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SCALING LIMITS OF LONG-CONTEXT TRANSFORMERS

GIUSEPPE BRUNO, SHI CHEN, ZHENGJIANG LIN, YURY POLYANSKIY,
AND PHILIPPE RIGOLLET

ABsTrACT. We study the long-context limit of softmax self-attention with a
fixed query and a random context of n i.i.d. keys on the sphere, viewing the
inverse temperature (3, as the scaling parameter that decides whether attention
degenerates into uniform averaging or collapses onto the single closest key. We
show that the critical scale at which selectivity emerges is determined by the
local exponent of the distance-to-query distribution near zero rather than by
global features of the context, and scales like 8% = n?/(4=1) for uniform keys on
S9—1, Furthermore, we characterize the limiting laws of the ordered attention
weights and of the attention output across all regimes of §,: a subcritical
regime in which the output reduces to a local average around ¢ with explicit
deterministic bias and Gaussian fluctuations; a critical regime in which a finite
collection of nearest keys retains macroscopic mass without single-key collapse;
and a supercritical regime in which all mass concentrates on the closest key.
Of notable interest is the subcritical case with identity value matrix where the
attention map approximately implements a backward heat equation.
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The push toward ever longer contexts has placed transformers on a trajectory
in which the context length n is no longer a fixed architectural detail but a scaling
parameter in its own right [DYY 119, BPC20, ZGD™ 20, Goo24]. From this vantage
point, a finite-context attention head is naturally understood as a finite-sample
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approximation of an idealized infinite-context limit. Context length then plays the
role of a resource controlling how faithfully the finite system resolves this idealization,
and its n — oo scaling limit becomes the natural object to study.

Self-attention [VSP*17] with Post-LayerNorm® routes a query g € S*~! against a
context of keys x1,...,x, € S*! through the softmax attention weights

_ exp(Bnle,7)))
P eXP(ﬁn@» $l>) ’

which form a probability distribution over the context and are then used to ag-
gregate the z;. The inverse temperature 3, is a classical device employed in
long-context transformers [BBC'23, PQFS24, ZCL 24, AWA25, BPA25, Nak25,
PLAST25, CLPR26, GG26, QHVM26] that tunes how sharply A = (4;,...,A4,)
separates keys with highest scores from the bulk. In all settings, 3, is set to grow
with the context length n. With no rescaling (8, = 1), even a key whose alignment
(g, x;) exceeds the bulk by a constant margin still produces a weight A; = ©(1/n):
the exponential gap such a key introduces is dwarfed by the n competing terms in
the softmax denominator. The head loses the ability to distinguish relevant keys
from the bulk—a phenomenon now commonly called attention dilation or attention
fading [VPBP25, Nak25]—and §,, must grow with n at the right rate to preserve
selectivity.

A first wave of theoretical work has examined the scaling limits as n — o0, 3,, — o©
through simple, fully tractable models in which the fluctuations across keys are
suppressed by design. These analyses connect attention sharpness to the contraction
properties of self-attention layers [GLPR25, CLPR25] and identify a logarithmic
critical scale [Nak25, CLPR26]: when §,, = logn, attention concentrates on O(1)
tokens while remaining content-adaptive. Such results pin down the right scale,
but the price of tractability is that the random objects which actually live at this
scale—the size of the largest weight, the gap to the runner-up, the effective number
of attended tokens, and the corresponding fluctuations of the attention map—are
by construction invisible. A finer description requires that the keys themselves be
treated as random and that the entire random profile of attention be analyzed at
large n.

Probability theory has a long tradition of answering such questions: take a
random system indexed by a size n, find the rescaling under which it admits a
non-degenerate limit, and identify the law that emerges. Familiar instances include
Gaussian fluctuations at scale 4/n in the central limit theorem, the Fisher-Tippett—
Gnedenko classification of extremal laws, and the log n-scale free-energy transition
of the Random Energy Model [Der81], recently connected to long-context attention
by [GG26].

For a fixed query vector ¢ € S%~! and context vectors 1, ...,z, € S !, define
the attention weights as in (1.1) and the corresponding attention output

(1.1) A; j=1,...,n,

ATT(n) =V ). Aja;,
j=1

where V € IR%*? is a fixed value matriz. The natural scalar coordinate for these
objects is the distance-to-query, or D2Q, T; := 1 — (g, x;, which is half the squared

e show how PostLN attention with general Key and Query matrices reduces to this model
in Section 2.
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Figure 1. Unified schematic of the ordered-weight and attention-output
regimes as the inverse temperature 3, varies, with V,,(¢) = ATT(n) —Vyq

Euclidean distance from key x; to the query. Two qualitatively distinct failure
modes flank the regime of interest: if 5, is too small, the smallest D2Qs are blurred
into the bulk, the weights A; are essentially uniform, and the attention map fails
to distinguish relevant tokens; if 3,, is too large, the entire output collapses onto
the single closest key, and the map ceases to integrate the context. The question
addressed in this paper is:

As n — o0, which scalings of B, produce non-degenerate limiting
laws for the ordered attention weights {A;}; and the attention output
ATT(n), and what are those laws?

To make the limit precise, we model the keys z1,...,z, as i.i.d. samples from
a common distribution on the sphere, which induces a distribution of the D2Qs
T1,...,T, on [0,2]. The behavior at large n is then governed by the local behavior
of this distribution near O0—the distribution of close neighbors—through the same
mechanism that controls right-tail extremes in classical extreme-value theory. Within
this model, our results below paint a complete picture of the scaling limits of attention
across regimes of 3, with explicit limit theorems at and around the critical scale.

Our contributions. We answer the question above through a statistical scaling
theory for the attention distribution of a fixed query ¢ over a random context.
The unifying principle is that long-context behavior is controlled not by the global
shape of the context distribution but by the small-T tail of the D2Q—i.e., the local
geometry of the context around g—and by the point process of the closest keys that
this tail generates. Our main results are the following.

(C1) The critical scale is set by the small-D2Q) tail. We identify the inverse
temperature 8% at which softmax first resolves the closest keys to ¢ from
the bulk of the context, and show that this scale is determined by the local
exponent of the D2Q distribution near zero, rather than by global features of
the context. For keys uniform on S?~!, this principle yields the polynomial
law * = n?/(4=1 and for more structured key distributions it singles out
local dimension and density as the relevant quantities.
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(C2) Limit laws for the ordered attention weights. We characterize the asymptotic
law of the ordered profile A(;) > Ay = --- across the full range of .
Three regimes emerge within a single framework: a subcritical regime in
which the weights flatten and the head approaches uniform averaging; a
critical regime around S at which the weights converge to a non-degenerate
random profile, with a finite collection of influential neighbors retaining
macroscopic mass; and a supercritical regime in which the weight on the
single closest key tends to one. The critical limit is the principal object
of the paper: it is the unique scale at which selectivity emerges without
single-key collapse.

(C3) Limit laws for the attention output. We extend the analysis to the attention
output ATT(n) =V 3>, Ajz;. The subcritical phase is not merely a regime
of vanishing individual weights: as long as 3, still diverges, ATT(n) behaves
as a local average of the keys around ¢, and we obtain its limiting law as
the sum of a deterministic bias, a Gaussian fluctuation term, and a density-
sensitive tangential drift. At and above the critical scale, the corresponding
limits of ATT(n) follow from those of the weights in (C2).

(C4) A heat-type interpretation of subcritical residual updates. The deterministic
vector field that drives the subcritical output in (C3) admits a transparent
interpretation: in the isotropic case, its tangential component is the gradient
of the log token density. Attention layers operating below the critical
scale therefore push representations from low-density toward high-density
regions of the context, which corresponds approximately to a backward heat
evolution.

Related work. Empirical work on long-context attention provides much of the
motivation for the present study. A number of recent methods modify the attention
logits in order to preserve useful sparsity as the context grows, including Qwen-
style scaling, YaRN, SWAN-GPT, scalable-softmax, selective attention, and scale-
invariant attention [BBC*23, PQFS24, PLAST 25, Nak25, ZCL*24, AWA25|. These
works show that attention sharpness is an important practical degree of freedom in
long contexts. Our goal is complementary: we do not propose a new implementation,
but instead ask what limiting law a rescaled attention row should obey once the
context itself is modeled statistically.

Theoretical explanations of such scaling laws are still limited. The deterministic
critical-scaling theory of [CC22, Nak25, CLPR26] identifies a logarithmic scale
Brn = logn, while the signal-propagation theory of [GG26] and the scale-invariant-
attention framework of [AWA25] point, in different Gaussian settings, to y/log n-type
score scales. Our polynomial scale arises from a different score geometry: the relevant
competitors are rare nearest neighbors to a fixed query vector, and the scale is
set by the local lower tail of the D2Q. Thus the contrast between logarithmic,
square-root-logarithmic, and polynomial laws should be viewed as evidence that
attention scaling depends on the geometry of the competing scores, rather than as a
disagreement between models.

Notation. We introduce the notation used throughout the paper. We denote the
ordered attention scores as A1) = Ay = -+ = A(y,). Define the D2Q T; =
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1—{q,z;)€[0,2],i=1,...,n. The attention weights can be written as

—BnT; n
(1.2) Ai=S_— Zy= Y e T

j=1
Let T(qy < T(2y < -+ < Ty be the order statistics of the D2Qs. Finally, let the
D2Q CDF be F(t) :=P(Ty <t), t € [0,2]. We set a := -2 throughout the paper.
We define the constant C(q) to be the local intensity of near matches to the query
C(q) = lim,_,o+ F(t)t=1.

Organization. The remainder of the paper is organized as follows. Section 2 intro-
duces the fixed-query attention model and the spherical i.i.d. baseline. Section 3
establishes the subcritical, critical, and supercritical limits for the ordered attention
weights. Section 4 derives the corresponding attention-output limits, including
the marked Poisson functional at criticality and the subcritical drift/fluctuation
trichotomy. Section 5 presents numerical experiments illustrating the predicted
phase transitions. The appendices collect the proofs and extend the framework to
correlated tokens and RoPE.

2. SETUP

We recall that a PostLN attention head [VSP117, GLPR25] with context x1, ..., z,
is parametrized by three d x d matrices ), K, and V. It implements the map

zeSl Vv Z Ajzy,
j=1
where the attention weights are defined by
~ exp(BQu, Kxj))
Xy exp(B(Qw, Kap)
Setting ¢ = K 'Qz/|KTQz| € S¥! and 8’ = 8| KT Qz|, we can rewrite

_ exp(Bg, )
Yisyexp(84g, x1))’
so that, up to rescaling 3, the attention weights take the form (1.1).

Throughout the main theorems, we assume a random context x1,...,x, sampled
i.i.d from some distribution on the sphere.

Aj j=1,...,n.

Aj jzl,...,n,

Assumption 1 (i.i.d. spherical context). The query q € S*! is fived. The context
directions x1,. .., 2, are i.i.d. with common law p(x) do(x) on S¥1, where o is
surface measure. The density p is positive at g and is C?.

A few remarks regarding Assumption 1 should be noted.

Regularity of p, intrinsic dimension, and off-support geometry. The C? regularity is
used only for the attention-output expansions in Section 4. The scaling limits of
the ordered weights in Section 3 require only continuity of p at ¢ and p(q) > 0. If
p is supported on a smooth (d' — 1)-dimensional submanifold, with ' —1 <d — 1,
through ¢ with positive local density and non-degenerate contact, then our results
hold with d replaced by d’. If g is not contained in the support of p, the same
analysis applies after subtracting the smallest attainable D2Q from all D2Qs.

Correlations and positional encoding. Independence is also not essential to our
results. The proofs of the scaling limits use only two inputs: a one-point lower-tail
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law for the D2Q T; = 1 — (¢, x;) and a Poisson, or more generally extremal, limit
for close neighbors to the query ¢. Under stationary weak dependence with anti-
clustering, the same exponent and Poisson softmax limit persist. We also discuss
how positional encodings such as RoPE [SAL"24] can also be handled with minor
technical adjustments in Section F.

3. SCALING LIMITS OF ATTENTION WEIGHTS

In this section, we consider the scaling limits for the ordered attention weights. We
start with an informal derivation of the critical scaling 5% = n*(4=1 (equivalently
BF = n® with o = 2/(d — 1)).

3.1. A heuristic explanation for the critical scaling. The critical scale 5} =
n?/(d=1) arises precisely at the balance point of two opposing effects. As the context
length n grows, more random tokens from the input naturally fall close to the fixed
query direction ¢q. At the same time, increasing the rescaling factor (3, narrows
the effective softmax window: the factor e #»7i assigns comparable weight only to
tokens whose distance-to-query (D2Q) values T; differ on the scale 1/8,,.

For simplicity, first assume that the distribution p in Assumption 1 is the uniform
measure on the unit sphere S?~!. Geometrically, a D2Q window of width 1/83,
corresponds to a small ball around ¢. Indeed, for tokens x; sufficiently close to

q, we have the local approximation T; ~ %dist(q, z;)%. Consequently, the active

softmax window has radius of order 8, /2. Since this region is intrinsically (d—1)-
dimensional, the expected number of context tokens falling inside the window scales
as

n - Vol( Ba_1(q, B /) = nBy, @~V = ng /e,

Here, Vol(Bq-1(q, Bn Yy 2)) is the volume of the geodesic ball around ¢ of radius 3, /2.

If 8,, grows too rapidly with n, the window shrinks faster than new tokens enter it
and the expected count tends to zero: attention collapses onto the single nearest
token. Conversely, if 8, grows too slowly, this number diverges and attention is
effectively averaged over a diverging number of tokens. The critical regime occurs
precisely when these two effects balance, i.e.,

nBIYe =1, or equivalently Brn = n<.

The same scaling holds for general distributions p satisfying Assumption 1. Indeed,
P(T; < t) = t'/® (see Theorem A.1), so the expected number of tokens lying in a
D2Q window of width 8, ! is

nP(T; < B7Y) = nB; e,

The next three results make this intuitive picture precise. In each case, the main
technical step is to pass from the tail law P(T; < t) = t"/® to the corresponding
limit law for the softmax denominator.

3.2. Supercritical regime. When 3, » n®, the temperature is high enough to
distinguish the top D2Q from all its competitors. The attention function therefore
becomes a hard nearest-neighbor selector.

Theorem 3.1 (Supercritical regime). Under Assumption 1, choose B, in (1.1) such
that B,n~% — o as n — 0. We have that for every fixed i = 2,

(3.1) lim Aqy =1, lim Ay =0, in probability.

n—0o0 n—o0
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The proof of Theorem 3.1 is deferred to Section B.

3.3. Critical regime. At the critical scale 3,, = n®, the expected number of tokens
in the active softmax window remains of order one. The correct limiting object is
the point process of rescaled D2Qs.

Theorem 3.2 (Critical regime). Under Assumption 1, choose B, in (1.1) such
that B,n~% — v € (0,00). Let N be a Poisson point process on R, with intensity
measure A([0,y]) = C(q)(y/y)V* , fory = 0. Write 0 <Y, < Yy < --- for its
atoms in increasing order. Then, for every fixed k > 1,

(3.2) (Aay, - Agy) = (W, .., W) in distribution,
where
oV
Wi = Z;O:]_ e_YJ' )

and {Y;}i>1 are the increasing atoms of the Poisson point process N, i.e., Y; is the
i-th arrival of N.

This is the selective regime: finitely many close neighbors retain nonzero mass,
but no deterministic winner is selected. The proof is given in Section C.

3.4. Subcritical regime. When 3, « n®, the active softmax window contains a
diverging number of near-query tokens. Define the active softmax window size by
mn(q) = C(q)nﬂﬁl/a. In the subcritical regime with S,, — oo, we have my,(q) — oo.
Hence no individual token can retain macroscopic mass. Nevertheless, after ordering
by score, the top O(m,(q)) weights secure a deterministic amount of total weight.

Theorem 3.3 (Subcritical regime). Under Assumption 1, choose 5, in (1.1) such
that B,n~% — 0 as n — . We have that for everyi > 1,

(3.3) lim A =0 in probability .

n—aoo
If B, — o, and let {kn}n>1 be a sequence of integers such that lim,_,q mki"'q =
x = 0, for some nonnegative constant x (for instance k, = |xmy(q)]). We have that
. A N . .
(3.4) lim — = exp (—z) in probability,

Indeed, we have that

. exp (—x®
(3.5) lim my,(q)Aw,) = ( )

—_— in probability,
= HCED I

where T'(+) is the gamma function. Moreover,

En (L Lo
(3.6) lirrolo Z Ay = %n}((‘)‘l’)x) , in probability ,
i=1 a

where Yine(s, z) = Sg u$le " du is the lower incomplete gamma function.

The proofs for Theorem 3.3 is included in Section D.
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4. SCALING LIMITS OF ATTENTION OUTPUTS

Section 3 describes how the ordered attention weights A1) > Ap) = - = Ay,
are distributed. We now track the vector returned by the attention layer ATT(n).
Under Assumption 1, we show in Section 4.1 and Section 4.2 that all three regimes
with 8, — oo concentrate on those tokens approaching ¢, so that the first-order
limit of ATT(n) is always Vq. We therefore study the displacement

n
(4.1) Vnlq) = ATT(n) = Vg =V > Ai(x; —q).

i=1
The two relevant scales in Section 4.1 and Section 4.2 are (3, = n®, the ordered-
weight transition, and 3, = n®/(1+®) = p?/(d+1) the drift/fluctuation transition
inside the subcritical regime.

4.1. Extreme-value output limits. In this subsection, we record attention outputs
in the supercritical and the critical regimes in which only finitely many near-query
tokens are visible at the output scale.

First, for the supercritical regime, we prove in the following Theorem 4.1 that

the displacement Y, (q) scales as n~=%/2.
Theorem 4.1 (Supercritical output). Under Assumption 1, assume that B,n~% —

0. Then for a, = (C(q)n)*, we have
lirréo Var Yn(q) =V in distribution,

where the random vector ® = /2R, ©1, Ry is a Weibull random variable with

PRy, >r) = e_rl/a, r =0,
and ©1 is uniformly distributed over Si2 == {0 € T,S% : |0] = 1} , and is
independent of Ry. In particular, Y,,(q) — 0 in probability, and hence ATT(n) — Vq
i probability.

Theorem 4.1 says that, once the weights have collapsed to a single winner, the
only remaining randomness is the nearest-neighbor geometry: its radial D2Q has a
Weibull-type extreme-value law, while its angular mark is asymptotically uniform in
the tangent space.

We next show the attention outputs within the critical regime.

Theorem 4.2 (Critical output). Under Assumption 1, assume that B,n~% — v €

(0,00). There exists a Poisson point process M~ on [0,00) x SI=2 with intensity
measure depending on v and p(q) in Assumption 1, such that as n — oo

lirr;o VB IYn(q) =VE in distribution.

where

0
f fd e Y\/2y 0 M., (dy, db)
= . Jo Jsgi7?

Ei= -
f Jd e ¥ M, (dy,db)
0 Jsi—2

In particular, Y, (q) — 0 in probability, and hence ATT(n) — Vq in probability.

(4.2)
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The marked Poisson process in Theorem 4.2 is the output analogue of the Poisson
process governing the critical ordered weights in Theorem 3.2. Its scalar coordinate
records how far a token is from the optimal score, while the mark records the local
direction in which that token perturbs the output. The denominator in (4.2) is the
limiting softmax partition function; the numerator is the corresponding tangent
displacement.

4.2. Subcritical local averaging. When 3, « n®, the number of relevant near-
query tokens diverges. The output is then governed by local averaging rather than
by a finite extreme process. Define

(4.3)

d—1
V() = Vs logplg) = —5—a¢,  %(g) == AP, cqi= 27 @D

where P, = Id — gq' is the orthogonal projection onto the tangent space Tqufl.
Theorem 4.3 (Subcritical output). Under Assumption 1, choose B, in (1.1) such

that B, — o0 and B,n~% — 0 as n — 0.
(1) Drift dominated. If B:+%n=* — 0, then

lim 8,Vn(q) = VY(q) in probability .
n—0oo0
(2) Mized drift—fluctuation regime. If B1**n=% — 7€ (0,0), then
hﬂgo Bndn(q) = VY(q) + G- in distribution.

where G, ~ N(0,7/°VS(q)V'T).
(3) Fluctuation dominated. If BLTn=% — co, then

lim \/nBn " Va(q) = G1 in distribution .

n—0o0

where G1 ~ N'(0,VE(q)VT)
In all three regimes, we have that Y, (q) — 0 in probability, and hence ATT(n) — Vyq
in probability.

The condition SL**n~ = 1 is equivalent to £, = n®/(1*®) = p2/(d+1) Thys the
subcritical regime contains its own output-level phase transition: for ,, at or below
this critical scale, the deterministic local-density drift is present, while it is swamped
by Gaussian fluctuations above it.

4.3. Residual dynamics. We now study how one attention layer changes the
relative geometry of the tokens in the drift-dominated subcritical regime, tracking
the cosine similarity between normalized tokens before and after one layer. For
V = 1d, the attention output can be written as

ATT(n) = g+ IVn(9);

where, by Theorem 4.3(1), V,,(q) is of order ;. Therefore the layer-normalized
attention output can be approximated as

g AT asVile) 1

IATT()|  llg + Iu()l Bn

The proposition below formalizes this observation and makes this claim rigorous.

Vga-11log p(q).
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Proposition 4.4. Assume V =1d. Let q € S satisfy p(q) > 0, and define ¢ as

;o g+ va(q)
4.4 =
(44) ¢ [ a0l

for some fized v > 0. In the drift-dominated regime where :+on=% — 0 and
By — 00, it holds

(4.5) Buld" = q) = Va1 log p(a),
in probability.

The above proposition indicates that attention, together with PostLN, approxi-
mately implements the update

q—q+ %Vsm log p(q),

n
which is precisely a one-step Euler discretization of ¢ = Vga—1log p(g). In turn, it is
a celebrated result of Jordan, Kinderlehrer, and Otto [JKO98] that this Wasserstein
gradient flow of the entropy functional [CNWR25] implements the reverse heat
equation.
The proof of Theorem 4.4 is postponed to Appendix E.

5. NUMERICAL EXPERIMENTS

The following experiments illustrate three consequences of the scaling theory
from the main results on the model introduced in (1.1) and (4.1).

Output field on the sphere. We first visualize the output vector fields from
Theorems 4.1 to 4.3. We take d = 3, so a = 1, set V = Id, and draw n = 10*
context tokens from

p(x)ocexp(zizsa), reS?

For each query direction ¢ we compute YV, (¢q) = >, A;(z; — ¢) and plot the first
coordinate of P, Y, (q) after the corresponding scaling. With this choice of parameters
the critical scaling is 8,, = n, while the subcritical drift/fluctuation scaling from
Theorem 4.3 is 8, = n'/2. Thus the columns of Figure 2 show the supercritical regime
(B, = n®*), the critical regime (3, = n), the fluctuation-dominated subcritical
regime (3, = n**), the mixed drift-fluctuation regime (3, = n'/?), and the drift-
dominated subcritical regime (8, = n'/4).

The first two empirical columns are visibly rough: in the supercritical regime the
output is essentially determined by one nearest token, while at criticality only a
finite number of close neighbors contributes. Moving into the subcritical regime,
more tokens enter the local average and the field becomes smoother. The fluctuation-
dominated panel still shows sampling noise; the mixed panel begins to show the
large-scale drift; and the drift-dominated panel has the same structure as the
deterministic density-gradient field P,)(q) from (4.3), shown in the last column.

Ordered weights. We next check the ordered attention weight statements in
Theorems 3.1 to 3.3. Contexts are uniform on S, so d = 5 and a = 1/2. The left
panel of Figure 3 estimates Ay over a logarithmic grid in (n, 3,), averaging over
100 trials. In agreement with Theorems 3.1 and 3.3, the largest weight is small below
the critical scaling and approaches one above it; the transition occurs at 5, = n®.
The right panel fixes n = 1000, ¢ = e;, and 3, = n®/*. Tt plots the ratios A/ Ay
against the rescaled rank = = k/m,(q), and compares them with the prediction

¥

e in Theorem 3.3.
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Supercritical Critical Fluctuation Mixed Drift Theory
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Figure 2. Rescaled output displacement on S? for n = 10*, V = Id, and
p(x)oc exp(z12). The columns use B, = n®* n,n** n? n'/* with the
regime-dependent scalings shown above the panels, and the last column is
the deterministic drift field. The bottom row is a geodesic chart centered

at (1,1,1)/4/3.
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Figure 3. Ordered attention weights for uniform contexts on S*. Left:
the heatmap shows the empirical mean of Ay over 100 trials; the dashed
curve 8B, = 2n® marks the critical scaling. Right: with 8, = n®/%, the
rescaled ordered weights follow the subcritical prediction eﬂ”a, where

z = k/mn(q).

6. CONCLUSION

We introduced a tractable probabilistic model to better understand attention
scaling in the long-context regime. Within this framework we obtained a complete
classification of the scaling limits for both the ordered attention weights and the
resulting attention outputs. The central result is that the optimal rescaling takes
the form 8, = n?(4=1 governed by the local extreme-value tail of the distance-to-
query distribution P(T; < t). To the best of our knowledge, this is the first scaling
prescription for attention that exhibits an explicit dependence on the embedding
dimension d, reflecting the intrinsic geometry of the key space. Below this threshold
every attention weight vanishes; above it the mechanism collapses to a single-winner
selector; only at the critical scale do the ordered weights converge to a non-degenerate
Poisson point process.
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APPENDIX A. INTRODUCTION TO THE APPENDIX, NOTATION, AND SHARED
LEMMAS

The appendices are organized as follows. Appendix B proves the supercritical
single-winner regime. Appendix C proves the critical Poisson point process limit and
the induced limiting ordered weights. Appendix D proves the subcritical results in
the same order as the main text: scalar softmax estimates and ordered weights first,
then the local moment estimates and central limit argument for the attention output,
and finally the backward heat-type behavior of long-context attention. Appendix F
treats the RoPE extension with correlated tokens.

We use the following notation throughout the appendices. The query ¢ € S* ! is
fixed, x1, 2o, ... are drawn according to the density p in Assumption 1. The D2Qs
and their CDF are

T 1—(gupel0,2,  F(t)=P(T, <),
We write
T(l) < T(2) <0< T(n)
for the order statistics of the D2Qs and
e BnTi

A=
Zn

; Zni= Y e T Ay 2 Agy =2 Ay,
j=1

for the corresponding attention weights and their decreasing rearrangement. We
also set 5 ) i3
= o n::a—lzT, P, :=1d—qq".
We use O(h) to denote a quantity comparable to h, i.e., there are constants Cj,
C5 depending on p as introduced in Assumption 1 such that C1h < O(h) < Coh.
Similarly, we use z ~ y if there are two positive constants C;,Cy, which depend
at most on d and p in Assumption 1, such that Cix < y < Cex. The symbol
op(1) denotes a random sequence converging to 0 in probability. More generally,
R, = op(a,) means R,/a, — 0 in probability, and R, = Op(a,) means that R,/a,
is tight.
The CDF F(t) is of order ©(t"/*), because

d—1
F(t) =P(T; <t) =P (diSt(%ﬂU) < 2arcsin (t1/22_1/2>) =0 <t2) =0 (tl/o‘) .
Here, dist(q, ) is the geodesic distance between ¢ and z on the unit sphere S,

and hence exactly equals the angle between ¢ and x. In particular, we denote
C(q) == lim F(t)t~ Y.
t—0t

We summarize the asymptotics of F'(¢) in the following two lemmas.

Lemma A.1 (CDF asymptotics). Under Assumption 1, the law of T; is absolutely
continuous on [0,2], and has a density fr(t) := F'(t). Moreover, there are constants
0<c_ <cy <o such that

c tVY S F(t) et et < fr(t) <cgt?  Vtel0,2].
In particular, ast — 0%,
3 21/0[0-(172

F(t) = C(q)t"™ + O(tl/a)7 with C(q) = ﬁP(QX
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where 04_5 denotes the surface area of ST2.

Lemma A.2 (Quantile asymptotics). Asu — 07,

Fl(u) = (cl(bq)y (1+o(1)).

The same relation holds with u replaced by any random sequence U, — 0 in proba-
bility:

P = (o) o)

We use the following form of Rényi’s representation for uniform order statistics;
see [Dev06, Chapter 5, Theorem 2.2].

Lemma A.3 (Rényi’s Representation). Let Uy, Us,...,U, be i.i.d. Uniform(0,1)

random variables, and let Uy < Uy < -+ < Uy, denote the associated order
statistics.
Let Ey,Es,...,E,+1 be i.i.d. exponential random wvariables with rate 1, i.e.,

E; ~ Exp(1). Define the partial sums

k
Tp= Y E;, k=12..n+L
=1
Then

d Iy Ty T,
(Uay Uy Umy) = (r )

We will repeatedly use the standard point-process formulation. Let  be a locally
compact Polish space. We denote by M, (€2) the space of boundedly finite counting
measures on {2, equipped with the vague topology; see [DVJ08]. A point process on
2 can be viewed as an M,({2)-valued random element. Thus, when

N, =N in M,(Q),

we mean weak convergence of the laws of the random counting measures A,, to the
law of A/ in this topology.

We will use the Laplace-functional characterization of convergence of point
processes. Namely, to prove NV,, = N in M,(Q), it is enough to show that, for every
¢ e CHQ),

E [eXp {— L e(y) Nn(dy)” —E [eXp {— L e(y) N(dy)}] 7

where C'F () denotes the set of nonnegative continuous functions on  with compact
support; see, e.g., [DVJ08, Chapter 11].

N Sy
n+1 1—‘n—i-l Fn+1

APPENDIX B. SUPERCRITICAL REGIME: PROOF OF THEOREM 3.1

We use the notation from Appendix A. In particular,

e~ BnTi n BT
Ai: , Zn:Z]e nti T(1)<§T(n)
i=1

Zy
By Theorem A.1,

F(t) = C(q)t"* + o(tY*), Clq) =

~
U
\
—
—
~
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and the density f(t) = F'(t) satisfies f(t) = ©(¢") near 0, where n = 1/ac — 1. The
largest attention weight can be written as
e~ BnTa) 1

Ay = — =
W= S e BTk~ 1+ 8,

n
S, = 2 e Pn(Ty—=T))
k=2

We first prove the following lemma for S,,.

Lemma B.1. For any n — o and any B, — o0, we have that
(B.1)
mﬁJmﬁ(o@%ﬁ+o(fdﬂ+ﬂmeum—n+ﬁyB@—mn—n)

Here, C' is a positive constant depending on p in Assumption 1, and B(-,-) is the
beta function.

We defer the proof of Theorem B.1 after proving Theorem 3.1.

Proof of Theorem 3.1. We show that if 3,n™* — o0, we have that

(B.2) lim E[S,] =0,

n—oo

and thus S,, — 0 in probability.
By Theorem B.1 and the classical asymptotics of the beta function [O1v97], we
have that as n — 0,

(B.3) B(l,n—1)~n"!, and B(2—a,n—1) ~ n 2"
Hence, we have that

(B.4) n?B- VB (1,n —1) ~ B7Y%n, and n?8'B (2 — a,n — 1) ~ 8, 'n°,

both of which go to 0 if 8,n™* — . Because O (e‘ﬁ") +0 (e‘cln> also goes to
0, we thus get that lim,_,o E[S,] = 0.
d—3 11—«

Proof of Theorem B.1. Recall that n = “5= = ~—*. Hence, by the arguments at

the beginning of Section B, we see that f(t) = ©(t"7).
Let K, :=={ie[1,n] | T; = T(1)} and R, := #K,. First, we see that

(B5) Z ]-iEKn Z eiﬁn(TjiTi) = RnSn .
i=1 j#i

Because T;’s are i.i.d. and have continuous density, we have that for any ¢ # j,
P(T; = T;) = 0. Hence, P(R,, > 1) = 0 and thus R,, = 1 almost surely. We have
that

(B.6)
]E[Sn] = E[Rnsn] =E znl Liek, Z e_Bn(Tj_Ti)‘| = i E llieKn 2 e_ﬁn(Tj_Ti)
i=1 i-

FES i=1 j#i
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Because T;’s are i.i.d., we have that

L S R Il

Jj=2 Jj=2
(B.7) —n(n—1)E [116Kne—5n(Tg—T1)]

~ - 1) f 0 (f f(s)ds)w (] 2 P f(5)ds ) .

where in the last equality, we used the fact that
le K, < T <Tjforall j=2.

n—2
We first estimate the term f(t) (Sf f(s)ds) for t € [0,2]. We know that C1¢"+1 <
F(t) < Cat"*! for some C4,Cy depending on p in Assumption 1. We pick a § < 1
depending on p,d, such that when t < §, Cot"™! < 1. Because S; f(s)ds =

n—2
F(2)—F(0) =1—F(6) <1, we have that (S? f(s)ds) ~ e~ ™ for some positive
C depending on p in Assumption 1. Hence, we see that

s TV (f d <8>ds) 1) ( | 2 f(s)ds)

=T L () (1= F(1)" ~ e Lot (1= Chn )"

n—2

We next estimate the term (Sf e‘ﬂ"(s_t)f(s)ds). By (B.8), we only need to discuss

the case when ¢ € [0,d] as we can use the trivial bound 1 when ¢ > §. Because
f(s) = ©(s"), we have that

2—t

2 2
f e P f(5)ds ~ f e Pnlsgnds = f e P (s 4 t)"ds
t ¢ 0
0

B. 2
(B.9) ~ J e Prs(s" +t)ds ~ O (e Fn) + J e Pns (s 4 t7)ds
0 0

~ O (eFr) + 8,770 + B, 0.
Hence, combining (B.8) and (B.9), we see that E[S,] in (B.7) can be estimated as
(B.10)

§
E[S,] ~ n? (e_C” +0 (eFm) + f (Bt + B ) 17 (1 — Oyt dt) :
0

In the above integral, we do a change of variable for ¢t = sC';m to s and by the
choice of §, the integral domain for s is [0, §’] for some ¢’ < 1. Hence,

(B.11)

6/

E[S.] ~ n’ (C L0 ()4 [ (B ) s (1 )" ds>
0

~ n? <6C” +0(eP)+0 (efcln> + J (Bt + B ts) s (1 — s”“)"_Q ds> .

1
0
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The above estimate follows because when s € [¢', 1], the term (1 — s’7+1)n_2 is an

O(e=") term for some C’ depending on p. Finally, we make a change of variable

s = rﬁ, and we combine the two terms e~¢™ and O(e*C'”), we then have that

(B.12)

1
B(s,] ~ o (0 ) + 0 () + [ (B 4 vt -
[Sn] & n (e7"m) + (6 >+L([3 + 6. )( T) r
=n? (O (eP)+0 (e_c,"> + B8, B(1,n—1)+3,'B (27;7_:—11,71— 1)) .

Because n = é — 1, we finish the proof of Theorem B.1.
O

APPENDIX C. CRITICAL REGIME: PROOF OF THEOREM 3.2

We prove Theorem 3.2 in this section. Let U; = F(T;). Then U; are i.i.d. uniform
on (0,1), and T(;) = F~*(U;)). By Theorem A.3, we may write

d 1—‘1 Fn)
Unys - Uiy) = ,
G ) <I¢+1 Thst

where I'; = F1 + --- + E; and E; are i.i.d. exponential random variables of mean
one. Hence
d —1 Fi
® FnJrl

Recall from Theorem A.2; we have
Fl(u) = <“>a (1+0(1), ulo.
C(q)
Because T4 1/n — 1 almost surely and 3,n~® — =, it follows that for every fixed i,
BnTsy — Yi=1v (Cri )a a.s.
(q)

It remains to pass this convergence through the softmax denominator. By
Theorem A.2, there is a ¢ > 0 such that F~1(u) > cu®,Vu € [0,1]. On the event
Tpi1/n — 1, for all large n,

mF*(I”)>dW,

n+1
for some ¢’ independent of n. We obtain the domination
-1 Fz —_re .
exp{ =B, F | — | <e 1, 1<i<n,
FTL+1

for all sufficiently large n.
We now check that this dominating sequence is summable almost surely. By the
strong law of large numbers,
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Therefore, almost surely, there exists ig such that I'; > %, for all ¢ > iy. Consequently,
for all i > i, e “T7 < e 2 " Hence
Z e TV <o a.s.
i>1
We may therefore apply dominated convergence for series, and get
Z exp {—5nF_1 (FZ> } — Z e Vi a.s.
i=1 n+l1 i=1
The limiting denominator is finite by the previous summability argument and is
strictly positive because e~¥* > 0. Therefore, for every fixed k,

e N

e Yk
(Ala"'vAk): B EREE . .
(1) (k) Zj>1€ Y; ijle Y;

Finally, we identify the limit with the Poisson point process: the variables
Y; = v(T;/C(q))™ are the increasing atoms of the Poisson point process on R, with

intensity measure A([0,y]) = C(q) (y/’y)l/a

. This proves Theorem 3.2.

APPENDIX D. SUBCRITICAL REGIME: PROOF OF THEOREM 3.3
This appendix proves the attention weight results in the subcritical regime.
D.1. Subcritical partition function. Recall from Appendix A. We use

e BnTi

Zn

n

—BnTi _

Zn = Z € p 5 Al =
=1

The following lemma characterizes the limit of Z,, in the subcritical regime.

Lemma D.1. As 8 — oo,
E[e=#T1] = C’(q)F(i + 1) ﬁ_l/a(l +0(1)).
Proof. Let F(t) = P(Ty < t). Integration by parts gives
Ele P11 =e 2% 1+ LZ e PLE(t) dt.
Theorem A.1 gives

F(t) = C()tY*(1 + o(1)), t—0%.

After the change of variables u = ft, dominated convergence yields

2 o
,BL e PE(t)dt = C(q)p~ Y L e u du (1 + o(1)).

The integral is I'(1/a + 1), which proves the claim. O

Corollary D.2 (Subcritical partition function). If 8, — © and B,n~%* — 0, then
Zn P 1
ClgmBy°T(2+1)
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Proof. By Lemma D.1,
1

B[] = Clans D (1 +1) (LroV), Var(Z,) < nle 7] = O(ns; ),
@]

Therefore
Var(Z,) _ —1/ay—1
E[Z,]? *O((”ﬁn ) ) 0,

because 8,n~* — 0. Chebyshev’s inequality gives Z,,/E[Z,] — 1 in probability,
and the displayed deterministic asymptotic for E[Z,,] gives the second claim. O

D.2. Proof of Theorem 3.3. The ordered-weight proof uses the quantile asymp-
totics from Theorem A.2 to handle the denominator Z, in A(;). To handle the
numerator e T in A(;), we prove in the following that the best D2Q is so
small that 3, T(;y vanishes, and the k,-th D2Q is governed by the quantile level

/(03 1°).
Lemma D.3. If §, » © and B,n"“ — 0, then
P
BnT(1)y — 0.

Proof. For every € > 0,

P(B,T(1) > €) = (1 - F(ﬁi))n < exp(—nF<;n)> .

By Theorem A.1,
nF(E) = C(@)e*nB7Y*(1 + o(1)) — oo,
so the probability tends to zero. ([l

Lemma D.4. Assume 3, — o, B,n~* — 0, and
kn,
7_1/ — T € [O, OC)
C(g)nBn “

Then
P«
BnT(k,) — ==

Proof. First suppose z > 0. Let Uy, ) be the k,-th order statistic of an i.i.d. uniform
sample on (0,1). Then

Tiry) < FH(Ug,))-

Since k, — oo and k,/n — 0, the beta distribution formulas for uniform order
statistics give

kn(n —ky,+1)
VarlUen) = Gz 2)°

Therefore,

Var(U(kn))

li = 0.
no B[Ug,) |2
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Hence (n/k,)U(,y — 1 in probability by Chebyshev’s inequality. Applying Lemma
A2

d _1 (b WUk,
Ty & gt S B )
BnT(k,) = B (n . )

_ ko WUk, \° P oo
—ﬁn<0(q)n o ) (1+ op(1)) B a2,

A priori the convergence is in distribution, but since the limit is deterministic then
BnT(k,) converges also in probability. It remains to treat x = 0. Fix ¢ > 0 and set

My () = #{z‘:n < ;}

Then M, (g) is binomial with mean
Hn = nF(g

Bn

The assumption kn/(C’(q)nﬂgl/a) — 0 gives k,/u, — 0. Hence, for all large n,
kn < pn/2, and Chebyshev’s inequality yields

) = Clq)e"onB (1 + o(1)) — .

4Var(M, (e)) - 4

P(BnT(k,) > €) = P(My(e) < kn) < P(|Mp(e)—pin| > p1n/2) < 2 S — 0,
where we used the fact that Var(M,(¢)) < pu, because M, (¢) is binomial. Since
e > 0 was arbitrary, 8,7, — 0 in probability. ([l

Proof of Theorem 3.3. First, Ay < A(1y. To prove Ay — 0 for fixed i, it suffices
to consider subsequences with either 8, < M < o or 8, — . If 8, < M, then

1 62M

e ——
n —B, T
§j:16 BnT; n

since Tj € [0,2]. If 3, — o, then Theorem D.2 implies Z,, — o in probability, and
therefore Ay < 1/Z,, — 0 in probability.
Now assume 3, — o and

Ay <

-0,

1/
n kn
-, z=0
Clgn
By Lemma D.3, and Lemma D.4,
P P [
BnT1) — 0, BTk, — .
Thus
kn P a
% = exp(—ﬂnT(kn) + ﬁnT(l)) — exp(—z?).
(1)

For the absolute normalization,

1 ClgnBn°T(L +1
C(Q)nﬁﬁl/ar<a+l) Ay = 227 7 (2 +1) -bTinn,

The first factor converges to 1 in probability by Corollary D.2; the second factor
converges to exp{—x®} by Lemma D.4. Slutsky’s theorem gives

a1 o
C(q)nB, 1 F(a + 1) Ak, R exp(—z%),
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which is equivalent to the stated formula.
Finally, for (3.6), by assumption, we have that m,, — o0 and lim,,_, mki?q) =
x = 0. We can rewrite the sum in (3.6) as:

kn kn/mn
Z A(i) = f e BnTismn)) ds.
i=1 Zn 0

[smn]
Mn

We now identify the limit of the integral. For each fixed s € (0, z],

— S.

Therefore, by Theorem D.4, 8,T([sm..)) LR 5%, and hence e AnTtmnD) 2, ¢=". Since
the random variables are bounded by 1, this convergence also holds in L'. Thus, by
Fubini and dominated convergence,

T
EJ ‘e_BnT([s‘nLn]) — 5"
0

ui
«
ds = J E ’e—ﬂnTwmnw —e*" | ds — 0.
0

Consequently,

T Ll T o
f e PnTdeman ds —>f e * ds,
0 0

and hence also in probability. Moreover,

kn /My T
f e BnTsmnl) g — f e BnTsmnl) g
0 0

n
<|— -2
e

— 0.

Therefore

kn/mn -
J e BrTismn)) ds = J e ds.
0 0

my, P 1 : . .
7" NZ+1)’ and using the Continuous Mapping

Furthermore, by Theorem D.2,
Theorem we get:

ko ” o .

i=1 r(z+1)Jo rt+1)al r(1)

O

APPENDIX E. ATTENTION OUTPUTS IN THE SUPERCRITICAL, CRITICAL, AND
SUBCRITICAL REGIMES

This appendix proves the attention-output limits from Section 4. The proofs of the
supercritical and critical regimes first identify the relevant local point process near
the query, then apply the softmax functional to that process. The subcritical regime
is different and is treated later by local moment estimates and a triangular-array
central limit theorem.

E.1. Convergence of a marked point process. We recall from Section 4,
an, = (Clg)n)*,  Py=1d—qq",
and, whenever P z; # 0, define the tangent direction

0, = Py -2
[Pozil 1
On the null event Pya; = 0, choose O; arbitrarily. Let v, denote the uniform

probability measure on Sg’z.

Si? = {0eT,S*"": |0 =1}.
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We use the following marked version of the point-process limit. It is the only
local extreme-value input needed in Theorem 4.1 and Theorem 4.2.

Lemma E.1 (Local marked point process). Let b, > 0 satisfy byn~® — X € (0, 00),
and define

Mglb) = Z 6(bn,Ti79i) on [0,00) X Sg_g.
i=1
Then
ng,b) = M)u

where My is a Poisson point process with intensity measure

(10,91 % B) = () (£) " vy(m)

for every y = 0 and every vy-continuity set B Sd 2,

Proof. Let

/Ln(A) = n]P’((bnTl, @1) € A)
be the one-particle mean measure. We first show p, — A, vaguely. Let g €
Ce([0,00) x S¢72), with support contained in [0,R] x SI2. In geodesic polar
coordinates around g,

x = (cosr)q + (sinr), T(x) =1—cosr, do(z) = (sinr)*2dr do,(0),

where doy, is surface measure on SZ*Q. With the change of variables y = b,,(1—cosr),

1/a—1
(sinr)4=2dr = b1/ (Qy - Z) dy.
n

Therefore

1/2
o [ona(1- 2o (- £) )

2\ l/a—1
X <2y - Z) dy doy(9).

n

Since nbgl/a — A p is continuous at ¢, and yY/*!

dominated convergence gives
C(q) f 1/a—1
Jgd,un — —ia ng J;) gy, 0y dy v,(d6).
Here we used
21/a0.d72 2

C(q) = d—1 p(q)7 a = d— 17 daq = 04d—2 qu.

Thus p, — A vaguely.
Now take ¢ € Cc([0,00) x S¢72), ¢ > 0. Since the marked pairs (b, T, ©;) are

iid.,
Eexp{—fgod/\/lg’)} (Ee @ (bn Tl’@1)>

O T

is integrable at zero,

S\H
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By vague convergence of i, the integral converges to {(1 —e™?)dA,. Hence the
Laplace functionals converge to those of a Poisson point process with intensity
Ay O

E.2. Supercritical output: proof of Theorem 4.1. In the supercritical regime,
the softmax output is asymptotically the nearest token itself. The only extra point
beyond Theorem 3.1 is that this replacement is valid at the finer scale a,, 1/2
we recall the definition a,, = (C(g)n)®.

Let

, where

I, == arg min T}, T =T, =Ty, xy =xy,, O, =0y, .

1<i<n " "
The minimizer is unique almost surely because the law of T; is continuous.
Lemma E.2 (Nearest marked token). Under Assumption 1,
(a,T7,07) = (Ry1,01),

where
1/

P(Ry >r)=e¢" , r =0,
and ©1 ~ v, is independent of R;.

Proof. Apply Theorem E.1 with b, = a,. Since a,n™® = C(q)%, the limiting
intensity is

1
A, (dy,dd) = ayl/(’_ldy v, (d6).

The first atom map is continuous at the limiting process almost surely, because the
process is simple and its y-marginal is diffuse. Thus the first marked atom converges.
Its radial tail is

1/a

P(R;y > r) = exp{—A.([0,7] x Sg—z)} =e ",
and the product form of A, gives independence of R; and O;. (]

Lemma E.3 (Nearest-token reduction). If 8,n~* — o, then

n
Z All'z — QL':L
i=1

Proof. Set A\, == Bpn/an, so A, — 0. Since the denominator of the softmax is at
least e=#nTn

5o

Van

\an < Dyi= Y, e P oo, — o).

i# Iy,

n

*
2 AZ‘I,' — T,
i=1

Fix M > 0 and write E, » = {a, T < M}. By Theorem E.2,

: c __—MY~
nh_IEOIP(E"’M) =e .

We show that E[D,1g, ,,] — 0. Conditionally on T,y = ¢, the remaining D2Qs have
law dF(s)/(1 — F(t)) on [t,2]. Also

s — 2| < s — gl + 27, — al = V/2T; + V2t
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For t < M/a,,, and for all large n, 1 — F(t) = 1/2. Using the local density bound
F'(s) < Cs'/*~! in Theorem A.1, E[D, 1, ,,] is bounded by

2
Cny/ay, J e P (/s + Vt)sto  ds.
t

Put t = y/ay,, s =t+wv/a,. Since 0 < y < M and nay Y = C(q)~%, the last display
is at most a constant times
0

sup e MY (Vy + v+ vy) (y + )/ do.
0<y<M Jo
This supremum tends to zero as A, — o0: for d = 2 the integrand is bounded by a
constant, and for d > 3 it is bounded on 0 < y < M by Cps(1 + v/*~/2). Hence
]E[DnlEn,M] — 0.
By Markov’s inequality,

limsupP(D,, > ¢) < e_Ml/a,
n—0o0
for every € > 0. Letting M — oo proves D,, — 0 in probability. U
Proof of Theorem 4.1. Write
xy = (cosr))q + (sinr),)O;, T» =1—cosry.

Then
xy, —q=—Trq+~2T; — (T})? O,

By Theorem E.2, a,, T is tight, and therefore

Van(z), — q) = /20, Tx O] + op(1) = /2R, ©;.
By Theorem E.3,

n

Van Y, Ai(zi = q) = Vag (@), — q) + op(1).

i=1

Applying the fixed linear map V' gives

Van Yu(q) = V(\/2R10,) = V.

Since a,, — 00, this also implies V,,(¢) — 0 in probability and hence ATT(n) — Vgq
in probability. (]

E.3. Critical output: proof of Theorem 4.2. In the critical regime, the output
is no longer determined by a single nearest token. Instead, the finitely many near-
query competitors surviving in the Poisson limit all contribute through the same
softmax functional as in Appendix C.

Assume S,n"%* — v € (0,0). Let

Mn = Z 5(ﬁnTi7®i)'
i=1

By Theorem E.1 with b, = 3,

C(q)

M, = M, A’Y(dyada) = Oé’)/l/o‘

ye "t dy v, (d6).
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Define
o0 a0
H, = f J e Y2y 0 M,,(dy, db), Ty = J f e Y M, (dy,de),
0 Jsi=2 0 Jsi—2

and define H and Z by the same formulas with M., in place of M,,.

Lemma E.4 (Critical softmax functional). We have
(Hn, Z,) = (H,Z2), 0<Z < almost surely.

Consequently,
H, H

= —.
Zn 7
Proof. For fixed R < o0, the truncated maps

R
o J f e Y\/2y0u(dy,dd),  p— J J p(dy, do)
0 8372 Sd 2

are continuous at every point measure with no atom on {R} x 53’2. Since the
limiting intensity has diffuse y-marginal, the continuous mapping theorem gives
convergence of the truncated pair.

It remains to remove the truncation. The required tail bound is

(E.1) lim hmsupEf Ld . Y(1+ /y) My (dy,dd) =0

R—® pooo

and the same bound holds with M., in place of M,,. Indeed,

f LH V(1 + /y) M (dy,df) = nE[e "1 (1 + /B, T1)1 (s, 11>y ]

0

N

et + Vi + DnP(B, Ty < L +1).

¢=|R|
For ¢ + 1 < tgf3,, the small-cap bound gives
nP(B, Ty < L +1) < Cy V(e +1)Me,

while the remaining range ¢ + 1 > o3, is exponentially small. Hence the limsup is
bounded by the tail of a convergent exponential series. The limiting version follows
directly from Campbell’s theorem:

J J Y(1+ y) M, (dy,df) = C(lq/?y JOO e V(1 + ﬁ)ylﬁkl dy — 0.
se—? ay R

The same /3 truncation argument used in Appendix C now yields (H,, Z,) =
(H,Z).
Finally, Z < oo almost surely by Campbell’s theorem. Also, for every R > 0,

1/
P(Z = 0) < P(M,([0, ] x S-2) = 0) = exp {C(q) (f) } ,

which tends to zero as R — o0. Thus Z > 0 almost surely, and the ratio convergence
follows from the continuous mapping theorem. ([
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Proof of Theorem 4.2. The ideal tangent numerator is H,, but the true centered
numerator is

~ n _ o,
Hy = e "/ Balwi—q),  V/Ba ), Aiwi—q) = -
i=1 ] n
We first show that
For an atom with y; = 5,T;, write
1/2
Yi 2y y?
(1) (1),
’ < Bn) Bn B2
Therefore, uniformly over 0 < y; < R,
VBuwi = 0) = \/29: 61 = o (1).

The contribution from {y; < R} is thus op(1), because M,, ([0, R] x SI72) is tight.
On the tail {y; > R},

N eV (VBalwi — @) — v/24:05)

yi>R

0
gm/iff e Yy My (dy,dd),
R Jsi—2

and the expectation of the right-hand side vanishes after n — o0 and then R — o0
by (E.1). This proves (E.2).
By Theorem E .4,

=

N[

\/EZAZ'(%_Q) =

H
7
Applying V gives

J e Y4/2y 0 M., (dy, df)

J e Y M, (dy,dd)

Since 8, — 0, this also implies V,(¢) — 0 in probability and hence ATT(n) — Vgq
in probability. (]

N B Yulq) =V =VE.

E.4. Local moment estimates for the attention output. The attention output
theorem is different from the ordered-weight theorem, since it requires the vector
numerator, not just the scalar denominator. Write

Bu(q) = i(:ci —qe T 7, = i o BnTi.
i=1 i—1

Then, when V = 1d

The following local estimates identify the deterministic bias and covariance of By, (q).
In this subsection, P, := Id — qq' denotes the orthogonal projection onto Tqufl7
and Vgea-1 denotes the spherical gradient. We also recall the two deterministic
quantities used in Theorem 4.3:

d—1 Cd

V(g) = Vga-ilogplg) = ——a,  %(g) = p(q)Pq-
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The proof below uses the additional C?-regularity of p near q assumed in Theorem 4.3.

Lemma E.5 (Local output moments). As 5 — oo,
(.3 Bllar e "] = 0T (5 +1) 57 V@)1 + of1),

(B4)  E[(z1 - g)(@1—q)Te7?] = O(q?(i + 1) (28)7Y* " P (1 + o1)),
(E.5) E[|a1 — g%e3%T2] = 0(571/%3/2) .

Proof. Rotate coordinates so that ¢ = e4, and put m = d—1 = 2/a. We parametrize
a neighborhood of ¢ by tangent coordinates v € R™:

o) = (0T oP), ol <5
In this chart,
v 2
T(U(w) = 1 (@ W) = 1~ /T o = L 1 ool ),
A (W(v) = (1~ o]?) ™2 = (1 + O(Jo]) do,
and
()~ q = (v ~ol2/2) + O(lol).

where do denotes surface measure on S?~!, Moreover, since p is C? near g,

p(¥(v)) = p(q) + (Vga-1p(q),v) + O(|v]?),

where 7,S%1 is identified with R™ x {0}. The contribution from the complement
of this coordinate patch is exponentially small because T is bounded below there by
a positive constant.

For the first moment (E.3), the tangent component comes from multiplying the
linear term v in ¥(v) — ¢ by the linear term (Vga-1p(q), v) in the density expansion:

J v {(Vga-1p(q), vy e 12 dv = (27)™2 3727100 p(q).
The normal component comes from —|v||?¢/2, giving

q — 2 m —m —
_P(2 )qJ HUHQQ Blvl?/2 4o = _Ep(q)(%)mﬂﬁ /2 1q.
]Rm

All other terms are lower order: odd Gaussian integrals vanish, and the remaining
nonzero terms contain at least three tangent powers or the factor 3|v|* from the
exponential expansion. Thus

E[(z1 — q)e#"*] = p(q)(2m)™/? (VSd—l log p(q) — %q) BTM2H1 + o(1)).
Since
cr(+1) = e

this proves (E.3).
For the second moment (E.4) with e=2871 the leading contribution is tangent—
tangent:

p(q>f v eI dv = p(g) (2m)™/2(28) 72 d,.
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Embedding the tangent covariance into R gives P,. The normal-normal part is
order 7™/2=2 and the tangent-normal mixed part is lower order by parity or by
degree. This proves (E.4).

Finally, for the third moment (E.5), in the same chart, |z — ¢| = |v| and
T(¥(v)) = |v||?. Hence

& — gPe=?PT@ < Co)PeBll*

locally, and so the local contribution is bounded by
C’J HUHSe*cﬁ”vP do — O(Bf(erS)/Z) — O(ﬂfl/afs/z)'
Rm

The contribution away from the chart is exponentially small, proving (E.5). (]

E.5. Subcritical output: proof of Theorem 4.3. We now prove the output
theorem. The proof has two reductions. The first replaces the random denominator
Z, by its expectation using Theorem D.2. The second applies a triangular-array
central limit theorem to the numerator B, (q).

Lemma E.6 (Denominator reduction). Assume V =1d. If r, > 0 and

r Bn(q)
"E[Z,]

= 7,

then
raVn(q) = Z.

The same implication holds with convergence in probability in place of convergence
in distribution.

Proof. By Theorem D.2,

In_ Py ElZn] ¥, 4
E[Z,] ’ Zn
Since @ (2]
Bn q E ZTL
T Yn(q) = "E[Za] Zn
Slutsky’s theorem finishes the proof. O

Lemma E.7 (Numerator fluctuation lemma). Set
Xpi = (x; — q)e P T, my, = E[B,(q)] = nE[X,1], Iy, =nCov(X,1).

Suppose rp, >0, pe R, and T' is a symmetric nonnegative matriz such that

m,
2
rn
(E.7) mrn - T,
B[ X1 7]
(E.8) E[Z,] 0.
Then B
TnEELZ(q; = pn+N(0,T).

IfT" = 0, this means convergence in probability to p.
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Proof. Define

n
Yn,i = m(Xn)i - E[Xn7]_])

Then the Y, ; are independent and centered, and

Bn n =
r (9) =T, m + 2 Yo

"E[Z,] E[Z,] =
Moreover,
Z Cov(Y,,) = ]E[Zn]QF" =T
i=1
by (E.7), and

= r2nE[| X1 3]
E[|Yn,]’] < C2—r == — 0
Y1) < O
by (E.8). The Lyapunov central limit theorem for triangular arrays (for instance,
Proposition 2.27 in [VAV00]) gives

D Y= N(O,T).

i=1
Combining this with (E.6) proves the claim. O
Proof of Theorem 4.3. It is enough to prove the theorem when V' = Id, because the

general case follows by applying the linear map V to the identity-value limits. We
therefore work with

(E.9) E[Z,] = C(q)T| = + 1) nB; (1 + o(1)),

(.10) - c<q>r( . 1) V(@B (1 + o(1)).

Moreover, (E.4) implies

1 —1/a— —1/a—
WELX0 X ] = C@T (5 1) 27 Py 0 (1 o),

Since (E.3) gives E[X,, 1] = 0(5;1/(1—1)’

s

nE[ X, 1]E[ X, I]T - O(nﬂ;Q/a_Q) _ o(nﬂgl/"_l).

s )

Therefore )
I, = C(q)F(a + 1) g~ Vemlp pp-teml(1 4 o(1)).

Recalling that c¢; = 2797~ (4=1/2 and %(q) = cap(q) "' P, we get
62 141/

517 = D) (1 o()

2
52nE[HXmIH3] _ —1/2 71L+1/a
(B12) - E[Z.]* E[Z,]? =9\

n

(E.11)
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We now apply the numerator fluctuation lemma in the three possible subcritical
output regimes.

— 0, equivalently ﬂ,llﬂ/a/n — 0, and set

Drift-dominated regime. Assume BL+on=

rn = Ppn. From (E.9) and (E.10),
mn

E[Z,]

- V(q).

T'n

By (E.11),

r2

7E[Zn]2rn — 0,
and by (E.12),
PAnE[|X o]
E[Z.]?
Thus Theorems E.6 and E.7 yield

Badn(@) = Y(q).

Mized drift-fluctuation regime. Assume SBiton=% — 7 € (0,0), equivalently
ﬂ,llﬂ/a/n — 71/ and again set 7, = f3,,. Then

2

N 7"7” S

_MMn_
E[Zn]
Moreover, (E.12) gives

Tn

B[ X 1]

E[Z,]* O(8, %) =0,

n

1+1/a . . .
L+1/2 4 this regime. Hence

Budn(q) = Y(q) + N (0,775(q)).

Fluctuation-dominated regime. Assume B1*%n=% — oo while still 8,n~* — 0, and

set
Ty = /nﬁgl/(x-&-l.
gz = Veen T V@ o) — 0,

because ﬂ}fl/a/n — 00. Also,

because n =

Then

Finally, by (E.5),
ranE[| Xn1 ]
E[Z,]?

B V() = N(0,3(q)).

In all three cases the normalizing factor diverges, so Y, (¢) — 0 in probability in
the identity-value case. For general V', apply the linear map z — V z to the identity-
value limits. This gives the three conclusions of Theorem 4.3, with covariance
V¥(q)V'T, and also Y, (¢) — 0 in probability. O

= 0B *)712) - 0.

Thus
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E.6. Residual dynamics: proof of Theorem 4.4. The residual dynamics use
only the drift-dominated output regime and the first-order expansion of the normal-
ization map u — wu/|ul|.

Proof of Theorem 4.4. Because 3:t%n~% — 0, Theorem 4.3(1) specialized to V =
Id gives

P d—1
Bndn(a) = Y(q) = Vga-1log p(q) — ——q.

2
Consequently, V,,(q) = Op(3;1).
For ¢ € S%! and a small perturbation h,

_ —1/2
g+ A" = (1+2g, By + [R]2) ™ = 1= g, by + O(J][>).

Thus
q+h

la+n]

Setting h = vV, (q), we obtain
¢ =q+7PYu(g) + Ru,  Rn=0p(B,7).

Since P,Y(q) = Vsa-1log p(q),

(E.13) BuPyVn(g) = Vsa-1 log p(g).
and this concludes the proof. ([l

g+ h—{g,hyq+ O(|h|*) = g+ Pyh + O(|h]*).

An immediate consequence is the following corollary:

Corollary E.8. Assume V = Id and let ¢* be a critical point of p on S4~1. For any
q # q* in a sufficiently small neighborhood of q*, the limiting update in Theorem 4.4
increases {q', (¢*)"> if ¢* is a strict local mazimum of p, and decreases it if ¢* is a
strict local minimum.

Proof. Consider ¢, ¢ € S*~!. Expanding the inner product of the updated queries,
and using Theorem 4.4 yields:

(B.14) Ba(al,ab) — (ar a2)) — v(<VSd—1 log p(q1), g2 + {q1, Va1 log P(Q2)>)~

Apply Equation (E.14) with ¢; = ¢ and g3 = ¢*. Since Vga-1 log p(¢*) = 0,

Bu (' (a*)) — a,q*)) > 7(Vga-1 log p(q). ¢*).

It remains to identify the sign of the limiting inner product. Parameterize the
geodesic issuing from ¢* by

q(0) = (cos0)g* + (sinf)u,

where u € T,;xS?~1 is a unit tangent vector and 6 > 0 is small. Since Vga-1 log p(g(6))
is tangent to the sphere at ¢(#), it is orthogonal to ¢(6), so

cos 0 (Vga-1log p(q(0)), ¢*) + sin 0 (Vga-1 log p(q(0)), uy = 0.
Therefore
(Vga-11og p(q(9)),q*) = — tan 8{Vga-1 log p(q(0)), u).
A Taylor expansion along the geodesic around the critical point ¢* gives

(Vga-11og p(q(8)),w) = (Va1 log p(qg*)u,u) + o(8).
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Using tan 6 = 0 + o(0), we obtain
(Vsa-11og p(q(0)),¢*) = —0°(Vza-1 1og p(q*)u, u) + o(6?).

If ¢* is a strict local maximum of p, then the spherical Hessian of log p at ¢* is
negative definite, so the right-hand side is strictly positive for 6 small. Thus the
limiting update increases {¢’, (¢*)"). Conversely, if ¢* is a strict local minimum of
p, then the spherical Hessian is positive definite, so the limiting update decreases
(¢, (¢*)". Finally, since Vga-1logp(¢*) = 0, Equation (E.14) applied with both
queries equal to ¢* shows that ¢* does not move to first order. O

APPENDIX F. ROPE wITH CORRELATED TOKENS

In this appendix, we consider the critical scaling problem when the attention
scores incorporate Rotary Positional Embeddings (RoPE) [SAL™ 24| and the context
tokens are correlated.

RoPE encodes the positions by rotating query and key coordinates in frequency-
dependent two-dimensional planes before taking their inner product. Since these
rotations are orthogonal, a RoPE score can be rewritten as an ordinary dot product
between the key and a query direction that moves deterministically with relative
position. Thus, for the one-query asymptotic studied in this paper, RoPE changes
the fixed target direction ¢ into a deterministic orbit (u;) on the sphere. The random
part remains the token sequence (x;), while the RoPE rotations are deterministic.

We use the standard block-diagonal RoPE form. For an even rotated dimension
d=2L, let

R, = diag(r(pth), .., r(p91)), r(¢):<z?§$ —sin<z>)'

cos ¢

The same notation also covers the common case where only a rotated subspace
is used, by leaving the remaining coordinates unrotated. If a query at position p
attends to a key at position ¢, then
<qua R’L'T2> = <R7TRPq7 I’L> = <R1T—pq7 I’L>
After relabeling relative positions, we write
u; = R} q, (Rog, Riwi) = (ui, ;).

Changing the reference position or the sign convention only shifts the initial phase
or replaces the frequency vector by its negative, and does not affect the limiting
phase law below.

It is useful to encode this deterministic orbit as a torus rotation. Let

T:=R/Z, 0 := (129;’29;) e TE.
Define the continuous map
®,: TF — 71 Py(x) := diag(r(—27az1),...,7(—27rzL))q.
Then the RoPE target sequence is simply
u; = ©q(i6 mod 1), i€ Z.

This is the only structural property of RoPE used in the proof: the target direction
follows a deterministic translation orbit on a torus, mapped continuously into the
sphere.
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Let

Hy:={i0 mod 1:i¢eZ} c TE.
This is a closed subgroup of the torus. Let m3  denote Haar probability measure
on H, [Foll6], and define the deterministic phase law
g = (Pg)pmyy, -
The orbit closure in the sphere is
Of i={u; i€ Z} = ©4(H,y),
and Proposition F.7 proves that

183
ﬁ Z 6Uz = Tq-
i=1

Thus 7, is the long-run deterministic distribution of RoPE target directions. If the
frequencies are rational multiples of 2, then the orbit is periodic and 7, is uniform
on that finite orbit. If 1,6;, ..., 6}, are linearly independent over Q, then H, = TL,
and my, is the uniform measure over T’. Intermediate arithmetic relations give
the corresponding Haar measure on a proper closed subgroup.

With this notation, the score, D2Q, and weights are

a; = Bn<u’iax’i>7 Ui =1- <ui7 'Ti> € [07 Q]a

and
efﬁn Uz'

Consequently, as in the i.i.d. fixed-query case, the asymptotic behavior of the
ordered weights is controlled by the lower tail of the D2Q variables. We make the
following assumptions in this appendix.

A= Ay =z Ay == Ay

Assumption 2 (Correlated tokens with RoPE). The sequence (;)icz is stationary®
with values in S?~1. Moreover:

(i) there exists an integer m = 0 such that (x;) is m-dependent, i.e., for any two
index sets I, J < Z with dist(I, J) > m, we have {z; : i € I} and {z; : j € J}
are independent.

(ii) the common law of x; has a density p with respect to surface measure on
S?1, and p is continuous and strictly positive on a neighborhood of O,.

(iii) for each 1 < < m, the pair (xg,z¢) has a density with respect to product
surface measure, bounded on a neighborhood of Oy x O,.

Remark F.1 (On stationarity). Stationarity in Assumption 2 is a convenient suffi-
cient condition, not an essential one. The same argument should extend whenever
the rescaled D2Q has the same Poisson Point Process limit.

Remark F.2 (When anti-clustering fails). When Assumption 2(iii) fails, the first-
order scale often remains n®, but the limiting point process is typically no longer
Poisson. In that case the limiting ordered weights are obtained by applying the same
softmax functional to the appropriate cluster-Poisson extremal process.

2A sequence of random variables (zy)kez is called stationary if for every m > 1, every choice of
indices k1,...,km € Z, and every h € Z, one has

d
(@hy s> Thpy) = (Thyths oo s Thopy +h)-



SCALING LIMITS OF LONG-CONTEXT TRANSFORMERS 33

Under Assumption 2, the critical exponent remains o = %, and RoPE changes
only the constant in the limiting point process through the orbit average C(q).

B 21/040.d_2

6(q) = -1 L(H p(u) Trq(du)v

Theorem F.3 (Critical regime with correlated tokens and RoPE). Under Assump-
tion 2, assume that B,n~* — v € (0,00), and let X be a Poisson point process on
R, := [0,00) with intensity measure

_ o y 1/a

Ao =C@(7) . vz
Write 0 < Y1 < Yo < --- for the atoms of X arranged in increasing order. Then, for
every fized k > 1,

(Aqy, .- Awy) = Wh,..., W) asn— o,

where

e Yi

2j>1 e i’

Remark F.4. For simplicity, we state and prove only the critical RoPE limat.
Under the same assumptions, the supercritical and subcritical conclusions from the
1.1.d. case carry over to the RoPFE setting. In particular, similar to Theorems 3.1
and 3.3, By~ — o0 gwes Ay — 1, while f,n~* — 0 gives Ay — 0 for every
fized i.

W; = 1= 1.

Remark F.5. We note that if we denote F;(t) = P(U; < t), then C(q) equals the
average of local density along the RoPE orbit:

Clq) = Tim =3 lim Rt

n—00 1 — t—>0+t
=1

In particular, if p is invariant under the RoPFE rotations along the orbit of q, then
| ol mata) = o),
§d—1

so that C(q) = C(q) and the first-order critical normalization is the same as in the
i.1.d. theorem.

Define
X, = Z 08,,U; on R,.
i=1

We first establish the Poisson limit for X,.

Lemma F.6 (Poisson point process limit). Assume that B,n~% — ~ € (0,0) .
Under Assumption 2, we have X, = X in M,(R;), where X is a Poisson point
process on R, with intensity measure A given by

Ko -c@ (L) vzo
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Proof of Theorem F.6. We prove the convergence by Laplace functionals.
Fix a nonnegative function ¢ € C.(R.). Let R < o be such that supp ¢ < [0, R],
and set
Gly)=1- e~ P Xini=GBU;) =1- e~ P(Bnli)

Then 0 < X; , < 145,u,<R), and

Bow(~ [ o) (i) =E] [0~ Xi0)

+ i=1

We will show that this converges to
exp(—J (1—e*W) K(dy)).
Ry

Step 1. Uniform one-point tail asymptotics. Note that by Assumption 2, p is
continuous on a neighborhood of the compact set Oy, so it is uniformly continuous
there. Hence

sup ]Pu ~(uy ) < t) — Clu)te] = o(t/*).

ueQy

Since u; € Oy, this gives, uniformly in %,
(F.1) P(U; < t) = Cu;)tY + o(tY®) as t]o0.

In particular, for every fixed R < oo there is a constant Cr < o0 such that, for all
large n and all 1 < ¢ < n,

C
(F.2) P(3,U; < R) < 7}?’

Step 2. Convergence of the mean measures. Let

i (B) = 2 P(3,U; € B), B < R, Borel.

1/a T
Y\ Y e
F3)  (00) = 2 P(U < 57) = S 3 O+ no(s, ).
Recall from Lemma A.1 that, for u e S}
oleg,
(F.4) Clu) = = —T"p(u).

We need the following lemma for the limit of the mean measure:

Proposition F.7. With n, = (®,)4mmu, defined at the beginning of Section F,
1 n
= Z Ou; = Ty weakly on P(S41).
n
i=1

We defer the proof of Proposition F.7 to the end of this appendix. By Proposi-
tion F.7, we obtain directly that

(F.5) S o) [ pla)m(d).

Sd—l
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Therefore, combining (F.3), (F.4) and (F.5) and using 5,n~® — 7, we have

21/a

pn([0.51) — Z T2 ey [ty () = Tl () = Ko,

The limit distribution function is continuous in y, so u,, converges vaguely to A on
R, . Hence, since G = 1 — e~ % is continuous and compactly supported,

©6) L= X = [ty — L= [ a6 B

Step 3. Short-range two-hit bound. Fix 1 < ¢ < m. By Assumption 2(iii), the
pair (z;,z;1+¢) has a density bounded on a neighborhood of O, x O,. Therefore, for
all sufficiently small ¢,

P(U; < t, Uiy <t) < C't¥°,
uniformly in ¢ and 1 < £ < m. Taking t = R/f,, yields

C
(F.7) E[XinXiten] SP(BRU; < R, BulUive < R) < TT};
for all large n, uniformly in ¢ and 1 < ¢ < m.
On the other hand, if |i — j| > m, then m-dependence in Assumption 2(i) gives

independence, and (F.2) gives

Cr
n2’

(F.8) E[X;nXjn] = EX; , EX;, <

Step 4. Blocking reduction to independent blocks. Let b, := |n'/?|. Partition
{1,...,n} into consecutive large blocks of length b,,, separated by gaps of length m.
More explicitly, set the block

By i={(r —1)(by +m) +1,...,(r —1)(b, + m) + b, }

and we let Z,, < {1,...,n} collect those r such that B, , < {1,...,n}. Let B, =
UreIn B, ,, be the union of these large blocks; see Figure 4 for an illustration.

bn m
final
Bl;n gap BQ,TL gap B"‘y’ﬂ gap B\In\a” remainder
[ ] [ ] [ ] [ o -
[ ] [ ] [ ] [ 11T J
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1%7 18 19 20‘2}% 23 24 25 26 27 28 29
i€ Brn < By i € Gn

Figure 4. Large blocks are separated by gaps of length m, so the
corresponding block variables are independent under m-dependence.

Let G, := {1,...,n}\B,, be the union of the gaps and the final remainder. Then
G| = 0(% + bn> — o(n). Since 0 < X;,, <1,

H(l - Xin) — H (1= Xin)| < Z Xin-

i=1 i€B, 1€Gn
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Using (F.2),

CR‘gn|
(F.9) E Z Xip € =258 — 0,
i€Gn
Therefore
n
(F.10) E] [0 - Xin) =E [[ (1= Xin)+o0(1).
i=1 i€B,

The large blocks are separated by more than m indices, so the corresponding
collections of variables are independent. Hence

E H (1 - Xv,n) = HQr,na QT,H =E 1_[ (1 - Xz,n)
i€By, r 1€Brn

For each block, define a,, 1= >, B, , EXin. The standard Bonferroni bound

[Ta-a)- (1= Y o)< ¥ way,  0<ms<t
i€B i€B 1<j
i,jeB
gives
Qrn=1—arnterm  lenal < ), E[XinXjnl
i<j
1,J€EBr n
By (F.7) and (F.8),
(F.11) lernl < Crb; /n.
Since the number of large blocks is O(n/by,),
b
F.12 rn| < Cp— — 0.
(F.12) T;n lernl < Cr

Moreover, by (F.2),

by,
F.1 rn S — U
(F:13) E

and by (F.6) together with (F.9),
Z Upp = Z EX;, = L, +o(1) — L.

rely, €B,
By (F.11) and (F.13), for all large n, | — arn + €rn| < 1/2 uniformly in r, and
therefore
Z log Qp., = 2 log(1—ayrpn+ern) = — Z Grp+ 2 Enn-l—O( Z (af_’n—i-e?,,n)).
re’l, rel, rel, rel, re’l,

The last error term tends to zero because
Z a%‘,n < (mraxaryn) Z arn — 0, 2 Ei,n < (Irré%idgrnb Z lern| — 0.
rely, rel, rely, rely,
Combining this with (F.12) gives
Z log Qrn — —L.

rel,
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Consequently,

(F.14) EJ]O-Xin) =[] Quu—e™

i€B, r€l,

Finally, combining (F.10) and (F.14), we get
E eXp(— f ¢ (y) Nn(dy)) — eXP(— J
R

(1= ) A(dy)),
Ry
which implies the point process convergence X, = X in M,(R,). ]

+

Proof of Theorem F.7. Define the empirical measures on TZ by
1 n
Nn = ﬁ 211539 mod 1-
j=

For k € Z, their Fourier coefficients are

n

An k) = 2mik-x n(dx) = = 27r1]k-0.
Wk = [ i) = % Y e

7=1
If k-0 € Z, then every term equals 1, so 7, (k) = 1. If k- 6 ¢ Z, then the right-hand
side is a normalized geometric sum and therefore converges to 0. Hence

(k) — Lr.oczy-
These are exactly the Fourier coefficients of Haar probability measure my;, on H,
[Rud17]. Therefore 1, = my, on T*. Pushing forward by the continuous map @,
yields

Z uy = (Rg) i = (Pg) g, = mq.
j=1
This proves the claim. ([l

Proof of Theorem F.3. To pass from the point-process limit to the softmax denom-
inator, we use a strengthened Laplace-functional convergence, which essentially
follows the proof of Theorem F.6. Let

Ly = fe_y)(n(dy), 7Z = Je‘y)((dy).
For every p € C.(Ry), ¢ =0

> 0 and every s = 0, set
Gs(y) =1 —exp{—p(y) — se”"}.

Then
0<Gu(y) <1—e¥W 4 ge7Y,
and the right-hand side is integrable against the limiting intensity, since SSO e vyl/o—ldy <
0. The same blocking argument used for the compactly supported Laplace functional
in the proof of Theorem F.6 therefore gives

Eexp {fsﬁ(y)?fn(dy) - SZn} = EU(l — Gs(B,10))

— e {- [}
= Eexp {Jsﬁ(y)X(dy) - SZ}-
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This is exactly convergence of the joint Laplace transform of (X, e vX,(dy)).
Varying ¢ over a convergence-determining class in C.(R,) and s > 0, this gives

(A%K[e%txdm) :><theyAxdw>.

It remains to pass from the point process and its denominator to the ordered
softmax weights. Let
n n n
0<¥qa) <YYo < <Yp
)
— — Zn
The limiting intensity measure A is diffuse, and A([0, R]) — c as R — 0. Hence
the limiting Poisson point process X is simple, has infinitely many atoms, and its
first k atoms 0 < Y(;) <--- < Y{3) are finite almost surely. Moreover

Z = J-e—y/‘\,’(dy) = Z e~ Yt

j=1

denote the atoms of X, in increasing order, so that Y(’Zl) = BaUg) and Ay =

is almost surely finite and strictly positive: finiteness follows from SSO e YA(dy) < oo,
while positivity follows from the existence of atoms. Therefore the map

(.2) (e—yu)(#) e—y(k)(#))
ILL7 z i Yyt )

z z

where y;) (1) is the i-th atom of y, is continuous at (X', Z) almost surely. Applying
the continuous mapping theorem to the joint convergence above gives

(A Amy) e Yo e Yo e Y e Y
1)+ Ak)) = sy = v R v .
Zn A Zj;l e Y Zj;l e Y

This is exactly the claimed convergence to (Wi,..., W), and proves Theorem
F.3. [l
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