}2q{2, giving

´
ρpqq

2
q

ż

Rm

}v}2e´β}v}
2

{2 dv “ ´
m

2
ρpqqp2πqm{2β´m{2´1q.

All other terms are lower order: odd Gaussian integrals vanish, and the remaining
nonzero terms contain at least three tangent powers or the factor β}v}4 from the
exponential expansion. Thus

Erpx1 ´ qqe´βT1s “ ρpqqp2πqm{2
´

∇Sd´1 log ρpqq ´
m

2
q
¯

β´m{2´1p1 ` op1qq.

Since

CpqqΓ

ˆ

1

α
` 1

˙

“ ρpqqp2πq1{α,

this proves (E.3).
For the second moment (E.4) with e´2βT1 , the leading contribution is tangent–

tangent:

ρpqq

ż

Rm

vvJe´β}v}
2

dv “ ρpqqp2πqm{2p2βq´m{2´1Idm.
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Embedding the tangent covariance into Rd gives Pq. The normal–normal part is
order β´m{2´2, and the tangent–normal mixed part is lower order by parity or by
degree. This proves (E.4).

Finally, for the third moment (E.5), in the same chart, }x ´ q} — }v} and
T pΨpvqq — }v}2. Hence

}x ´ q}3e´3βT pxq ď C}v}3e´cβ}v}
2

locally, and so the local contribution is bounded by

C

ż

Rm

}v}3e´cβ}v}
2

dv “ Opβ´pm`3q{2q “ Opβ´1{α´3{2q.

The contribution away from the chart is exponentially small, proving (E.5). □

E.5. Subcritical output: proof of Theorem 4.3. We now prove the output
theorem. The proof has two reductions. The first replaces the random denominator
Zn by its expectation using Theorem D.2. The second applies a triangular-array
central limit theorem to the numerator Bnpqq.

Lemma E.6 (Denominator reduction). Assume V “ Id. If rn ą 0 and

rn
Bnpqq

ErZns
ñ Z,

then
rnYnpqq ñ Z.

The same implication holds with convergence in probability in place of convergence
in distribution.

Proof. By Theorem D.2,
Zn

ErZns

P
ÝÑ 1,

ErZns

Zn

P
ÝÑ 1.

Since

rnYnpqq “ rn
Bnpqq

ErZns
¨
ErZns

Zn
,

Slutsky’s theorem finishes the proof. □

Lemma E.7 (Numerator fluctuation lemma). Set

Xn,i :“ pxi ´ qqe´βnTi , mn :“ ErBnpqqs “ nErXn,1s, Γn :“ nCovpXn,1q.

Suppose rn ą 0, µ P Rd, and Γ is a symmetric nonnegative matrix such that

rn
mn

ErZns
Ñ µ,(E.6)

r2n
ErZns2

Γn Ñ Γ,(E.7)

r3nnEr}Xn,1}3s

ErZns3
Ñ 0.(E.8)

Then

rn
Bnpqq

ErZns
ñ µ ` N p0,Γq.

If Γ “ 0, this means convergence in probability to µ.
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Proof. Define
Yn,i :“

rn
ErZns

`

Xn,i ´ ErXn,1s
˘

.

Then the Yn,i are independent and centered, and

rn
Bnpqq

ErZns
“ rn

mn

ErZns
`

n
ÿ

i“1

Yn,i.

Moreover,
n

ÿ

i“1

CovpYn,iq “
r2n

ErZns2
Γn Ñ Γ

by (E.7), and
n

ÿ

i“1

Er}Yn,i}
3s ď C

r3nnEr}Xn,1}3s

ErZns3
Ñ 0

by (E.8). The Lyapunov central limit theorem for triangular arrays (for instance,
Proposition 2.27 in [VdV00]) gives

n
ÿ

i“1

Yn,i ñ N p0,Γq.

Combining this with (E.6) proves the claim. □

Proof of Theorem 4.3. It is enough to prove the theorem when V “ Id, because the
general case follows by applying the linear map V to the identity-value limits. We
therefore work with

Ynpqq “
Bnpqq

Zn
.

By Theorem D.1 and (E.3),

ErZns “ CpqqΓ

ˆ

1

α
` 1

˙

nβ´1{α
n p1 ` op1qq,(E.9)

mn “ CpqqΓ

ˆ

1

α
` 1

˙

Ypqqnβ´1{α´1
n p1 ` op1qq.(E.10)

Moreover, (E.4) implies

nErXn,1X
J
n,1s “ CpqqΓ

ˆ

1

α
` 1

˙

2´1{α´1Pq nβ
´1{α´1
n p1 ` op1qq.

Since (E.3) gives ErXn,1s “ Opβ
´1{α´1
n q,

nErXn,1sErXn,1sJ “ Opnβ´2{α´2
n q “ opnβ´1{α´1

n q.

Therefore

Γn “ CpqqΓ

ˆ

1

α
` 1

˙

2´1{α´1Pq nβ
´1{α´1
n p1 ` op1qq.

Recalling that cd “ 2´dπ´pd´1q{2 and Σpqq “ cdρpqq´1Pq, we get

β2
n

ErZns2
Γn “ Σpqq

β
1`1{α
n

n
p1 ` op1qq,(E.11)

β3
nnEr}Xn,1}3s

ErZns3
“ O

¨

˝β´1{2
n

˜

β
1`1{α
n

n

¸2
˛

‚.(E.12)
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We now apply the numerator fluctuation lemma in the three possible subcritical
output regimes.
Drift-dominated regime. Assume β1`α

n n´α Ñ 0, equivalently β
1`1{α
n {n Ñ 0, and set

rn “ βn. From (E.9) and (E.10),

rn
mn

ErZns
Ñ Ypqq.

By (E.11),
r2n

ErZns2
Γn Ñ 0,

and by (E.12),
r3nnEr}Xn,1}3s

ErZns3
Ñ 0.

Thus Theorems E.6 and E.7 yield

βnYnpqq
P

ÝÑ Ypqq.

Mixed drift–fluctuation regime. Assume β1`α
n n´α Ñ τ P p0,8q, equivalently

β
1`1{α
n {n Ñ τ1{α, and again set rn “ βn. Then

rn
mn

ErZns
Ñ Ypqq,

r2n
ErZns2

Γn Ñ τ1{αΣpqq.

Moreover, (E.12) gives

r3nnEr}Xn,1}3s

ErZns3
“ Opβ´1{2

n q Ñ 0,

because n — β
1`1{α
n in this regime. Hence

βnYnpqq ñ Ypqq ` N p0, τ1{αΣpqqq.

Fluctuation-dominated regime. Assume β1`α
n n´α Ñ 8 while still βnn

´α Ñ 0, and
set

rn “

b

nβ
´1{α`1
n .

Then
rn

mn

ErZns
“

b

nβ
´1{α´1
n Ypqqp1 ` op1qq Ñ 0,

because β
1`1{α
n {n Ñ 8. Also,

r2n
ErZns2

Γn Ñ Σpqq.

Finally, by (E.5),

r3nnEr}Xn,1}3s

ErZns3
“ O

´

pnβ´1{α
n q´1{2

¯

Ñ 0.

Thus
b

nβ
´1{α`1
n Ynpqq ñ N p0,Σpqqq.

In all three cases the normalizing factor diverges, so Ynpqq Ñ 0 in probability in
the identity-value case. For general V , apply the linear map z ÞÑ V z to the identity-
value limits. This gives the three conclusions of Theorem 4.3, with covariance
V ΣpqqV J, and also Ynpqq Ñ 0 in probability. □
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E.6. Residual dynamics: proof of Theorem 4.4. The residual dynamics use
only the drift-dominated output regime and the first-order expansion of the normal-
ization map u ÞÑ u{}u}.

Proof of Theorem 4.4. Because β1`α
n n´α Ñ 0, Theorem 4.3(1) specialized to V “

Id gives

βnYnpqq
P

ÝÑ Ypqq “ ∇Sd´1 log ρpqq ´
d ´ 1

2
q.

Consequently, Ynpqq “ OPpβ´1
n q.

For q P Sd´1 and a small perturbation h,

}q ` h}´1 “
`

1 ` 2xq, hy ` }h}2
˘´1{2

“ 1 ´ xq, hy ` Op}h}2q.

Thus
q ` h

}q ` h}
“ q ` h ´ xq, hyq ` Op}h}2q “ q ` Pqh ` Op}h}2q.

Setting h “ γYnpqq, we obtain

q1 “ q ` γPqYnpqq ` Rn, Rn “ OPpβ´2
n q.

Since PqYpqq “ ∇Sd´1 log ρpqq,

βnPqYnpqq
P

ÝÑ ∇Sd´1 log ρpqq.(E.13)

and this concludes the proof. □

An immediate consequence is the following corollary:

Corollary E.8. Assume V “ Id and let q˚ be a critical point of ρ on Sd´1. For any
q ‰ q˚ in a sufficiently small neighborhood of q˚, the limiting update in Theorem 4.4
increases xq1, pq˚q1y if q˚ is a strict local maximum of ρ, and decreases it if q˚ is a
strict local minimum.

Proof. Consider q1, q2 P Sd´1. Expanding the inner product of the updated queries,
and using Theorem 4.4 yields:

βn

`

xq1
1, q

1
2y ´ xq1, q2y

˘ P
ÝÑ γ

´

x∇Sd´1 log ρpq1q, q2y ` xq1,∇Sd´1 log ρpq2qy

¯

.(E.14)

Apply Equation (E.14) with q1 “ q and q2 “ q˚. Since ∇Sd´1 log ρpq˚q “ 0,

βn

`

xq1, pq˚q1y ´ xq, q˚y
˘ P

ÝÑ γx∇Sd´1 log ρpqq, q˚y.

It remains to identify the sign of the limiting inner product. Parameterize the
geodesic issuing from q˚ by

qpθq “ pcos θqq˚ ` psin θqu,

where u P Tq˚Sd´1 is a unit tangent vector and θ ą 0 is small. Since ∇Sd´1 log ρpqpθqq

is tangent to the sphere at qpθq, it is orthogonal to qpθq, so

cos θ x∇Sd´1 log ρpqpθqq, q˚y ` sin θ x∇Sd´1 log ρpqpθqq, uy “ 0.

Therefore
x∇Sd´1 log ρpqpθqq, q˚y “ ´ tan θ x∇Sd´1 log ρpqpθqq, uy.

A Taylor expansion along the geodesic around the critical point q˚ gives

x∇Sd´1 log ρpqpθqq, uy “ θ x∇2
Sd´1 log ρpq˚qu, uy ` opθq.
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Using tan θ “ θ ` opθq, we obtain

x∇Sd´1 log ρpqpθqq, q˚y “ ´θ2x∇2
Sd´1 log ρpq˚qu, uy ` opθ2q.

If q˚ is a strict local maximum of ρ, then the spherical Hessian of log ρ at q˚ is
negative definite, so the right-hand side is strictly positive for θ small. Thus the
limiting update increases xq1, pq˚q1y. Conversely, if q˚ is a strict local minimum of
ρ, then the spherical Hessian is positive definite, so the limiting update decreases
xq1, pq˚q1y. Finally, since ∇Sd´1 log ρpq˚q “ 0, Equation (E.14) applied with both
queries equal to q˚ shows that q˚ does not move to first order. □

Appendix F. RoPE with Correlated Tokens

In this appendix, we consider the critical scaling problem when the attention
scores incorporate Rotary Positional Embeddings (RoPE) [SAL`24] and the context
tokens are correlated.

RoPE encodes the positions by rotating query and key coordinates in frequency-
dependent two-dimensional planes before taking their inner product. Since these
rotations are orthogonal, a RoPE score can be rewritten as an ordinary dot product
between the key and a query direction that moves deterministically with relative
position. Thus, for the one-query asymptotic studied in this paper, RoPE changes
the fixed target direction q into a deterministic orbit puiq on the sphere. The random
part remains the token sequence pxiq, while the RoPE rotations are deterministic.

We use the standard block-diagonal RoPE form. For an even rotated dimension
d “ 2L, let

Rp “ diag
`

rppϑ1q, . . . , rppϑLq
˘

, rpϕq “

ˆ

cosϕ ´ sinϕ
sinϕ cosϕ

˙

.

The same notation also covers the common case where only a rotated subspace
is used, by leaving the remaining coordinates unrotated. If a query at position p
attends to a key at position i, then

xRpq,Rixiy “ xRJ
i Rpq, xiy “ xRJ

i´pq, xiy.

After relabeling relative positions, we write

ui :“ RJ
i q, xR0q,Rixiy “ xui, xiy.

Changing the reference position or the sign convention only shifts the initial phase
or replaces the frequency vector by its negative, and does not affect the limiting
phase law below.

It is useful to encode this deterministic orbit as a torus rotation. Let

T :“ R{Z, θ :“

ˆ

ϑ1

2π
, . . . ,

ϑL

2π

˙

P TL.

Define the continuous map

Φq : TL ÝÑ Sd´1, Φqpxq :“ diag
`

rp´2πx1q, . . . , rp´2πxLq
˘

q.

Then the RoPE target sequence is simply

ui “ Φqpiθ mod 1q, i P Z.

This is the only structural property of RoPE used in the proof: the target direction
follows a deterministic translation orbit on a torus, mapped continuously into the
sphere.
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Let
Hq :“ tiθ mod 1 : i P Zu Ă TL.

This is a closed subgroup of the torus. Let mHq
denote Haar probability measure

on Hq [Fol16], and define the deterministic phase law

πq :“ pΦqq#mHq .

The orbit closure in the sphere is

Oq :“ tui : i P Zu “ ΦqpHqq,

and Proposition F.7 proves that

1

n

n
ÿ

i“1

δui ñ πq.

Thus πq is the long-run deterministic distribution of RoPE target directions. If the
frequencies are rational multiples of 2π, then the orbit is periodic and πq is uniform
on that finite orbit. If 1, θ1, . . . , θL are linearly independent over Q, then Hq “ TL,
and mHq is the uniform measure over TL. Intermediate arithmetic relations give
the corresponding Haar measure on a proper closed subgroup.

With this notation, the score, D2Q, and weights are

ai “ βnxui, xiy, Ui :“ 1 ´ xui, xiy P r0, 2s,

and

Ai :“
e´βnUi

řn
j“1 e

´βnUj
, Ap1q ě Ap2q ě ¨ ¨ ¨ ě Apnq.

Consequently, as in the i.i.d. fixed-query case, the asymptotic behavior of the
ordered weights is controlled by the lower tail of the D2Q variables. We make the
following assumptions in this appendix.

Assumption 2 (Correlated tokens with RoPE). The sequence pxiqiPZ is stationary2

with values in Sd´1. Moreover:
(i) there exists an integer m ě 0 such that pxiq is m-dependent, i.e., for any two

index sets I, J Ă Z with distpI, Jq ą m, we have txi : i P Iu and txj : j P Ju

are independent.
(ii) the common law of xi has a density ρ with respect to surface measure on

Sd´1, and ρ is continuous and strictly positive on a neighborhood of Oq.
(iii) for each 1 ď ℓ ď m, the pair px0, xℓq has a density with respect to product

surface measure, bounded on a neighborhood of Oq ˆ Oq.

Remark F.1 (On stationarity). Stationarity in Assumption 2 is a convenient suffi-
cient condition, not an essential one. The same argument should extend whenever
the rescaled D2Q has the same Poisson Point Process limit.

Remark F.2 (When anti-clustering fails). When Assumption 2(iii) fails, the first-
order scale often remains nα, but the limiting point process is typically no longer
Poisson. In that case the limiting ordered weights are obtained by applying the same
softmax functional to the appropriate cluster-Poisson extremal process.

2A sequence of random variables pxkqkPZ is called stationary if for every m ě 1, every choice of
indices k1, . . . , km P Z, and every h P Z, one has

pxk1
, . . . , xkm q

d
“ pxk1`h, . . . , xkm`hq.
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Under Assumption 2, the critical exponent remains α “ 2
d´1 , and RoPE changes

only the constant in the limiting point process through the orbit average Cpqq.

Cpqq :“
21{ασd´2

d ´ 1

ż

Sd´1

ρpuqπqpduq,

Theorem F.3 (Critical regime with correlated tokens and RoPE). Under Assump-
tion 2, assume that βnn

´α ÝÑ γ P p0,8q , and let X be a Poisson point process on
R` :“ r0,8q with intensity measure

Λpr0, ysq “ Cpqq

´y

γ

¯1{α

, y ě 0.

Write 0 ă Y1 ă Y2 ă ¨ ¨ ¨ for the atoms of X arranged in increasing order. Then, for
every fixed k ě 1,

`

Ap1q, . . . , Apkq

˘

ñ
`

W1, . . . ,Wk

˘

as n Ñ 8,

where

Wi :“
e´Yi

ř

jě1 e
´Yj

, i ě 1.

Remark F.4. For simplicity, we state and prove only the critical RoPE limit.
Under the same assumptions, the supercritical and subcritical conclusions from the
i.i.d. case carry over to the RoPE setting. In particular, similar to Theorems 3.1
and 3.3, βnn

´α Ñ 8 gives Ap1q Ñ 1, while βnn
´α Ñ 0 gives Apiq Ñ 0 for every

fixed i.

Remark F.5. We note that if we denote Fiptq “ PpUi ă tq, then Cpqq equals the
average of local density along the RoPE orbit:

Cpqq “ lim
nÑ8

1

n

n
ÿ

i“1

lim
tÑ0`

Fiptqt
´1{α

In particular, if ρ is invariant under the RoPE rotations along the orbit of q, then
ż

Sd´1

ρpuqπqpduq “ ρpqq,

so that Cpqq “ Cpqq and the first-order critical normalization is the same as in the
i.i.d. theorem.

Define

Xn :“
n

ÿ

i“1

δβnUi
on R`.

We first establish the Poisson limit for Xn.

Lemma F.6 (Poisson point process limit). Assume that βnn
´α ÝÑ γ P p0,8q .

Under Assumption 2, we have Xn ñ X in MppR`q, where X is a Poisson point
process on R` with intensity measure Λ given by

Λpr0, ysq “ Cpqq

´y

γ

¯1{α

, y ě 0.
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Proof of Theorem F.6. We prove the convergence by Laplace functionals.
Fix a nonnegative function φ P CcpR`q. Let R ă 8 be such that suppφ Ă r0, Rs,

and set
Gpyq :“ 1 ´ e´φpyq, Xi,n :“ GpβnUiq “ 1 ´ e´φpβnUiq.

Then 0 ď Xi,n ď 1tβnUiďRu, and

E exp
´

´

ż

R`

φpyqXnpdyq

¯

“ E
n

ź

i“1

p1 ´ Xi,nq.

We will show that this converges to

exp
´

´

ż

R`

p1 ´ e´φpyqqΛpdyq

¯

.

Step 1. Uniform one-point tail asymptotics. Note that by Assumption 2, ρ is
continuous on a neighborhood of the compact set Oq, so it is uniformly continuous
there. Hence

sup
uPOq

ˇ

ˇ

ˇ
Pp1 ´ xu, x1y ď tq ´ Cpuqt1{α

ˇ

ˇ

ˇ
“ opt1{αq.

Since ui P Oq, this gives, uniformly in i,

(F.1) PpUi ď tq “ Cpuiqt
1{α ` opt1{αq as t Ó 0.

In particular, for every fixed R ă 8 there is a constant CR ă 8 such that, for all
large n and all 1 ď i ď n,

(F.2) PpβnUi ď Rq ď
CR

n
.

Step 2. Convergence of the mean measures. Let

µnpBq :“
n

ÿ

i“1

PpβnUi P Bq, B Ă R` Borel.

For every fixed y ě 0, (F.1) gives

µnpr0, ysq “

n
ÿ

i“1

P
´

Ui ď
y

βn

¯

“
y1{α

β
1{α
n

n
ÿ

i“1

Cpuiq ` n opβ´1{α
n q.(F.3)

Recall from Lemma A.1 that, for u P Sd´1

Cpuq “
21{ασd´2

d ´ 1
ρpuq .(F.4)

We need the following lemma for the limit of the mean measure:

Proposition F.7. With πq “ pΦqq#mHq
defined at the beginning of Section F,

1

n

n
ÿ

i“1

δui
ñ πq weakly on PpSd´1q.

We defer the proof of Proposition F.7 to the end of this appendix. By Proposi-
tion F.7, we obtain directly that

1

n

n
ÿ

i“1

ρpuiq ÝÑ

ż

Sd´1

ρpuqπqpduq.(F.5)



SCALING LIMITS OF LONG-CONTEXT TRANSFORMERS 35

Therefore, combining (F.3), (F.4) and (F.5) and using βnn
´α Ñ γ, we have

µnpr0, ysq ÝÑ
21{ασd´2

d ´ 1
γ´1{αy1{α

ż

Sd´1

ρpuqπqpduq “ Cpqq

´y

γ

¯1{α

“ Λpr0, ysq.

The limit distribution function is continuous in y, so µn converges vaguely to Λ on
R`. Hence, since G “ 1 ´ e´φ is continuous and compactly supported,

(F.6) Ln :“
n

ÿ

i“1

EXi,n “

ż

Gpyqµnpdyq ÝÑ L :“

ż

GpyqΛpdyq.

Step 3. Short-range two-hit bound. Fix 1 ď ℓ ď m. By Assumption 2(iii), the
pair pxi, xi`ℓq has a density bounded on a neighborhood of Oq ˆ Oq. Therefore, for
all sufficiently small t,

PpUi ď t, Ui`ℓ ď tq ď C 1t2{α,

uniformly in i and 1 ď ℓ ď m. Taking t “ R{βn yields

(F.7) ErXi,nXi`ℓ,ns ď PpβnUi ď R, βnUi`ℓ ď Rq ď
CR

n2

for all large n, uniformly in i and 1 ď ℓ ď m.
On the other hand, if |i ´ j| ą m, then m-dependence in Assumption 2(i) gives

independence, and (F.2) gives

(F.8) ErXi,nXj,ns “ EXi,n EXj,n ď
CR

n2
.

Step 4. Blocking reduction to independent blocks. Let bn :“ tn1{2u. Partition
t1, . . . , nu into consecutive large blocks of length bn, separated by gaps of length m.
More explicitly, set the block

Br,n :“ tpr ´ 1qpbn ` mq ` 1, . . . , pr ´ 1qpbn ` mq ` bnu

and we let In Ă t1, . . . , nu collect those r such that Br,n Ă t1, . . . , nu. Let Bn “
Ť

rPIn
Br,n be the union of these large blocks; see Figure 4 for an illustration.

i

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

B1,n B2,n Br,n B|In|,ngap gap gap
final

remainder

bn m

i P Br,n Ă Bn i P Gn

Figure 4. Large blocks are separated by gaps of length m, so the
corresponding block variables are independent under m-dependence.

Let Gn :“ t1, . . . , nuzBn be the union of the gaps and the final remainder. Then
|Gn| “ O

´

n
bn

` bn

¯

“ opnq. Since 0 ď Xi,n ď 1,
ˇ

ˇ

ˇ

ˇ

ˇ

n
ź

i“1

p1 ´ Xi,nq ´
ź

iPBn

p1 ´ Xi,nq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

iPGn

Xi,n.
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Using (F.2),

E
ÿ

iPGn

Xi,n ď
CR|Gn|

n
ÝÑ 0.(F.9)

Therefore

(F.10) E
n

ź

i“1

p1 ´ Xi,nq “ E
ź

iPBn

p1 ´ Xi,nq ` op1q.

The large blocks are separated by more than m indices, so the corresponding
collections of variables are independent. Hence

E
ź

iPBn

p1 ´ Xi,nq “
ź

r

Qr,n, Qr,n :“ E
ź

iPBr,n

p1 ´ Xi,nq.

For each block, define ar,n :“
ř

iPBr,n
EXi,n. The standard Bonferroni bound

ˇ

ˇ

ˇ

ˇ

ˇ

ź

iPB

p1 ´ xiq ´

´

1 ´
ÿ

iPB

xi

¯

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

iăj
i,jPB

xixj , 0 ď xi ď 1,

gives
Qr,n “ 1 ´ ar,n ` εr,n, |εr,n| ď

ÿ

iăj
i,jPBr,n

ErXi,nXj,ns.

By (F.7) and (F.8),

|εr,n| ď CRb
2
n{n2.(F.11)

Since the number of large blocks is Opn{bnq,

(F.12)
ÿ

rPIn

|εr,n| ď CR
bn
n

ÝÑ 0.

Moreover, by (F.2),

max
rPIn

ar,n ď CR
bn
n

ÝÑ 0,(F.13)

and by (F.6) together with (F.9),
ÿ

rPIn

ar,n “
ÿ

iPBn

EXi,n “ Ln ` op1q ÝÑ L.

By (F.11) and (F.13), for all large n, | ´ ar,n ` εr,n| ď 1{2 uniformly in r, and
therefore
ÿ

rPIn

logQr,n “
ÿ

rPIn

logp1´ar,n`εr,nq “ ´
ÿ

rPIn

ar,n`
ÿ

rPIn

εr,n`O
´

ÿ

rPIn

pa2r,n`ε2r,nq

¯

.

The last error term tends to zero because
ÿ

rPIn

a2r,n ď pmax
r

ar,nq
ÿ

rPIn

ar,n Ñ 0,
ÿ

rPIn

ε2r,n ď pmax
rPIn

|εr,n|q
ÿ

rPIn

|εr,n| Ñ 0.

Combining this with (F.12) gives
ÿ

rPIn

logQr,n ÝÑ ´L.
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Consequently,

(F.14) E
ź

iPBn

p1 ´ Xi,nq “
ź

rPIn

Qr,n ÝÑ e´L.

Finally, combining (F.10) and (F.14), we get

E exp
´

´

ż

R`

φpyqNnpdyq

¯

ÝÑ exp
´

´

ż

R`

p1 ´ e´φpyqqΛpdyq

¯

,

which implies the point process convergence Xn ñ X in MppR`q. □

Proof of Theorem F.7. Define the empirical measures on TL by

ηn :“
1

n

n
ÿ

j“1

δjθ mod 1.

For k P ZL, their Fourier coefficients are

pηnpkq :“

ż

TL

e2πik¨x ηnpdxq “
1

n

n
ÿ

j“1

e2πijk¨θ.

If k ¨ θ P Z, then every term equals 1, so pηnpkq “ 1. If k ¨ θ R Z, then the right-hand
side is a normalized geometric sum and therefore converges to 0. Hence

pηnpkq ÝÑ 1tk¨θPZu.

These are exactly the Fourier coefficients of Haar probability measure mHq on Hq

[Rud17]. Therefore ηn ñ mHq
on TL. Pushing forward by the continuous map Φq

yields
1

n

n
ÿ

j“1

δuj
“ pΦqq#ηn ñ pΦqq#mHq

“ πq.

This proves the claim. □

Proof of Theorem F.3. To pass from the point-process limit to the softmax denom-
inator, we use a strengthened Laplace-functional convergence, which essentially
follows the proof of Theorem F.6. Let

Zn :“

ż

e´yXnpdyq, Z :“

ż

e´yX pdyq.

For every φ P CcpR`q, φ ě 0 and every s ě 0, set

Gspyq :“ 1 ´ expt´φpyq ´ se´yu.

Then
0 ď Gspyq ď 1 ´ e´φpyq ` se´y,

and the right-hand side is integrable against the limiting intensity, since
ş8

0
e´yy1{α´1 dy ă

8. The same blocking argument used for the compactly supported Laplace functional
in the proof of Theorem F.6 therefore gives

E exp

"

´

ż

φpyqXnpdyq ´ sZn

*

“ E
ź

i

`

1 ´ GspβnUiq
˘

ÝÑ exp

"

´

ż

GspyqΛpdyq

*

“ E exp

"

´

ż

φpyqX pdyq ´ sZ

*

.
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This is exactly convergence of the joint Laplace transform of
`

Xn,
ş

e´yXnpdyq
˘

.
Varying φ over a convergence-determining class in CcpR`q and s ě 0, this gives

ˆ

Xn,

ż

e´yXnpdyq

˙

ñ

ˆ

X ,

ż

e´yX pdyq

˙

.

It remains to pass from the point process and its denominator to the ordered
softmax weights. Let

0 ă Y n
p1q ă Y n

p2q ă ¨ ¨ ¨ ă Y n
pnq

denote the atoms of Xn in increasing order, so that Y n
piq “ βnUpiq and Apiq “ e

´Y n
piq

Zn
.

The limiting intensity measure Λ is diffuse, and Λpr0, Rsq Ñ 8 as R Ñ 8. Hence
the limiting Poisson point process X is simple, has infinitely many atoms, and its
first k atoms 0 ă Yp1q ă ¨ ¨ ¨ ă Ypkq are finite almost surely. Moreover

Z “

ż

e´yX pdyq “
ÿ

jě1

e´Ypjq

is almost surely finite and strictly positive: finiteness follows from
ş8

0
e´yΛpdyq ă 8,

while positivity follows from the existence of atoms. Therefore the map

pµ, zq ÞÝÑ

ˆ

e´yp1qpµq

z
, . . . ,

e´ypkqpµq

z

˙

,

where ypiqpµq is the i-th atom of µ, is continuous at pX , Zq almost surely. Applying
the continuous mapping theorem to the joint convergence above gives

pAp1q, . . . , Apkqq “

˜

e´Y n
p1q

Zn
, . . . ,

e´Y n
pkq

Zn

¸

ñ

˜

e´Yp1q

ř

jě1 e
´Ypjq

, . . . ,
e´Ypkq

ř

jě1 e
´Ypjq

¸

.

This is exactly the claimed convergence to pW1, . . . ,Wkq, and proves Theorem
F.3. □
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