Proceedings of Machine Learning Research vol 291:1-60, 2025 38th Annual Conference on Learning Theory

Partial and Exact Recovery of a Random Hypergraph from its Graph
Projection

Guy Bresler GUY @MIT.EDU
EECS, MIT

Chenghao Guo CHENGHAO @MIT.EDU
EECS, MIT

Yury Polyanskiy YP@MIT.EDU
EECS, MIT

Andrew Yao AJYAO @MIT.EDU
EECS, MIT

Editors: Nika Haghtalab and Ankur Moitra

Abstract

Consider a d-uniform random hypergraph on n vertices in which hyperedges are included iid so that
the average degree is n’. The projection of a hypergraph is a graph on the same 7 vertices where an
edge connects two vertices if and only if they belong to some hyperedge. The goal is to reconstruct
the hypergraph given its projection. An earlier work of Bresler et al. (2024) showed that exact
recovery for d = 3 is possible if and only if 6 < 2/5. This work completely resolves the question
for all values of d for both exact and partial recovery and for both cases of whether multiplicity
information about each edge is available or not. In addition, we show that the reconstruction fidelity
undergoes an all-or-nothing transition at a threshold. In particular, this resolves all conjectures
from Bresler et al. (2024).

1. Introduction

The overall goal of community detection is recovering clusters of vertices given observations of
noisy associations between them. The most popular version is that of pairwise associations (New-
man, 2006): in friendship graphs, social networks, co-purchase data, etc., an edge between two
vertices appears more often when vertices belong to the same latent cluster. However, oftentimes
the interactions are of higher order. For instance, in scientific communities, the data comes in the
form of co-authorship (Newman, 2004), which is a form of multi-vertex association relation. A
statistical model for this kind of data, known as the hypergraph stochastic block model (HSBM),
has been actively investigated recently, starting from Ghoshdastidar and Dukkipati (2014); Angelini
et al. (2015).

This paper focuses on a particular subproblem in this general research area: recovery of the
multi-vertex association data (i.e. a hypergraph) from the pairwise association data (i.e. a graph).
As an example, consider the case of a large group of people working together on multiple projects
(project membership becomes the multi-association data, a hypergraph), but due to data collection
limitations we only observe the existence of email exchanges between pairs of co-workers (Klimt
and Yang, 2004), which for simplicity we further simplify into a graph with an edge between any
pair of people who exchanged an email. Clearly, the mapping from a hypergraph to a graph gen-
erally loses information. The question we study in this work is how well we can infer the original
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hypergraph given only the projected graph, i.e. a graph that connects any pair of vertices that belong
to some hyperedge.

The problem of recovery from the projected graph has been studied in the last few years, both
theoretically and empirically. Wang and Kleinberg (2024) assumes access to a sample of a hyper-
graph from the underlying distribution and proposes a scoring method to select hyperedges based
on their similarity to the sampled hypergraph. Another algorithmic approach is to sample from the
posterior distribution given the projected graph (Young et al., 2021; Lizotte et al., 2023). In Chen
et al. (2024), a large foundational model is used to recover a weighted hypergraph from a sample of
its hyperedges, where each hyperedge is assigned a probability proportional to its weight.

Theoretically, interest in reconstructing a hypergraph from its projection arose following the
work of Gaudio and Joshi (2023), which proposed to solve the HSBM community detection task
by leveraging well-known graph algorithms. This motivated Bresler et al. (2024) to investigate the
amount of information loss introduced by projecting the hypergraph data to graph data. Somewhat
surprisingly, Subsection 1.2.1 ibid demonstrated no loss, thus validating this general approach to
HSBM.

Note that as the hypergraph becomes more dense (contains more hyperedges), the recovery task
becomes harder. While in HSBM the hypergraph is so sparse that the projection can be “undone”
without error, a more general question of exact recovery threshold was only answered in Bresler
et al. (2024) for d = 3-uniform hypergraphs. In this work, we not only settle the value of the
threshold for all d, but also establish the value of the (generally higher) threshold for partial recovery
of the hypergraph, in which the algorithm is allowed to miss a fraction of the hyperedges.

In addition to finding the value of the threshold, we also establish a so-called “all-or-nothing”
phenomena for our problem. It was previously demonstrated in Wu et al. (2022), which considers
exact and partial recovery for graph matching and exhibits that at a threshold the best algorithm
transitions from recovering almost all of the assignment to almost none of the assignment. Even
earlier, this was demonstrated in the problem of sparse linear regression (Reeves et al., 2019). Simi-
larly, we demonstrate that for partial recovery, the fraction of hyperedges recovered transitions from
1 —o0,(1) to 0, (1) while for exact recovery, the probability of success transitions from 1 — 0, (1) to
on(1).

To understand what threshold we are talking about, let us specify the random hypergraph model
that we consider. It is a natural extension of the Erd&s-Rényi random graph model G(n, p). Suppose
thatd > 3andnisa positive[irllteger. In this paper we often denote the set of d-uniform hypergraphs

d

with vertex set [n] as {0, 1}( ). Letting § € (—o0,d — 1) and taking

p o< (L4 0n(1))n= T,

the random d-uniform hypergraph H is sampled from the product measure Ber(p)®([zl). So the
recovery threshold corresponds to the largest value of ¢ for which recovery is possible. See Table 1
for a summary of previous and new results.

For partial recovery, the efficient algorithm that outputs the set of cliques in the projection of
‘H achieves a partial recovery loss of 0, (1) when partial recovery is possible, see Subsection 2.2.
For exact recovery, the MAP algorithm is efficient with high probability when exact recovery is
possible, see (Bresler et al., 2024, Theorem 10).

Notice that the hypergraph reconstruction problem is a particular example of a planted con-
straint satisfaction problem (CSP): the planted (latent) assignment is the hypergraph and the set
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of constraints is defined by the observed edges in the projection. The problem of reconstruction
given the weighted projection is also a linear inverse problem, since we can describe the problem
as AH = W, where A € {0, 1}(3)X(3) is a fixed (non-random) matrix encoding the incidence
relation between edges and hyperedges, H € {0, 1}(3) *1 is the iid Bernoulli planted hypergraph,

"x1
and W € Z(>20)X is the observed weighted projection. (For the unweighted projection, we have

W e {0, 1}021)Xl and the problem is a generalized linear inverse problem: min(AH,1) = W.)
Thus, our work can be seen as deriving sharp thresholds for exact and partial recovery of these
planted CSPs, contributing to a long line of work of Krzakala and Zdeborova (2009); Abbe and
Montanari (2015); Barbier et al. (2019); Feng et al. (2022) and many others.

1.1. Main results

We consider two recovery objectives given the projection of a random hypergraph H. In exact
recovery the algorithm is required to precisely recover the hypergraph. The metric is the probability
of correct recovery. In partial recovery, the algorithm is required to produce a hypergraph H with
a small partial recovery loss, which equals the ratio of incorrect hyperedges (either missing or
spurious) to the total number of true hyperedges. See Subsection 1.3.1 for more precise definitions.

Theorem 1 (Partial Recovery) If§ < d I L then the partial recovery loss is 0,(1) and if § > d +1
then the partial recovery loss is 1 — 0, (1).

This theorem statement follows by combining Corollary 28, Theorem 11, and Theorem 14. We
prove Theorem 2 in Subsection A.2 using a similar framework and we prove Theorems 3 and 4 in
Appendix D.

Next, we also study the problem of recovering from a weighted projection graph, which counts
the multiplicity of each edge inside true hyperedges thus making the recovery problem easier. How-
ever, as the next result shows, this extra information is not able to shift the partial recovery threshold.

Theorem 2 (Partial Recovery for Weighted Projection) If ) < %

recovery loss is o, (1) and if 6 > d o L then the weighted partial recovery loss is 1 — o0, (1).

then the weighted partial

Theorem 3 (Exact Recovery) Suppose 3 < d <5 Ifd< gg_‘f, then the probability of exact

recovery is 1 — o, (1). Conversely, ifd > 2 d 1, then the probability of exact recovery is o, (1).
Suppose d>5.1Ifd < d+1’ then the probability of exact recovery is 1 — 0, (1). Conversely, if

0> d +1’ then the probability of exact recovery is o, (1).

In particular, Theorem 3 verifies the conjecture from (Bresler et al., 2024, Appendix C) that the
exact recovery threshold is 2d 4 for d = 4, 5.

Going to recovery from a welghted projected graph, surprisingly we discover that unlike in
partial recovery, the side information is able to move the threshold, but only for d = 3, 4.

Theorem 4 (Exact Recovery for Weighted Projection) Suppose d > 3. If § < %,

probability of weighted exact recovery is 1 — o, (1). If § > %, then the probability of weighted
exact recovery is oy, (1).

then the
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We remark that for the unweighted projection when d = 3,4, there are two separate (both

all-or-nothing) thresholds of % and % for partial recovery and exact recovery, respectively;

when d > 5, both thresholds are at %. Interestingly, for the weighted projection, there is a single

threshold of % for both exact and partial recovery. The reason for this is that the bottleneck for
exact recovery, which is called an ambiguous graph, in the two models are different. We will discuss
the definition of ambiguous graphs in Subsection 2.6.

The contributions of this paper as compared to previously established exact recovery thresholds

for d > 4 are summarized in Table 1.

d | Previous work (exact recovery) | New (exact recovery) | New (partial recovery)
3 2/5 2/5 1/2
4 [1/2,4/7] 4/7 3/5
5 [1/2,2/3] 2/3 2/3
d—3 d*—-d—2 d—1 d—1
> 6 [ d2—d—|—2} d+1 d+1

Table 1: Recovery thresholds (critical value of §): comparison of known results and this work.
Note that exact recovery threshold for weighted projection graph coincides with the third
column (partial recovery).

1.2. Notation

For a hypergraph H = (V, E) let the projection of H be the graph with vertex set V' and edge set
equal to the set of {4, j} such that i, j € V, i # j, and there exists h € E such that {i,j} C h; we
denote the projection of H by Proj(H). Let the weighted projection of H be the weighted graph
with vertex set V' and edge weight of {7, j} equal to the number of » € H that contain {3, j} for all
i,7 € V, i # j; we denote the weighted projection of H by Projy, (H).

Suppose d > 2 and H is a d-uniform hypergraph. Let E(H) and V(H) denote the sets of
edges and vertices of H, respectively and let e(H) = |E(H)| and v(H) = |V (H)|. Furthermore
let a(H) = z(g% and m(H) = maxg<py a(H), where the maximum is over subgraphs K of H.

Let G (resp. Gy) be the set of projections (resp. weighted projections) of some d-uniform hyper-
graph. For G € G (resp. Gy), the hypergraph H € {0, 1}([3]) is a preimage of G if Proj(H) = G
(resp. Projy (H) = G).

1.3. Random graph model and recovery criteria

We now introduce the random hypergraph model from Bresler et al. (2024) that we study. Suppose
§ € (—0o,d — 1) and ¢ € (0,00). Unless otherwise stated assume that p = (¢ + 0, (1))n =41+,
Furthermore, we assume that § < 1 in all sections of the paper except for Section 1 and Sub-

section B.1. Suppose H C {0, 1}([3]) the random variable such that each element of ([Z]) is a

hyperedge of H independently with probability p. Furthermore we denote by H. € {0, 1}([3]) the
random d-uniform hypergraph with edge set equal to the set of d-cliques in Proj(?). We observe
Proj(#) and use this projected graph to make statistical inferences about . We also sometimes
use the random variable ¥ to denote Proj(H ), for brevity.
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Remark 5 The regime of p we consider differs by a constant factor from the regime p = n~%H1+9

that Bresler et al. (2024) considers because we hope to be more precise. Despite this, many of the
results from the paper Bresler et al. (2024) are still true and provable with the same methods, so we
do not repeat the proofs after citing results from that paper.

We sometimes refer to elements of F(H.)\ E(H) as fake hyperedges. Let ¢ = Pr[[d] € E(H.)];
note that g is the probability that any element of ( [Z]) is an edge of H. by symmetry, so g is the
hyperedge density of H..

1.3.1. PARTIAL RECOVERY

]y . . . . ..
Suppose B : G — {0, 1}( 7) is a partial recovery algorithm for the unweighted projection. We

define the loss of BB to be )
() & EIB(Proi () AEG)|

p(a)
where A denotes the symmetric difference. Note that p(}) = Ey[|E(#)|], so £ corresponds to the
fraction of edges in H that are predicted incorrectly. Hence, the optimal unweighted partial recovery

algorithm is B* : G — {0, 1}([21) where

B*(G) = {h c ([”]> . Prlh € H[Proj(H) = G] > 1} .

d =2
For a partial recovery algorithm By : Gy — {0, 1}([:}]) for the weighted projection, the loss of
By is
a E[[Bw (Projy (H))AE(H)]]
p(a)

The optimal weighted partial recovery algorithm [3}j; is defined analogously to B*.

Ly (Bw)

Definition 6 The partial recovery loss is £(B*). If £{(B*) = o0,(1), then almost exact recovery is
possible.

The weighted partial recovery loss is by (B}, ). If tw (Byy,) = 0n(1), then almost exact weighted
recovery is possible.

Partial recovery is considered in other problems such as the HSBM (Gu and Polyanskiy, 2023)
and almost exact recovery is also considered in graph matching (Wu et al., 2022) and the HSBM (Du-
mitriu and Wang, 2024).

1.3.2. EXACT RECOVERY

Suppose A : G — {0, 1}([3]) is an exact recovery algorithm for the unweighted projection. Its
probability of error is Pr[A(Proj(H)) # H|. As discussed in (Bresler et al., 2024, Section 2.3), the
algorithm minimizing the probability of error is the MAP algorithm A* : G — {0, 1}([3]) where
(assuming that p < %, which is true if n is sufficiently large)

A*(G) € argmax Pr[H =H]= argmin e(H).
H:Proj(H)=G H:Proj(H)=G
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Similarly, for an exact recovery algorithm Ay : Gy — {0, 1}([3]) for the weighted projection,
its probability of error is Pr[Aw (Projy (H)) # H]. The algorithim minimizing the probability
error is the MAP algorithm Aj;, : Gy — {0, 1}([31), which is analogous to A*.

Definition 7 The probability of exact recovery is Pr[ A*(Proj(H)) = H|. The weighted probability
of exact recovery is Pr[ A}y, (Projy, (H)) = H].

2. Overview of main ideas

2.1. Weighted Versus Unweighted Projection

We remark that recovery from the weighted projection is always easier than from the unweighted
projection, for both partial and exact recovery. This is because we can always obtain the vanilla pro-
jection from the weighted one by forgetting the weights. Therefore, all algorithms for unweighted
projections also apply to the weighted case. In particular:

Lemma 8 ((B*) > lw (Byy,) and Pr[A*(Proj(H)) = H] < Pr[ A}y, (Projy (H)) = H|.

To introduce the main ideas, we will focus on unweighted projections for simplicity. The im-
possibility of partial recovery is stronger for weighted projections than for unweighted projections,
but we defer the discussion of weighted projections to Appendix A, since the proof techniques are
similar.

2.2. Maximum Clique Cover Algorithm

Let us focus on partial recovery first. We know that every hyperedge in H corresponds to a d-clique
in ¥, where ¥ = Proj(#) by definition. A naive algorithm would be to output the hypergraph #.,
which consists of all d-cliques in . We call this algorithm Maximum Clique Cover and denote it
by Bc. However, since only a subset of cliques correspond to hyperedges, B¢ is not optimal; the
loss of B¢ is the following:

B[ rcpm, e () U= [H]  Pr((9) c EW))

U(Be) = p(g) = » —1.

As a reminder, ¢ = Pr (([g]) C E(¥)) is the hyperedge density of .. For the proof of the
following result, see Subsection C.2. The main idea is that a hyperedge of H. is either a hyperedge
of H, which occurs with probability p, or each of its edges is contained in a hyperedge of 7{. Then,
we can approximate the probability of a hyperedge appearing in . with the sum of p and the
product of the probabilities of each of its edges being contained in a hyperedge of H.

Theorem 9
end—1 (2)
0= 0o+ (§og)

Corollary 10
(L4+on(1))p ifé < %7
q=qp+On(p) #5:%7
wn () ifé > Z—H.
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The following theorem tells us that B¢ achieves a partial recovery loss of 0,,(1) whenever 0 is

below %, because B¢ falsely recovers % — 1 = 0,(1) of the hyperedges of # on average.

Theorem 11 Almost exact recovery is possible if § < %'

This simple algorithm actually achieves the optimal threshold for almost exact recovery and
partial recovery, as we will show in the next section.

2.3. Relating partial recovery loss to preimage overlap

We discuss some fundamental equalities for the partial recovery loss introduced in Subsection 1.3.1.
First we have that for G € G,

Eyjw—c[IB*(G)AH|] = > min { Pr[h € H|¥ = G], Pr[h ¢ H|¥ = G]}. (1)
ne ()
Furthermore, ¢(3*) < 1 since the trivial algorithm that always outputs the empty set has a loss of 1.
The partial recovery loss can be captured by the expected size of the intersection of two ran-
dom hypergraphs with the same projection: Let H' be another random hypergraph that is in-
dependently and identically distributed as 7 after conditioning on the projected graph; that is,
when Proj(H) = G for some G € G, H' is sampled independently of # from the distribution
P|Proj(H)=G- Because H and H' are independent after conditioning on Proj(#), we have the
Markov chain H — Proj(#H) = Proj(H') — H'.
We consider the size of the intersection of H and #H' to prove the upper bounds of the partial
recovery thresholds. The motivation for this is the following lemma.

Lemma 12 The partial recovery loss can be expressed in terms of the overlap:
(a) ((B*) >1— W > ((B*)/2. IfE[|E(H) N E(H')|] = o (p(?)) then the partial
d
recovery loss is 1 — o,(1).

(b) E|E(H) N EM)] = () Y geg Prl¥ = G] Pr[[d] € H|¥ = G2

Proof The proof of (b) is straightforward. For (a), first observe that using (1) gives that

p((})5") = BomslEru—oliB"(G)a]]
=Y > Pr[¥ = G)min(Pr[h € H|¥ =G|, Prh ¢ H|T = G])
Geghe([z])
= > ) Pr[¥ = GJmin(Pr[h € H|¥ = G],Pr[h ¢ H|T = G])
he([g]) Geg @

- (Z) > Pr{¥ = Glmin(Pr[[d] € H|¥ = G], Pr[[d] ¢ H|¥ = G])
Geg

_ (Z) S Pifw =G (; ~ [Pl € HIw = G] - ;D .

Geg
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Using this then gives that
> Geg Prl¥ = G| (5 — |Pr[[d] € H|V = G] - §])

1<
S geg PrI¥ = G] (% = (Pr(ld] € H|¥ = G] - ) )
o < ZaegPrl¥ =G ] (3 — |Pr[ld] € H|¥ =G] - 5) <y
- P — > qeg Pr[¥ = G| Pr[[d] € H|¥ = G]? -
oupy > 1 EIECONEOON . o
p(3)
The remaining result of (a) is straightforward to prove. |

2.4. Information-theoretic argument proving weaker impossibility of partial recovery

To gain some intuition on why partial recovery is impossible, we can look at the question from an
information-theoretic view. Since we are recovering H after observing W, if H (W) is significantly
smaller than H (), we will not be able to recover much information about 7{. This is the case when
§ > % because H is sufficiently dense, see Lemma 58. A weaker version of the impossibility

d+
result in Theorem 1 can thus be obtained.

Lemma 13 Ifé > %, then the partial recovery loss is Q0 (1).

Proof From Lemma 58, if § > % then H(V) = (1 — Q,(1))H(H). Afterwards, H(H|¥V) =
H(H, V) — H(V) = H(H) — H(V), so H(H|P) = Q,(H(H)).

Let P, be the probability that B* predicts 1{[d] € H} incorrectly given W. Then, ¢(B*) = %.
Applying Fano’s lemma gives that

(Z)HB(Pe) > (Z)H(]l{[ e 1} W)= > H(L{heH}|V)

he (Il

>Hmm=mmmw{ﬁ (Hp() = P = (p) = (8" = 2 = 0,0).

However, we cannot extend this argument to prove that /(B*) = 1 — 0,(1) if 6 > %. For this

to be the case, we must show that P, = (1 — 0,,(1))p since ¢(B*) = %; then, using the previous

chain of inequalities, we require that H (H|¥) = (1 — 0,(1))H (H). We will see in Theorem 59 or
Lemma 61 that H(V) = Q,(H(H)), i.e. H(H|¥) = (1 — Q,(1))H(H). So we cannot extend the
argument. In the next section, we explain how we circumvent this problem.

2.5. Impossibility of partial recovery

The goal of this subsection is to prove that partial recovery is impossible when § > m, which is
stated in the following result.

Theorem 14 Suppose § > d +1 Then the partial recovery loss is 1 — o, (1).

8
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To prove the theorem, we use Lemma 12, which means that we need to prove that E[|E(H) N
E(H")|] = on (p(}}))- One of the main ideas is that we can restrict the set of H and H’ we compute
the expectation over by using expressions such as E[|E(H) N E(H)|[1{H € A}1L{H € A'}] for
sets A and A’ that contain H and #H’, respectively, with high probability. We use the following
lemma for this approach.

Lemma 15 Suppose U,, C {0, 1}([3]), n > 1 satisfy Pr[H € U] = 0, (1). Then

Ewe|EG) 0 BRI €t = o (5(}) ).

Proof The Cauchy-Schwarz inequality gives that

Pr[H = H|Pr[H = H']
Z Pr[Proj(H) = Proj(H)]

(")
Hely,, H'e{0,1}\ 4/,
Proj(H)=Proj(H')

|E(H)NE(H')| < > Pr[H = Hle(H)

Hely,

< ( S PrH = H]>§ 3 ) Pr[H = Hle(H)2 | =o, (p(:;)) .

Hely,

First observe that e(H) is concentrated around its mean p( d) and Corollary 41 gives that e(?—[c)
is concentrated around its mean ¢('}). Suppose € = 0, (1) satisfies e(H) € [(1—e)p(}), (1+¢) (Z)]

and e(H.) € [(1—€)q(})), (1+€)q(}})] with probability 1—o,(1). Let Z be the set of H € {0,1}([ )
such thate(H) € [(1—€)p(})), (1+€)p(}))] and e(H) € [(1—€)q(}}), (1+€)q(}})]. From Lemma 15,

BB N EGO] = EIEGO 0 BRI € 2l von (o)) O
because Pr[H ¢ Z] = Pr[H’' ¢ Z] = 0,,(1). This means we can focus only on the case where both
e(#H) and e(H.) are concentrated.

The concentration of e(#) and e(H.) is important for the proof of the key result Theorem 16.

Essentially, it allows us to count instances of H and H’ with a particular set of overlapping hyper-
edges. See Subsection A.1 for the proof of the result, which we state next.

Theorem 16 Suppose 6 > % and M € (0,1). Then

Pr (7—[,7—[’ € Z,|E(H)NEMH)| > Mp(Z)) = op(1).

Proof [Proof of Theorem 14] From Lemma 12 and (3), it suffices to prove that
E[|E(H) N E(H ) 1{H,H € Z}] = o, (p(Z)) )

9
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Observe that
E[[E(H) N EH)[1{H,H € Z}]

—E [|E(7—L) NEMNLIH,H € Z, |E(H) N E(H)| < Mp <Z> }]

+E [|E(7—[) NEH)I{H,H € Z, |[E(H)NE(H)| > Mp (Z) }]

n

< Mp(d) + Pr (’H,’H/ €Z|JE(H)NEH)| > Mp(Z)) (1+ e)p(:;),
since H € Z = e(H) < (1 + €)p(]}). Using Theorem 16 and € = 0,,(1) then gives that
E[|E(H)NEH)1{H,H € Z}] < (M +o0,(1))p (Z) .

Considering the limit as M — 0 completes the proof. |

2.6. Ambiguous graphs and exact recovery

We now find the threshold for exact recovery. The methods that we discuss in this section are used
to prove Theorem 3 in Appendix D; the proof of Theorem 4 follows a similar argument, although
the threshold is different in the weighted case. First, since the impossibility of partial recovery
implies the impossibility of exact recovery, based on Theorem 14, exact recovery is impossible if
o > %. Next, we explain how the exact recovery threshold is determined by the threshold for
the existence of ambiguous graphs and the notion of two-connected components, which are both
introduced in the paper Bresler et al. (2024). We also define an important ambiguous graph which

the paper discovers, see Definition 18.

Definition 17 For G € G, we refer to a preimage H of G that minimizes e(H) as a minimal
preimage of G. The graph G is ambiguous if it has at least two distinct minimal preimages. Also,
the graph G is weighted-ambiguous if it has at least two distinct minimal preimages with respect to
the weighted projection.

Now we explain why the presence of ambiguous graphs implies the impossibility of exact

recovery. Suppose that H € {0, 1}([2]) and G = Proj(H) is ambiguous. Then, there is a
preimage H' of G different from H with at most the same number of hyperedges. We have that
PrH = H] = ptD (1—p) (@) =) < pe(t) (1—p)(D)=e(H) = pr[3 = H'], since p = 0, (1) < 1
when n is sufficiently large; then, Pr[H = H|Proj(H) = G| < Pr[H = H'|Proj(H) = G]. So,
whenever Proj(H) = G, we will not be able to recover H with probability at least % As discussed
in Lemma 20, the converse is also true: the absence of ambiguous graphs implies exact recovery
with high probability. We will show the following ambiguous graph is the key bottleneck in exact
recovery.

Definition 18 Suppose H = (V, E) is a d-uniform hypergraph such that:

10
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s V={u,wi{v;: 1 <i<d-1} |_|1gi§d71 S Lllgigdfl Si’, where |S}| = |S}'| = d — 2
for1 < i <d— 1 (note the usage of disjoint unions).

» E consists of {u} U{v; : 1 <i<d—1}, {u,v0;}US}for1 <i<d—1, and {w,v;} USY
forl1 <i<d-—1.

Then, define G 4 := Proj(H).

See Figure 1 for an illustration when d = 3. Observe that G, 4 is an ambiguous graph, see
(Bresler et al., 2024, Lemma 27), which explains that if H' is H with the hyperedge {u} U {v; :
1 <i<d-—1}replaced with {w} U{v; : 1 <i < d— 1}, then H and H' are two distinct minimal
preimages of G, q.

O\ /O

St St

Figure 1: This figure displays G 3. One minimal preimage consists of the gray and red triangles while the
other consists of the gray and blue triangles. For d > 3 the red and blue triangles are replaced
with cliques of size d, the sets S, S change to (d — 2)-cliques and their number changes from
2tod — 1.

We state the key lemma for exact recovery after introducing the notion of two-connected com-
ponents, which are defined based on a graph constructed from a d-uniform hypergraph.

Definition 19 Suppose H is a d-uniform hypergraph. The two-connected components of H are
the connected components of the graph with vertex set E(H ) and edge set {{hi,ha} : hi,hs €
E(H), h1 # ha, |h1 N h2| > 2}.

Parts (a) and (b) of Lemma 20 are from Lemmas 12 and 19 of the paper Bresler et al. (2024),
respectively. After stating the lemma, we discuss the main aspects of the paper’s proof of the lemma
in Remark 21.

d—1

Lemma 20 Suppose § < .

(a) With high probability, all two-connected components of H. have size Op(1).
(b) If for all finite ambiguous graphs G,
Pr[Cli(G,) is a two-connected component of H.| = 0, (1),

then Pr[A*(¥) = H] = 1 — 0,(1).

11
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Remark 21 Part (a) of Lemma 20 is the reason for the importance of the threshold ¢ 1 +1 In par-
ticular, this result is essential for the proof of part (b) of the lemma. The reason for considering
two-connected components is that for exact recovery, we can consider each component individ-
ually. If none of the two-connected components are ambiguous, then the projected graph has a
unique minimal preimage. Since the two-connected components have bounded size by part (a), the
condition for part (b) implies that this is the case with probability 1 — o,,(1). Afterwards, we can
use part (a) again to deduce that H equals the unique minimal preimage with probability 1 — o,,(1).

In order to upper bound the probability of an ambiguous graph being a two-connected com-
ponent for the purpose of applying Lemma 20, we upper bound the probabilities of the graph’s
minimal preimages being an induced subgraph of ; this method is valid because if an ambiguous
graph is a two-connected component, then one of its preimages must be an induced subgraph of .
The following lemma is useful for this purpose; m(-) is defined in the notation section.

Lemma 22 ((Bresler et al., 2024, Lemma 17)) Suppose K is a fixed d-uniform hypergraph. Then,
Pr[K C H] =< 1—o0,(1) if§>d—1—ﬁ,
fS=d—1— —L_
Q,(1), ifé=d-1 (R

where Pr[K C H| is the probability that K appears as an induced subgraph of H.

The previous lemma states that the asymptotic probability that a fixed d-uniform hypergraph
1

K appears as an induced subgraph of 7 is determined by comparing p with n= ™) with the
conclusion being the same as the analogous computation when d = 2.

Observe that for the minimal preimage H of G, 4, we have that d — Lo = 2dd g,

m(H) — 2d-1°
2 d 1 is the threshold at which H appears as an induced subgraph. In fact, we will prove that G, 4
minimizes this threshold over ambiguous graphs in Theorem 23.

Another key idea of the proof of Theorem 3 is Theorem 46, which states that exact recovery
has probability o, (1) if 6 > %—:‘11; this is the regime in which G, 4 appears in the projection
with high probability by Lemma 22. We already know that exact recovery has probability o, (1) if
0 > 3 +1 because the partial recovery loss is 1 — 0, (1) in this regime but for d = 3,4 we have
that 24= 501 1 < fil +i, so the exact recovery threshold is not always & 1 +1 The main idea of the proof
of Theorem 46 is that if there are k ambiguous induced subgraphs of H that are disjoint, then the
posterior probability of any preimage is at most zik Then, if § > gg ‘11, the probability of exact
recovery is o, (1) because a disjoint union of any fixed number of copies of a minimal preimage of

G,q appears as an induced subgraph of H with high probability.

Theorem 23 Suppose d > 3 and h is a preimage of an ambiguous graph. Then, d — 1 — ﬁ >
2d—4

2d—1"

Proof The d = 3 case is resolved in (Bresler et al., 2024, Appendix D). The result is proved in a
slightly more general setting for d = 4 and d > 5 in the sense that the projected graph does not
need to be ambiguous in Theorem 50 and Theorem 51, respectively. |

12
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We describe the setting of Subsection E.2, where Theorems 50 and 51 are proven to justify the
d = 4 and d > 5 cases of Theorem 23, respectively. Instead of assuming that / is a preimage of
an ambiguous graph as Theorem 23 does, we assume that h is a d-uniform hypergraph such that
there exists a d-uniform hypergraph g with the same projection such that e(g) < e(h). Note that
this generalizes the assumption that Proj(h) is ambiguous.

The following lemma is essential for justifying the d = 4 and d > 5 cases of Theorem 23;
its proof can be found in Subsection E.1. To apply the result in Subsection E.2, we would set
I =FE(h)NE(g) and E;, = E(h)\I.
Lemma 24 Suppose d > 3 and v € [3—;}, 00). Assume that h is a d-uniform hypergraph. Assume
that the set of edges of h is Ey U I, where Ey, and I are disjoint. Suppose U is a set of vertices of
h such that each hyperedge in Ey, is a subset of U. Suppose P is a set of edges such that for all
{a,b} € P, {a,b} C U and there exists i € I such that {a,b} C i. If

(@-DIB| -0+ P |
x| +17]

thend — 1 — % > min(vy, 1).

Essentially, Theorem 23 and the partial recovery threshold tells us that exact recovery is possible
if and only if § < min(g—ﬂ, %); this is exactly the contents of Theorem 3. For more details of

the proof as well as the argument for weighted exact recovery, see Appendix D.

3. Future directions

In this paper we essentially fully close the exact and partial recovery questions for projections of
hypergraphs. There are a number of interesting directions for future exploration. A few of these are:

1. A potential future direction is to study the same recovery questions but for non-uniform hy-
pergraphs, i.e., when the hyperedges have differing sizes. A natural model is to include
a hyperedge on each given subset S C [n] independently with probability p|g depending
only on the size of S. For each d > 2, we might take pg o (1 + 0,,(1))n~%1+%  where
0q € [—oo,d — 1).

2. A specific instance of the above non-uniform hyperedge problem arises in the context of
random intersection graphs (RIG). Each node i € [n] is associated with an independent
random subsets S; of [m] such that j € [m] is an element of .S; independently with probability
p. The RIG includes edge {u, v} if and only if S, and S, are not disjoint. For j € [m], define
Cj; to be the set of ¢ € [n] such that j € S;, and note that the graph has a clique on each
C;. When can one recover the sets C}, given the graph? Brennan et al. (2020) finds a phase
transition for the total variation convergence of an RIG to Erdos-Rényi. We expect a phase
transition to occur for the feasibility of recovering the cliques C;.

3. One might aim to recover a hypergraph from a noisy unweighted projection; for example, we
could flip each of the edges of Proj(H) with some fixed probability. We expect that noise will
lower the partial recovery threshold for §. What is the new recovery threshold?

13
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Appendix A. Partial recovery results
A.1. Proof of Theorem 16
As a reminder, ¢ = Pr[([g]) C Proj(#)] is the hyperedge density of ...

Lemma 25 Suppose 6 > %. Let G' = Proj(Z). Then

s mme e ()
Pr[Proj(H) = Proj(H))? — = p )

HHEZ,
Proj(H)=Proj(H")

Proof We have that

Pr[H = H]|
* Pr[Proj(#) = Proj(H)]

<1G'|.
H,H'cZ,
Proj(H)=Proj(H")

15
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The maximum number of edges in some G € G’ is (1 + ¢) (4)p("). Therefore,

: d\ (n (5)
9120+9() (@) (o oot
if n is sufficiently large so that (1 + ¢) (g) p(Z) < %(g) Stirling’s approximation gives that k! >
(&)".

When § > %, the fraction of the hyperedges of H in the hyperedges of . is 0,(1), so we

d

S—1 g d p(" (2)
have that ¢ = (1+0,(1)) ((Cd”_Q),>( ) = (1+o0,(1)) <(2)(§§d)) , see Theorem 9. This gives that

> (1+6)(3)P(3) <(1 n On(l))e(g) ) (1+e)p(3)

q

@M@)S(O+S%M@

Proof [Proof of Theorem 16] If H' € Z then

Pr{i = H'] < <p> o (1-p)a).

I1-p

Suppose I € [Mp(%}), (1 + €)p(7})] is an integer. Next we upper bound the number of choices for
H' given H and |E(H)N E(H")| = 1.
Suppose H € Z. The number of choices for E(H) N E(H’) is at most

(1o e)p(z)J)

I

Since E(H') is a subset of the d-cliques of H, the number of choices for E(H')\ E(H) is at most

( L1+ e)a(3)] )

LA +e)p(y)] —1

assuming that n is sufficiently large so that p < . Hence

> Pr[H = H|Pr[H = H'|

HH'EZ,
Proj(H)=Proj(H'),
|[E(H)NE(H')|=I

< e (2) T 0oy (1 (o) )

ot 1-p 1+ep(l)] —1

< (p>“‘€”’(3) () <e<1 o )I ( (1 + )1 )““‘” i)
S \l-p I/(p(3) ) \1+e=1/(p(3))

<(1+ On(l))p(l/(p(g))—26)12(’;)q(1+6—1/(p(’;)))p(3)
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@)

| < 1+ on(1) )P(
)T (1 4 e~ 1/(p(3))) w0

Observe that the inequalities are true even for the edge-case / = | (1 + ¢)p(}})]. Let
Q= MmaX;e[M,1) W Then if n is sufficiently large,

S Pr[H = H|Pr[H = '] < (L + 0, (1))p"/ @) ~290() g1/ (Dp(0) o2 (i),
HH'eZ,
Proj(H)=Proj(H"),
\E(H)NE(H')|=1

4)
Using Cauchy-Schwarz gives that
Z Pr[H = H|Pr[H = H'|
Hirez, Pr[Proj(H) = H]

Proj(H)=Proj(H'),
Mp(%)<|E(H)NE(H")|<(1+e)p(T)

N

< > S Pu[H = H]Pi(H = 1
Mp()ISron() ,  HHEZ
|B(H)NE(H) =1

. 5 Pr[H = H|Pr[H = H']
: — : 5

Az, Pr[Proj(#) = Proj(H)]
Proj( H)=Proj(H')

Afterwards, using (4) and Lemma 25 gives that

Pr[H = H|Pr[H = H'|
Z Pr[Proj(H) = H]

H,H'EZ,
Proj(H)=Proj(H'),
Mp () <[E(H)NE(H")|<(1+6)p(7)

< ( ) (1 + on(1))p1/@()=200(3) 4= 1/()(3) o ()
Mp(

m<I<(1+e)p(%)
1

. (u +on(1)e) ) ot ) :
q

B p oG “ p(3)\ 3
_<Mp(n Z ((1+on(1))<q> P ““ae .

n)<I<(+ep(%)
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Observe that using Theorem 9 gives that

> (14 0p(1)) n(8)(@E=1)+d—1-6

T IR

(d—2)()

Because § > %, (g)(é —1)+d—-1-46 > 0. Suppose Mp(%)) < I < (1+ €)p(}}). Then

1/(p(})) = M so

p_zeae(;) _ On(n—M((g)(6—1)+d—1—5)+26(d—1—6))‘

>1/(p(’;))

(14 on(1)) (5

Particularly, if n is sufficiently large then

q

LoD <p>1/(p(’;)>

since € = 0,,(1). We therefore have that

Pr[H = H|Pr[H = H'|
Z Pr[Proj(H) = H]

HH'eZ,
Proj(H)=Proj(H'),
Mp(%)<IE(H)NE(H)|<(1+e)p(7)

< <<1 +e)p (Z) on<n“5<<%‘><51>+“5>>f°<2‘>>é = oa(1).

A.2. Weighted partial recovery

For weighted partial recovery, we can prove a similar result as Theorem 14 using a similar method.

Theorem 26 Suppose § > %. Then the weighted partial recovery loss is 1 — o0, (1).

Proof Suppose &k > 1. Fori,j € [n], i # j, the probability that {7, j} is contained in at least &k
hyperedges of H is

D (mz’ (B9 (2)" <5 ((122) o

Then, the expected number of {7, j} that are contained in at least k hyperedges of H is
On(n*#0=1)) By selecting k to be sufficiently large, this expected value will be 0, (1), so the
probability that there exists an edge {7, j} that is contained in at least k& hyperedges is o, (1).

Suppose k is sufficiently large. Then, set Z’ to be the set of H € Z such that each edge {1, j}
is contained in less than k hyperedges. We have that Pr[H € Z'| =1 — 0,(1), so we can use Z’ in
place of Z by Lemma 15.
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We can now essentially use the same proof as Theorem 14, of course after replacing Proj with
Projy;; and Z with Z’. The only significant step is to prove the analogue of Theorem 16; the
remaining steps are straightforward to verify. For this proof, we can follow the framework given in
Subsection A.1.

The most important step is to justify the analogue of Lemma 25. Letting G” = Projy;, (2’), since
each edge of Proj(H) is contained in less than &k hyperedges and the number of edges in Proj(H) is
at most (1 + ¢)(9)p(7) for H € 2/, we have that

d
2

6" < (k — 1)+GR(@)g,

so using Lemma 25 gives that

> Pri = HPA =1 (@)
HH'eZ', Pr[Projyy, (H) = Projy, (H)]* ~ - q .
Projyy, (H)=Projy, (H')

Furthermore, it is clear that

> Pr[H = H|Pr[H = H'] < > Pr[H = H]Pr[H = H'|
HHcZ, HHEcZ,
Projyy, (H)=Projy, (H'), Proj(H)=Proj(H’),
|[E(H)NE(H')|=1 |E(H)NE(H")|=I

forall I € [Mp(}}), (1 + €)p(}})]. so the analogue

Z Pr[H = H|Pr[H = H'] < (1 + On(1))p(f/(p(Z))—26)p(Z)q(1+6—1/(p(2)))p(3)ap(ij)

H,H'eZ,Projy, (H)
=Projy, (H'),
|E(H)NE(H")|=I

of (4) is true. Afterwards, we can follow the same steps to prove the analogue of Theorem 16. M

Proof [Proof of Theorem 2] Since the partial recovery loss is 0,,(1) for § < % by Theorem 1, the
same is true for the weighted partial recovery loss, see Lemma 8. Afterwards using Theorem 26 and

Theorem 27 finishes the proof. |

Appendix B. Additional partial recovery results
B.1. The dense regime § > 1

In this section, we consider when 1 < § < d—1. In any other parts of the paper other than Section 1,
itis assumed that § < 1. The goal of this subsection is to prove that the partial recovery and weighted
partial recovery losses are 1 — 0,,(1) in the regime 6 > 1, see Theorem 1 and Theorem 2. We first
prove that the weighted partial recovery loss is 1 — 0, (1), since the partial recovery loss being
1 — 0, (1) would directly follow, see Lemma 8.

Theorem 27 Suppose 1 < 6 < d — 1. The weighted partial recovery loss is 1 — o, (1).
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Proof Suppose the function f : Gy — {0, 1} satisfies the condition that if G € G then f(G) =
1{[d] € B*(G)}. Using (2) gives that

B Pro () A1) = () Pal7(Projy (0) # 1((a] € B} )
From Fano’s inequality,
H(1{[d] € E(H)) Projy(H)) < Hp(Pr{f(Projy (H)) # 1{(d] € B(H)}).

Using this gives that

(1) HolsL i () # 1414 & > S H({h € HIProjy ()
he (i)
H (H[Projyy (M) = H(M) ~ H(Projyy ().

(6)
First suppose ¢ > 1. Then, for all i, j € [n], i # j, we have that

(e 5 s g i <o ((73)).
Thus,
He0) < 3 ane 00 i e < (3 e ((575)):

Since H(H) = (})Hp(p) = Q(n'Tlog(n)), we then have that H (Projy, (1)) = o0,(H(H)).
Hence, (6) gives that Pr[f(Projy, (H)) # 1{[d] € E(H)}] = (1 — 0,(1))p so using (5) gives that

o8 = EH[B;E;II;A%] _ Pry[f(¥) # T;{M BN _y_, ).
d

Next suppose 6 = 1. Suppose i, j € [n], i # j. We have that

[{h € E(H) : {i,j} C h}| ~ Binomial ((” 2), >
0

&.

SO

H({h € E(H) : {i,j} C h}[) = On(1)

) =
since [{h € E(H) : {i,j} C h}| has mean (}_5)p = O, (1), see (Polyanskiy and Wu, 2025,
Exercise 1.4). Then,

H(Projyy(H)) < Y H({h € E(H): {i,j} C h}]) = On(n?).

1<i<j<n

Since H(H) = Q,(n?log(n)), H(Projy, (H)) = on(H(H)) and we conclude similarly as the case
0> 1. [

Corollary 28 Suppose 1 < § < d — 1. The partial recovery loss is 1 — o0, (1).

Proof This follows from Lemma 8 and Theorem 27. [ |
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B.2. Correlation inequality

It is in fact possible to extend the results from Theorem 14 from one hyperedge to multiple hyper-
edges. As explained in the proof of the following result, the case k = 1 is equivalent to Theorem 14.

Theorem 29 Suppose § > % and k > 1. Then

sup Z Prlhi,..., hy € E(H)|Proj(H) = G)? Pr[Proj(H) = G] = o,(p").

hi,..hee() Geg
distinct

Proof First we resolve the case £ = 1. From Lemma 12, it suffices to prove that 4, 2,/ [E(#H) N
E(H")] = o, (p(}})), which we show in the proof of Theorem 14.

Next, assume that £ > 2. Suppose hi,...,h; € ([Z}). Suppose 5;, 1 < i < k are disjoint sets
of | %] — d vertices that are disjoint from h;, 1 < ¢ < k, assuming that n > kd. Let T; = S; U h;
for 1 < i < k. Let H; be H with vertex set restricted to T; for 1 < ¢ < k. Observe that the H; do
not have any overlapping hyperedges. Furthermore, let #¢ denote H\ (Ule ’Hl> , that is, H is

H restricted to (M)\ (Uf-“:1 (g))

Suppose G € G. Where G; is some graph with vertex set T} for 1 < i < k and G¢ is some
graph with vertex set [n], we have that

k
Pr[Proj(H) = G] = Z H Pr[Proj(H;) = G;] Pr[Proj(H®) = G|

Gy, 1<i<k, G, 1=1
projection is G

and

Pr[hi, ..., hy € E(H),Proj(H) = G|

k
= > [IPrProi(H:) = Gi, hi € E(M;)] Pr[Proj(HY) = G].

Gy, 1<i<k, GY,1=1
projection is G

Using the Cauchy-Schwarz inequality gives that
Prlhi,..., hy € E(H)|Proj(H) = G]? Pr[Proj(H) = G|
2
(ZGiJSiSk,GC, [T/, Pr[Proj(H;) = Gy, hi € E(H,;)] Pr[Proj(HC) = GC])

projection is G

S 1<ich, o 11iy Pr[Proj(H;) = Gy, hy € E(H,)] Pr[Proj(HC) = G

projection isG

Pr[Proj(H;) = Gy, hi € E(H;)]? 7O c

< = .

S| P PrO_](H) G i) =G
G;,1<i<k,GC,i=1

projection is G

Afterwards summing over the G gives that

> Pr[ha,... . by € E(H)[Proj(H) = G]* Pr[Proj(H) = G]
Geg
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Pr[Proj(H;) = Gy, h; € E(H;)]? i C c
< =
Z Z H PL{Proi (Hy) — G Pr[Proj(H") = G*]
G€g G;,1<i<k,GC =1

prO_]eCthl’l isG

B Pr[Proj(H;) = Gi, h; € E(H,))? 2,0\ _ ~C
= Z H Pr[ PrOJ(’H ) = Gy PriProj(#7) = G
G;,1<i<k,GC i=1

Z H Pr[Proj(H;) = G;, hi € E(H,;))?
Pr[Proj(H;) = Gy]

G1,1<z<k1 1
B HZ Pr[Proj(H;) = Gy, h; € E(H;)]?
Pt ivey Pr| PrOJ(’H) Gil '

Observe that the H; follow the same random model as H but with a different value of p. The H;
have | 7| vertices and each hyperedge appears with probability (c+0,(1))n~% 1% Thus, when the
H,; have n vertices, each hyperedge appears with probability (¢ + 0,,(1))k~ 10 =4+1+0 From
repeating the case k = 1 for this random model,

> Prlha, ..., hi € E(H)[Proj(H) = G)* Pr[Proj(H) = G

Geg
k Pr[Proj(#;) = Gi, h; € E(H,))?
< E ; Pr[Proj(H;) = Gi] = On(pk).

Remark 30 The previous proof exhibits an advantage of considering the parameterization p =
(C+0n(1))n7d+1+5.

Appendix C. Structures of the Projected Graph
C.1. Projection covers and convex relaxations

First we give two lemmas that generalize ideas from (Bresler et al., 2024, Proof of Lemma 39). We
do not include the proofs, which are straightforward.

Lemma 31 Suppose k > 2 and U C 2¥. The probability that there exists h € E(M) such that
hN[k] =uforallu €U is
k
H(l —(1— )(d \u\))

uel

Furthermore this probability is at most

n-— - u
u H< |u|> O (OIS ey Il

ueU
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Lemma 32 Suppose k > 2 and £ C ([g}). The probability that € C E(Proj(H)) is at most

Z’M 1 (n _|u|)

ueU

where the sum is over U C 2W¥! satisfying the following conditions:

(5) Z Uwenguy (3 ).

c&C UuEU (;)

Remark 33 Proj(H) is a 2-uniform hypergraph so E(Proj(H)) is a set of edges, which are hyper-
edges with size 2.

Next we discuss a technique from Bresler et al. (2024) that involves using a relaxation tech-
nique to establish a convex optimization problem after applying Lemmas 31 and 32. Suppose
E>2and £ C ([g]). The goal is to upper bound the probability that £ C FE(Proj(H)) using
Lemma 32. Suppose U satisfies the conditions of Lemma 32; the lemma implies that an upper
bound on pl“! [ucu ( |k ‘) is an upper bound on the probability that £ C E(Proj(H)) after scaling
by some constant since the number of I/ is finite.

First observe that |E] < >, 7 14>2 (' |) The relaxation technique is to replace () for some

1+x/21+8 It Yy = (:L‘u)

real variable x > 2 with the real variable y > 1; thatis, y = ( ) and x = 9

for u € U such that |u| > 2 then |E] < 3,y 14)>2 Yu- From Lemma 31,

pU! H <n —‘ |> O, (nIFNUI-S e uly — @, (n(+OUI =S er 52
u
ueU

Suppose M = |U|; the conditions of Lemma 32 imply that 1 < M < |£|. Then maximizing
. U] n—k s M 1+\/W .

the quantity p“! T, o, ( d—|u|) corresponds to maximizing (1 + 6)M — .7, given that

Zf\/[ 1¥i > |€]and y; > 1for 1 < i < M, which is a convex optimization problem Particularly,

since the function (1 + §)M — ZM LhvIt8y 1+8yL is convex, it is maximized at a vertex of the set of
inputs.

Some results of Bresler et al. (2024) that are proved using the methods described in this subsec-
tion are (Bresler et al., 2024, Lemmas 35, 39, and 40). In this paper we prove results in Appendix C,
Theorem 9, and Lemma 24 using these methods.

Remark 34 For the proof of Lemma 37 we also impose the constraint that |u| < d for all u € U,
which corresponds to y; < (g) for 1 < i < M, because the hyperedges of H have size d. It
is necessary to impose this constraint because the value k in Lemma 31 and Lemma 32 may be
greater than d in the context of Lemma 37.

C.2. Proof of Theorem 9

First we lower bound ¢. Note that if [d] € E(H) then [d] € E(H.) so ¢ > p. Suppose [d] ¢ E(H);
this event occurs with probability 1 — p. Then, [d] € E(H,.) if and only if for each edge {i, j} for
1 <i < j<d,thereexists h € ([Z])\{[d]} such that {4, j} C hand h € E(H).
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Suppose 1 < i < j < d. The probability there exists h € ())\{[d]} such that {i,j} C h and
he E(H)is1—(1— p)(zig)*l. Using the Harris inequality gives that

Pr([d] € E(H.)|ld] ¢ E(H)] > (1 — (1 —p)li2) 1))

> ((25)p- 0= 0utnt20r) .
> -0, ((523)7) "

o) (ﬁ;)@

Hence,
Cné—l (2)
q="Pr[[d] € E(H.)] > p+ (1—p)(1—o0n(1)) <(d_2),>
NN @
o+t (C“()> + 0 (n(2) 6D
(d—2)! " '

Next we upper bound g using the technique discussed in Subsection C.1. From Lemma 32 with
[k] replaced by [d] and € replaced by (1),
n—d
()

¢ = Prlid) € B(H.)) < 3o
u uel

where the sum is over 2/ C 2[9 satisfying the conditions of the lemma. For convenience, denote the
set of such ¢/ by P.
Suppose Y € P and M = |U|. Ttisclearthat 1 < M < (}). f M = 1 U = {[d]}) the

6—1

d
probability is p and if M = (4) @ = (%)) then the probability is (1 + 0,(1)) (&5 ) ©) Using
the union bound gives that

ent=1 \ ) 14+8)M
' 2<M<(9)-1,
UEP,UI=M

Suppose U € P and M = |U|; recall that 1 < M < (g) Furthermore suppose y,, = (Ig\) for
u€U. Theny, > 1forucUand ) . yu > (g) Furthermore

1+ By +1
M(l+5)—2|u!zM(l+6)—Z¥.
ueU ueU

Suppose 1 < M < (g) Let Ry be the set of (y;)1<i<ar such that y; > 1 for 1 < i < M and
2%1 Yi = (g) Let

©))

f(yl,---,yM):M(1+5)—ZwW.

i=1
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An upper bound of (9) is the maximal value of bound f over R ;. Since f is convex, this maximal
value occurs at the vertex y; = 1 for1 <¢ < M —1and yps = (g) — M + 1. The value of f at this
vertex is

d —
+2_1+\/8((2) 2M+1)+1

and maxycr,, f(y) = g(M). Observe that g is convex in M over [1, (g)] Hence, the maximum
value of g for M € [1, (g)] isg(l) = —d+1+40 org((g)) = (g)(é—l). Particularly, if 1 < M < (g)
then g(M) < max(—d+ 149, (g) (6 —1)). Using the fact that an upper bound of (9) is g(M ) then
gives thatif / € Pand 1 < |U| < (;l),

g(M) == M(1 - 6)

UL+ 6) = |ul < max(—d+1+3, (g) (6 —1)).

ueld

Using (8) then gives that

(3) )
Pr([d] € E(H)] <p+ (1—|—on(1))( n > on(p+ n(®6-D).

Using this inequality and (7) completes the proof.

Remark 35 Observe that Theorem 9 for § > % is implied by Theorem 39 with | = m = Q.

C.3. Results about combinatorial structures in 7.

The main goal of this section is to prove that F(#,.) is concentrated around its mean if 6 > g—ﬁ,

see Corollary 41. Observe that Lemmas 36 and 37 have similar statements and proofs as (Bresler
et al., 2024, Lemma 35 and Lemma 40), but some differences are that we require different bounds
and only consider when § > %. Furthermore we use methods discussed in Subsection C.1 in this
section.

Lemma 36 Suppose 6 > %. Suppose m is an integer such that 0 < m < d — 1. Assume that
{K; :1<1i< M} isa set of subsets S of [d] such that 2 < |S| < d. Assume that

U()= ()

(1+6)M—§:|Ki| < ((g) - (’;)) (6 —1).

i=1

Equality occurs if and only if the K; are distinct and {K; : 1 <i < M} = ([g])\([g”]).

Then

Proof First we may assume that (g’) N (([g])\(@)) 7 Ujenn gy ([gﬂ) forl < i< M. We
can assume this because if the condition is not true we can remove K; and increase (1 + §)M —

S°M |K;]|. This condition implies that the K are distinct and M < (g) — ().
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Suppose 1; = (ugil) for1 <i< M, theny; > 1forl <i<mand> ), y; > (‘21) — (). We
have that

M M
1+ +/1+ 8y;
(1+5)M—Z|KA=(1+5)M—Z%.
i=1 =1

Let

M
f(yl"--ayM):(l—l-(S)M—ZH_\/;—i_W‘

i=1
Since f is convex, its maximal value occurs at a vertex. Suppose (y;)1<i<as is the vertex such
thaty; = 1forl1 <¢ < M —1and yp; = (d) — (”21) — M + 1. Then

2
T+ 148((0) — (3) — M +1)
; .

Since f(yi1,...,ynr) is convex with respect to M, the maximum value of f(y1,...,yar) for 1 <
M < (%) = () occurs when M € {1, (%) — ()}
Suppose M = 1. Then

f(yl,...,yM):1+5—

L+ /148(() - (3)
; |

Because the number of edges in [d] but not [m] is greater than M, we also must prove that equality

does not hold. Because & > % it suffices to prove that
d
a1 THy1Hs(@) - (3) A (m\) 2
1+ - < - - T
d+1 2 2 2 d+1
This can be proved using expansion.
Next suppose M = (g) — (TQ”) Then yp;r = 1 so
d m
e = — 0—1).
fyrs- - ym) <<2) (2>)( )
Afterwards it is straightforward to verify the equality case. |

Lemma 37 Suppose § > Z—I_%. Suppose m and k are integers such that m € {0,1,2,d — 1} and
m < k < d— 1. Assume that {K; : 1 < i < M} is a set of subsets S of [1,2d — k] such that
2 < |S| < d. Assume that

D) (U= ()

M
(L+0)M =D |Ki| <k —m+ (d(d— 1) —m(m — 1))(d - 1). (10)
=1

Then

Equality occurs if and only if k = m, the K; are distinct, and
(Ki:1<i<M)= (([g]) U ([k}u{z:d+12§z§2dfk})> \([rg]).
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Proof Let

= () ()

Similarly to the proof of Lemma 36, assume the condition (x1) that for 1 < ¢ < M, (Ig‘) nNé ¢
U ielM\(} (Igﬂ) Note that (x1) implies that the K; are distinct and that

wen()-()-(2)

We must prove that the equality case of (10) occurs if and only if M = 2(3) . (’2“) — (7;) Fur-
thermore, since each element of [2d — k] must be a vertex of one of the K; and 2d — k > d,
M > 2.
Casel: me€ {0,1,2}, m<d—1
Suppose m € {0,1,2} and m < d — 1. (We do not consider when m = 2 and d = 3.)
Suppose y; = (u;‘) forl1 <i < M. Then, 1 <y; < (g) forl <3< M and

3n=2(3) ()~ (3)

Furthermore, the left hand side of (10) is

M
14+ I+ 38y
(1+5>M—Z¥~
=1

Let R be the set of (y;)1<i<ps such that 2 < y; < (5) for 1 < < M and Y17 s > 2(3) —
(’2“) — ("%). Additionally, let

M

Fi - ya) = A+ 6M =)

=1

14148y
—

Observe that f is convex so the maximum value of f over R s occurs at a vertex of R ;. Suppose
(yi)1<i<m is a vertex of Ry such that y; € {2, (g)} forl <i< M —1.

Suppose 2 < M < (3) — (5) — (). Ify; = Lfor 1 <i < M — 1 then

() ()-(3) e )

which is a contradiction. Assume that one of the y;, 1 < ¢ < M — 1 equals (g); it is clearly not

optimal if two distinct y; for 1 <7 < M — 1 equal (g) since we will then have that Zf\i 1Y > 2 (g),
so we can increase the value of f by decreasing some of the y;. Without loss of generality, assume
thaty; = 1for 1 <i < M —2,ypr—1 = (3), and

w=()-()-(2) e
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Then,

1 1+8
ﬂm,“wM%:@—1M4+%5+D+4—d—4il3ii%ﬂ

Since M < 2(3) — (g) — (’g), we must prove that equality does not occur. Therefore, we must
prove that

(G—1)M +4—d— T VIt8m Vl;gyM<k—m+<d(d—1>—m(m—1>)(5—1)

It suffices to prove that this inequality is true for 2 < M < (g) - (g) - ("21) + 1 (observe that we add

(@) = (5) = () + 1 as a value for M to simplify calculations). The left hand side is convex with
respect to M, so it suffices to prove that the inequality is true for M € {2, (3) — (%) — (7) +1}.

2
First, suppose M = 2. The required inequality is
T+ /14+8((%) - &) -
206 —1)+4—d— V (ﬁ &)
<k—-—m+(d(d—-1)—m(m—1))(0 —1).

(5))

Since ¢ > % and d(d — 1) — m(m — 1) > 2, it suffices to prove that

" L1800 — (5) - (3) )
—orgta-d- <k —m— = (d(d—1) —m(m = 1)),

This inequality can be verified by expansion. Note that equality occurs if and only if K = m = 0 or
k=m=1.

Although Lemma 37 is true for m € {0, 1,2, d—1}, we only use the case m = 0, see Remark 38.
Therefore, for completeness, we include the expansion for the case m = 0 and equivalently m = 1.
It suffices to prove that

4 2 _ _ 2 _
B +4_d_1+¢y+w 4d 4k+4k§k_2ﬂd 1)
d+1 2 d+1
2 _ _ 2 _ — A2
2d?% — 2d 4+4—d—k—lg‘ﬂ+4d 4d — 4k2? + 4k

d+1 2 2

e2d — 2k — 1 < /1 +4d2 — 4d — 4k2 + 4k < 8k2 < 8dk,

which follows from 0 < k < d — 1.

Next, suppose M = (g) — (g) — (gl) + 1. Then, yas = 1 so the required inequality is

(6—”((?)—(g)—(?)+1)+2—d<k—mﬁ%ﬂd—U—an—UXé—U.

This is equivalent to

() (5) () ) rermes
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We need to prove this inequality for § > %, so it suffices to prove that

2 d m k
-— — -1 2<k-— .
ria () - (5)+ () ) rrmimm
This inequality is equivalent to
(k—m)(d+2—k—m)>0,

which is true sincem < k <d—1and m < 2.

Suppose (g) — (g) - (7;) +1< ML 2(‘21) — (g) — (Z‘) It is clearly not optimal for two of the

y;forl <¢ < M —1toequal (g) Suppose one of the y; for 1 <7 < M — 1 equals (g) Without
loss of generality, suppose y; = 1for1 <i < M —2and yp;—1 = (g) Then,

= () (3) s

(5) = (5) —M+2<1,
d
Yise - YM -2, <2>,1>

i) () ()
wmasa()- ()= (3) 1)

Then, we may assume that y; = 1 for 1 <7 < M — 1. We have that
d k m
=2 — - - M +1.
m=2(3)- (o) - (5) -ar+

N
f(yl,...,yM):(5—l)M+2—1+\/1+8(2(2) 2(2) (3) M+1)'

Since (g) —

f(yh' . 'ayM—QayM—17yM) < f

IN

k&
/\/p/‘\

=

Furthermore,

Observe that f convex with respect to M. Therefore, f is maximized over (g) - (g) - (TQ”) +1<
M <2() — (5~ (3) when 21 € {(2) — (5) — (3) + L.2(2) - () — (3)).

Suppose M = (2) — (¥) — () + 1. Then yar = (%) so this case is equivalent to the previous
case we considered where (y1,...,yn) = (1,...,1, (g), 1).

Next suppose M = 2(;) — (g) — (”21) Then yps = 1 so the required inequality is

(6-1) (2(3) - (’;) - (”;)) <h—m(dd—1) = mm— 1)) —1).

This is equivalent to
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If £ = m then it is clear that equality occurs. Suppose £ > m. We must prove that

() (2) <o

Since § > %, it suffices to prove that

This is equivalent to
1

d+1
which is true since m < 2and k < d — 1.
Case2: m=d—1
Next suppose m = d — 1. Since k = m = d — 1, we must prove that

(k—m)(k+m—-1)<k—m,

M
L+0)M =) |K|<2(d-1)(6—1)
=1

and that equality occurs if and only if {K; : 1 <i < M} = £. Note that

M
E={{d,j}:jeld-1}u{{d+1,j}:jeld—1]} C U <I;>

Suppose
{Ki:1<i<M}=5,US8,S54,

where K; € S, if K;N{d,d+ 1} ={d}, K; € Spif K; N {d,d+ 1} = {d+ 1}, and K; € Sy if
K;n{d,d+1} ={d,d+ 1} for1 <i < M.

LetZ ={j:j€[d—1],3k € Sy such that j € k}. Forall j € Z, both edges in £ that contain
j are covered by an element of S,,. Suppose k € S, contains an element j of Z. If k = {d, j}
then (x1) will be contradicted so |k| > 3. If we remove j from k then the left hand side of (10) will
decrease but all of the edges of £ will remain covered. Hence, we can assume that no element of .S,
contains an element of Z. We can similarly assume that no element of S, contains an element of Z.

Furthermore, assume that j € [d — 1] and k1, ko € S, satisfy k1 # ko and j € ky N ko, If
k1 = {d,j} then (x1) will be contradicted so |k;| > 3. If we remove j from k; then the left hand
side of (10) will decrease but all of the edges of £ will remain covered. Hence, we can assume that
no element of [d — 1] is contained in two elements of S,. We can similarly assume that no element
of [d — 1] is contained in two elements of S, and that no element of [d — 1] is contained in two
elements of Sy;.

Suppose k € S, and |k| > 3. Suppose j € [d — 1] N k. Suppose we remove j from k and add
{d,j} to {K; : 1 < i < M}. Then, the left hand side of (10) will increase by 0. Hence, we can
assume that |k| = 2 for all k£ € S, and similarly that |k| = 2 for all & € S},

Since each element of S, is {d, j} for some j € [d — 1]\Z, |S,| = d — 1 — |Z|. Similarly,
|Sy| = d — 1 — | Z|. Furthermore, the left hand side of (10) is

26— 1)(d—1—|Z))+ > 1+5—[kl = (6—1)(2d -2 —2[Z| +|Su|) — |Z].
k€S
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The inequality
(0—1)(2d—2—=2|Z|+ |Sw|) = |Z] < (6 — 1)(2d — 2)

is equivalent to
—(1 = 8)[Susl < (26— 1)]2].

If |Z] = |Sas| = 0, then the inequality holds with equality. Suppose |Z| > 0. Then, the inequality

is strict because § > % > % Hence, equality holds if and only if | Z| = |Sg| = 0. Furthermore,

|Z] = |Sw| =0ifandonly if {K; : 1 <i < M} = €. -

Remark 38 It may be possible to generalize the previous result to more values of m. We use the
case m = 0 and intermediate results to prove Corollary 41, which is used in Subsection 2.5.

Theorem 39 Suppose § > %. Suppose m is an integer such that 0 < m < d — 1 and l is

an integer such that | > m. Let X be the set of elements h of ([Z]) such that h N [l] = [m] and
(Z)\([gﬂ) C E(V), where [0] is the empty set. Then

X1 = 1+ ou()(, ") <%><z>—m .

Proof The proof of this theorem has the same structure as the proof of Theorem 9. Suppose
h e ([Z]) and h N [I] = [m]. The number of  is ( ;" ). Hence, it suffices to prove that

l
m

Pr[h € X] = Pr [(Z)\CZL]) c E(\If)} = (1 + on(1)) (&) ) :

Using the Harris inequality gives that

Prih e X] > (1— (1 - p)(i-2)(5)=(%)

> ((525)r-r- on<<nd—2p>2>)(g)_@)

> (1= ou(1) <<Z - ;)p) ()-(3)
o) <(§n§—21)'> (2)-(3) |

From Lemma 32 with [k] replaced by / and € replaced by (%)\ ([Tg]) ,

o)) roa < I

ueU

where the sum is over I/ C 2" satisfying the conditions of the lemma.

31



BRESLER GUO POLYANSKIY YAO

Otherwise

| <n —’u‘> O, (NI e luly — <n((3)—($))(5—1))

ueU

by Lemma 36. Therefore

Pr{[d] € X]

end—1 ) ()-(3)

IN
+
)
S
—~
~—
7N
—~
S8
|
[\
=

which finishes the proof. |

Theorem 40 Suppose § > 5 J& Suppose m is an integer such that m € {0,1,2,d — 1} and [ is

an integer such that | > m. Let X be the set of elements h of ([ d]) such that h N [l] = [m] and

(g)\([gl}) C E(¥), where [0] is the empty set. Then Var||X|] = o, (E[| X|]?).

Proof Let S be the set of elements of ([Z]) that have intersection with [{] equal to [m]. We have that

E[|X[*] = ) Prfa,b € X].
a,beS

Suppose m < k < d — 1. Suppose a,b € S and k = |a N b|. From Lemma 32 with [k] replaced
by a U b and € replaced by (a U b)\ ([Tg]),

s -n[(() () cr S (2421 o

where the sum is over I/ C 2%“° satisfying the conditions of the lemma. For convenience, denote
the set of such U/ by P.
Suppose & > m. From Lemma 37, for i € P we have that

L+ O =D |ul <k —m+ (d(d—1) —m(m—1))(5 - 1),

ueld
where the equality case of the lemma cannot occur. Using (11) then gives that

Pr[a, be X} = on(nk7m+(d(d*1)*m(m*1))(571))'
Suppose k = m. From Lemma 37, for I/ € P we have that

(L+8)[u] =D Jul < (d(d = 1) = m(m —1))(§ — 1)

ueU

32



PARTIAL AND EXACT RECOVERY OF A RANDOM HYPERGRAPH

with equality if and only if & = (($) U (3) )\([Tg]) Using (11) then gives that

i1 >d<d—1>—m<m—1>

Prla,b € X] < (1 +o0n(1)) ((d—2)'

We therefore have that

d
E|X|*) =) Prla,beX]=> )  PrabeX]

a,bes k=m a,beS, |anb|=k
d—1
n—I0l\[(d—m\n—-Il—-—d+m mtd(d—1)(5—
<E[IX)|+ > <d _ m) (k ~ m) ( P >0n(nk +d(d-1)(6-1))
k=m+1

D ()

~E[|X|] + <1+0n(1>)( n )2 ( (Clnj;)' )d<d—l>—m<m—1>.

d—m

Furthermore, from Theorem 39,

m

112 (- ou) (") ((ﬁ;ﬂ)@)_(”.

Var[| X|] = E[|X]*] - E[|X[]* = on (B[ X[]*),

It follows that

which finishes the proof. |

Corollary 41 Suppose 6 > %. Then Varle(H.)] = on(Ele(H,)]?).

Proof This follows from Theorem 40 with [ = m = 0. [ ]

d—
d+1

proof. For § < %, the idea is that almost all hyperedges of H. are hyperedges of H, the number
of which we know is concentrated.

Remark 42 We expect Corollary 41 to be true for § < 1 as well although we omit a rigorous

Appendix D. Exact Recovery
D.1. Proof of Theorem 3

From (Bresler et al., 2024, Theorem 4), the probability of exact recovery is 1 — 0, (1) if d = 3 and
0 < 2d 4 In this section we address the remaining cases of Theorem 3. First we address the lower
bound of the exact recovery threshold.

Corollary 43 Suppose d = 4. If § < 2 d T 4 then the probability of exact recovery is 1 — on(1).
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Proof Suppose § < %. From Lemma 20, it suffices to prove that for all ambiguous graphs

G, the probability that Cli(G,) is a 2-connected component of . is 0,(1). Suppose G, is an
ambiguous graph. Let P be the set of hypergraphs h such that Proj(h) = G,. Then,

Pr[Cli(G,) is a two-connected component of H.] < Z Prlh C H]. (12)
heP

Suppose h € P. Using Theorem 23 gives that

o 24 1
2d—1~ m(h)
Then, Lemma 22 implies that Pr[h C H] = 0,,(1). Using (12) finishes the proof. [ |

Corollary 44 Suppose d > 5. If § < d 1 L then the probability of exact recovery is 1 — 0,,(1).
Proof Since %g ‘11 > g —1 When d > 5, we can prove this theorem using the same argument as the
proof of Corollary 43. The only difference is in the application of Theorem 23. We have that using
the theorem gives that if h € P, then

5 < d—1 < 2d —4 I
d+1-2d—1° m(h)’
so Lemma 22 implies that Pr[h C H] = 0,(1). [ |

Remark 45 It suffices to the weaker result Lemma 49 rather than Theorem 23 in the proof of Corol-
lary 44. Using the lemma gives that if h € P, then

and similarly Lemma 22 implies that Pr[h C H] = o0,(1).

Next we address the upper bound of the exact recovery threshold. Observe that it suffices to

prove thatif 6 > min(%, 337‘11) then the probability of exact recovery is 0, (1). From Theorem 1,

the partial recovery loss is 0, (1) if 6 > d +1’ which implies that the probability of exact recovery is
or (1) in this regime. Proving the following result completes the proof of Theorem 3.

Theorem 46 Suppose d > 3. If § = 2 d 7 2 then the probability of exact recovery is 1 — 0,(1) and
ifé > 2 d 1 2 then the probability of exact recovery is o, (1).

Remark 47 The case where § > % implies exact recovery having 1 — Q,,(1) probability has
been proved in (Bresler et al., 2024, Appendix A) for 3 < d < 5 using two- connected components
Furthermore, when d > 5 the probability of exact recovery is o, (1) if § > gd 4> d a1 L from Theo-
rem 1. Hence the main contribution of this result is proving that the probabllzty of exact recovery is
on(1) if 6 > 22 and d = 3, 4.
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Proof [Proof of Theorem 46] Suppose § > 2d . It suffices to prove that A* fails with probability
Qn(1) and 1 — 0, (1) if § > 244,
We consider a graph that is G, ¢ repeated over many two-connected components. Suppose
m > 1 and h is a d-uniform hypergraph with vertex set V. Suppose V = | |, V;. For1 <i <m
suppose
Vi={vj:1<ji<d+1} || s || S

1<j<d—1  1<j<d—1
where |Sj“\ = |S]22| =d—2for1 < j < d— 1. Furthermore, suppose that for 1 < 7 < m the

hyperedges of the subgraph of / induced by V; are {vf, ..., v}}, {v}, v, Sjl Y for j € [d — 1], and
{v 1 UJ, 5% Z} for j € [d — 1]. Additionally assume that i has no other hyperedges.
We have that

Pr[A*(¥) # H|h C H,H is not minimal] =

For all G € {0, 1}([31), let S(G) be the set of hypergraphs H such that Proj(H) = G, h C H,
and H is minimal. Let G* be the set of G such that |S(G)| > 1.

Suppose G € G*. Suppose H € S(G). For 1 < i < m, let H’ be the hypergraph obtained from
H after the hyperedge for {v{,...,v}} is removed and the hyperedge for {v{,...,v5_j, v}, }is
added. Note that H and H" are distinct elements of S(G) for 1 <i < mso |S(G)| > m + 1.

Furthermore, for all G € G*, let P(G) be Pr[H = H] for a hypergraph H such that Proj(H) =
(G and H is minimal. We have that

Pr[h C H,H is minimal] = Z Z Z Pr[H = H]
hCH,H is minimal Geg* HeS(G)
= > P@IS@)].
Geg*
Furthermore,
Pr[A* (V) = H,h C H,H is minimal] = Z Z Pr[A(V) = H,H = H].
GeG* HeS(G)

Suppose G € G*. We have that

Y PrA(W)=HMH=H|= )Y Pr[A"(¥)=HH=H|P:[H=H|
HeS(G) HeS(G)
= P(G) > Pr[A*(0) = H|¥ = G]

Proj(H)=G,hCH,
H is minimal

< P(G).

Therefore,
Pr[A*(¥) = H,h C H,H is minimal] < )~ P(G).
Geg*
Since |S(G)| > m for all G € G*,

* . 1
Pr[A*(¥) = H,h C H,H is minimal] < G%;* P(G) < — — G%;* P(G)|S(G)|
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1
= —— Pr[h C H,H is minimal].
m+1

It follows that

Pr[A*(¥) # H,h C H,H is minimal] >

[h C H,?H is minimal].
Thus,

Pr[A*(V) # H] > Pr[A"(¥) # H,h C H,H is not minimal]
+ Pr[A*(¥) # H,h C H,H is minimal]

>Pr[h C ‘H,H is not minimal] + % Pr[h C H,H is minimal]
m

m
> .
=i Prlh C H]
Because ) od 4
iy = Al g S +4,
Pr[h C H] = Q(1) so Pr[A*(¥) # H] = Q(1). Assume that § > 22=4. Then, — ( y < —d+1+40
so Pr[h C H] =1 — 0,(1). It follows that for all m > 1,
* > o .
PHA"(W) £ H] > (1 0,(1))
Therefore Pr[A*(¥) # H] =1 — 0,(1). [

D.2. Proof of Theorem 4

Observe that the probability of weighted exact recovery being o, (1) if § > g J& follows from the

weighted partial recovery loss being 1 — 0, (1) if 6 > ill J& by Theorem 2. Thus it suffices to prove
that the probability of weighted exact recovery is 1 — 0, (1) if § < m.
First note that the analog of Lemma 20 is true with projections replaced by weighted projections.

Afterwards we can use Theorem 55 and the same argument as the proof of Corollary 43.

Appendix E. Ambiguous graph results

The goal of this section is to prove combinatorial results that will eventually justify upper bounds of
the thresholds for exact recovery. We apply these results in Appendix D to prove Theorems 3 and 4.

E.1. Proof of Lemma 24
Assume that
(d —1)|Ey| — U] +|P|
| En| + [P -
Foralli € I,letz; = [iNU]|. Let Z be the set of ¢ € I such that z; < 1. Let V be the set of vertices

in U or some hyperedge in I\ Z; thatis, V = U UieI\Z 1. Suppose h' is the subgraph of h that is
induced by V.
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Start with the vertex set U. The number of vertices is |U|. After adding the hyperedges i € I\ Z,
the number of vertices |V| satisfies

VI<[UI+ > [N = U+ Y (d— ).

iel\Z iel\Z
Therefore,
wys BT INZL BN
Vi U+ > ienz(d — i)
Note that
1 1
d—1——>d—1— ——
m(h) ~ a(h')
Ul+>2; d—
sy VU Sienald ==
|En| + [ 1\Z]
_ ([d=D|E] = U+ (d = D)INZ| = Xiep z(d — i)
|En| + |1\ Z]
_ (d=DIE = U] = [I\Z] + > iep\ 7 i
|En| + [1\Z] ’

Hence, it suffices to prove that

(d—DIEn| — U] = INZ| + X icp\z wi

> min(~y, 1).
B+ 11\Z] 2 min(y, 1)

Next we use the technique from Subsection C.1 to finish the proof. Observe that
Z;
>
> (5)=m
i€I\Z
from the definition of P. Foralli € I\Z, let y; = (5':2’) Note that

B 1+\/1+8yi
N 2

)

foralli € I\Z. Because z; > 2 foralli € I\Z,1 < vy; < (g) for all i € I'\Z. We have that

(d—1D)|Ew| = U] = [I\Z| + iz i
|Enp| + [1\Z|
> min (d_l)’Eh‘_‘U|_‘I\Z‘+Ziel\2@.

T 1<yi<(2)ienz, |En| + [1\Z]
>ienz ¥i=|PI

Hence, it suffices to prove that

@ DIE - U IV Sieng T

1<y, <(9),ie1\Z, |En| + [ 1\Z]
2ienz ¥iz|Pl

> min(y, 1).
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Assume that M = |I\Z| and replace I\ Z with {1,..., M}, for simplicity. Furthermore, let
Rt = {(yihr<isn 1 1<y < (9,1 <i < M, My > [P} for M > 1.
Casel: M =0

If M = 0, then |P| = 0, so

(d—D)|Ey| — [U] - M + SN, B (g _1)|By| - |U]

| En| + M 23
_ ([d=1)|Ep| - |U[+]P]
|EnR| + |P| -

Case2: 1 < M < |P]
Suppose 1 < M < |P|. Observe that

(d— DBy — [U| = M + XM 10148
‘Eh|+M

is concave in (y;)1<i< s so the function is minimized over R/ at a vertex.

At the vertex, M — 1 of the values must be elements of {1, (2)}. Without loss of generality,
assume that y; € {1, (g)} for 1 < j < M — 1. Assume that A of these values equal (g) and
M — A — 1 equal 1. Then, since "M y; > |P],

d 2y —1) _ 2(P— M)
yM—1+A<<2>—1>Z|P|—M:>(d—2)A+ 11 > P (13)

Furthermore,
(d = D)|Bx| — U] = M + 3}, T80
|En| + M
(d = V)|By| — |U| = M + Ad + 2M — 24 — 2 4 VI8
|En| + M
_(d_l)‘Eh|_|U’+’P’_(’P’_M)+Ad—2fl+w
a |ER| + [P| = (IP] — M) '

Let X = (d—1)|Ey|—|U|+|P|,Y = |Ep|+|P|,W = |P|—M,and A = Ad—2A+ =2V 50,
Then,
(d—1D)|Ey| — U — M+ 30 HEe x WA

|En| + M YW

and we know that % >y > g +i Observe that

(d—1D|Ey| — U] — M+ M, B0 X w(X —Y)+AY W( Yy 4
|Enl + M YT y-wy W

Y
Because Y >y — 1> — d+1’

(d—V)|By| - U] - M + M, Bvaie x A3

|Ew| + M Y T Y -W
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(d—1)| By |—|U|- M+ M | TV 5

The goal is to prove that > % For this, it suffices to prove that

|Ep|+M
A> 2
Since A = (d — 2)A + *3“21*8“ in order to prove that A > d+1, using (13) gives that it
suffices to prove that
3+ VI +8ym  2(ym — 1)
2 - d+1 7
where 1 < yas < (%). We have that f(z) = _3+\ém - 2(;;1) is concave, so f(x) is minimized

over the interval [1, (d)] at its endpoints. Since f(1) = f((g)) =0, f(z) > 0 over [1, (g)], which

oW
shows that A > P Thus,

(d =D Bn| — |U| = M+ 350, P55 X
Bl + M =T

).<

Case 3: M > |P|
Next, suppose M > |P|. Then,

(d—1)|Ep| — |[U| - M+ 31, vFou
‘Eh|—|—M

is minimized over Rjs aty; = 1 for 1 < ¢ < M. Therefore, over R ; we have that

(d=DEp| = |U| = M+ 300, Po55E (d— 1)|By| — U] + M
|En| + M B |En| + M
_ [d=V)|By| — U] +[P| + (M~ |P])
[Enl + [P+ (M ~[Pl)
> min(y, 1).

‘We are done.

E.2. Lower bounds of m (/) for a nonminimal unweighted preimage h

Suppose G € G has covers h and g (i.e. Proj(h) = Proj(g) = G) such that h # g and e(h) > e(g).
Note that GG is not necessarily ambiguous (despite the title of this section) and g is not necessarily
minimal. In this section we derive lower bounds ford — 1 — ﬁ for d > 4.

Let E}, be the set of hyperedges in h but not g and F, be the set of hyperedges in g but not h.
Furthermore, let I be the set of hyperedges in both h and g.

Let &, be the set of edges of Proj(£},) and £, be the set of edges of Proj(£,). Furthermore, let
& be the set of edges of Proj(]).

Lemma 48 The set &), is a subset of £ U &, and the set £, is a subset of £ U &,.

Proof Suppose {i,j} € &,. Then, {i,j} is an edge of Proj(h) = G. Hence, {3, j} is an edge of
Proj(g) = G, which implies that {3, j} € EU&,. [ |

Let P be the symmetric difference of &, and &,. From Lemma 48, P C £. Let U be the set of
vertices in some hyperedge in Ej, U E,. Observe that for all {a,b} € P, {a,b} C U and because
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P C &, there exists i € I such that {a,b} C i. Hence, Ej, I, U, and P satisfy the conditions of
Lemma 24.

Let V}, be the set of vertices that are in £}, but not £, V;, be the set of vertices that are in £, but
not Ly, and V7 be the set of vertices that are in both £, and Ej,. Observe that

U:Vhl_lvgl_lV[.

Suppose v € U. Let dy(v) be the number of elements of £, that contain v and dj (v) be the
number of u € U such that {u, v} € E,\&,. Similarly, let d,(v) be the number of elements of £,
that contain v and dj(v) be the number of u € U such that {u, v} € £;\Ex.

Suppose v € V;. Let k(v) be the largest positive integer k such that there exists i, € Ej, and
ig € Eg4suchthat v € ip,i4 and |ip\ig| = |ig\in| = k. Assume that i, € E}, and i, € E satisfy
v € ip,igand |ip\ig| = k(v). We have that i), # iy so i \iy and ig\ip, are nonempty. Let ij(v) = ip,
and i4(v) = i4. If there are multiple choices for (iy,%,), we can select one choice randomly. Let
np(v) be the number of w € ip\i4 such that {v, w} € &,\&,; and ny(v) be the number of w € ig4\ip
such that {v, w} € £;\&p.

The following lemma is implied by Theorem 51. However, we include its proof since its con-
tents motivate later methods.

U

[y

Lemma 49 Suppose d > 5. Thend — 1 — —) >

Proof From Lemma 24, it suffices to prove that

&‘ ‘

(d—1)|En| U] +[P] _ d—1

| Ep| + | P —d+1
Thus, it suffices to prove that
d(d —1)|E| + 2P| > (d + 1)|U]. (14)
We have that
dEy = dy(v)= Y dy(v)andd|Eg|= Y dy(v)
vel veVLUVT ’UGVgUV[
Furthermore,
2P| = di(v) + dj(v
vel

SO

2P| = > di(v)+ > di(v)+ Y (dj(v) + dj(v)). (15)

veEV), UEVg veEVT

Suppose v € V7. For simplicty, let i, = i, (v) and iy = ig(v).
Assume that np(v) = 0. Suppose w € i, \iq4. Then, there exists ¢ € E, such that {u, w} € ¢
because {u, w} € &, and {u, w} ¢ E,\E,. Because w ¢ iy, © # ig. Asv € 1,14, dg(v) > 2.
Assume that ny(v) > 0. Then, there exists w € ip\i,4 such that {u, w} € E,\Ey, so dj (v) > 1.
Observe that d,(v) > 1 because v € 1.
Hence,
dg(v) > 1+ 1{ny(v) = 0} and dj,(v) > 1 — 1{ny(v) = 0}.
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We similarly have that
dp(v) > 1+ 1{ng(v) = 0} and dy(v) > 1 — 1{ny(v) = 0}.

Let

Np= Y 1{ny(v) =0} and Ny = 1{ng(v) = 0}.

veEVT veV]
We have that dp (v) > 1 for all v € V}, and dgy(v) > 1 for all v € V. Thus,

d|Ey| = Z dp(v) > |V + Z(l + 1{ny(v) =0}) > |V4| + |VI| + Ny (16)
veEVRUVT veVr

and similarly,
d|Eg| > [Vg| + [Vi| + Np. (17

Adding (16) and (17) gives that

d(|Ep| +Egl) = Vil + Vgl + > 2+ 1{na(v) = 0} + 1{ny(v) = 0})
veVT
= [Val + Vg +2|Vi[ + N + Ny
= |U[+ Vi + Ni + Ny

Since |Ep| > |E4| because g is minimal,

U]+ Vil + Na + N,

d|Ey| > 5

(18)

Suppose v € V},. Suppose v € i for i € h. We have that for all w € i such that v # w,
{v,w} € EL\E, because v € Vj,. Therefore, dj (v) > d — 1. Similarly, if v € Vj, dj(v) > d — 1.
Hence, (15) gives that

2P| > (d— 1)|Vi| + (d = 1)|Vg| + Y (2= 1{np(v) = 0} — 1{ny(v) = 0})
veVr (19)
= (d = 1)(|Va| + [Vg]) + 2|Vi| = Np — Ny.
‘We have that

W= CEIVE vyl + v + 25 2+ )

d—1)|U d+3)|U| d—5 d—3
= DLy IO 2w 410 + L5200+ )
d—3

d—>5
= @+ DU+ 52 (Val + Vi) + T2 (Vi + V)
> (d+ 1)U

d(d — V)| Byl +2|P| =

This proves that (14) is true, which finishes the proof. |

Theorem 50 Suppose d = 4. Then, d — 1 — ﬁ > % = %_
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d—1
d+1

Proof For the sake of contradiction, that d — 1 — #h) < % < % where

(d—1)|En| - |U[ +|P]
|En| + [P

<3
5
This is equivalent to
12| Ex| + 2|P| < 5|U|.
For the sake of contradiction, assume that |V},| = 0. Using (18) gives that

[Ul+ [Vi| + N + Ny

4|Ey| > 5

and using (19) gives that

%. From Lemma 24,

(20)

2|P| > 3|Vy| 4 2|Vi| — Niy — Ny = 2|U| + |Vg| — Nj, — Ny.

Hence,

12
12|Ep| 4+ 2[P| = —
8
7 1
= 5 IUI+ (Vil + [Vgl) + 5 (IVil + Nip + Ng)
9 1
= §\U| + 5("/11 + Ni + Nyg).
Therefore, (20) implies that
9 1
§\U| + 5(WI| + N+ Nyg) < 5|U|,

SO
\VI| + Ny + Ny < |U|.

Additionally, using (17) gives that,
4|Ep| > 4|Eg| > |Vy| + |Vi| + Ni, = |U| + Ny,
‘We therefore have that

12|Ey| + 2P| > 3(|U| + Na) + 2|U| + [V, = Nu — N,
= 5|U| + |V4| + 2N}, — Ny.

Thus, (20) gives that
5|U| + |Vy| + 2Ny, — Ny < 5|U| = 2N}, + |V,4| < Ny.
Substituting this in (21) implies that
Vil + 3Nn + [Vy| < |U],

which is a contradiction to |U| = |V7| + |V|. Thus, |V}| > 0.
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Next we prove that m(h) > dlﬁ = 1—77 Suppose v € V},. Assume thati € h and v € i.
T 2d-1

Suppose i = {v,u1,uz,us}. Observe that because v € Vi, {v,u1}, {v,us}, {v,uz} € EL\E,.
Hence, each of these edges is contained in an element of / by Lemma 48. Let

1= {{U, U1}, {Uv u2}7 {2}, U3}}

Step 1: Covering the edges of 7

We cannot cover the edges in Z with one element of I. Suppose we cover the edges with a, b € I,
where {v,u1,u2} C a and {v,us} C b without loss of generality. Then, if x is the subgraph of h
induced by the vertices of a, b, and i, e(k) > 3 and v(k) < 7 so

v(ik) — 7 17
Hence, m(h) > .

Suppose we cover the edges in Z with a,b,c € I, where {v,u1} C a, {v,us} C b, and
{v,us} C c. Let f(a) = {v,u1}, f(b) = {v,u2}, f(c) = {v,us}, and §(i) = {v, u1,u2,us}. For
any two distinct elements x,y € {a,b,c,i}, f(z) N f(y) C = Ny since f(z) C x and f(y) C v.
Suppose there exists two distinct elements =,y € {a, b, ¢, i} such that f(x) N f(y) is a strict subset
of x N y. Then, if « is the subgraph of h induced by the vertices of a, b, ¢, and 4, then e(x) > 4 and
v(k) < 9so

e(k ) 4 7
o(m) =07 17
Assume that for any two distinct elements z,y € {a,b,c,i}, f(x) N f(y) = = Ny. Then, if & is the
subgraph of / induced by the vertices of a, b, ¢, and 4, e(k) > 4 and v(k) = 10.
Step 2: Covering {u1,us}, {uz,us}, and {us,u;}

We have that the edges {u1, ua}, {u2, us}, and {us, u1 } must be covered by elements of E, U I
by Lemma 48.

Assume that d € (Ep, U I)\{a,b,c,i} and |d N {u1,uz,us}| > 2. If k is the subgraph of h
induced by the vertices of a, b, ¢, d, and 4, then

o

(k)

(r

Next, assume the condition (+2) that there does not exist d € (Ej, U I)\{a,b,c,i} such that
|d N {ui,u2,us}| > 2. In particular, this implies that the edges {u1,ua2}, {u2,us}, and {us,u;}
must be covered by elements of £,.

Let V be the set of vertices of a, b, ¢, and 7; observe that |V| = 10.

Step 2.1: Covering {u, us}

Suppose d € E, and {u;,uz} C d. The two cases are d N {uy,uz, ug} equals {uy,us} or
{ul, ug, U3}.

Step 2.1.1: d N {ul, ug, U3} = {ul, U9, U3}

Assume that d N {uy, ug, us} = {uq, u2,us}. Suppose d = {w, u1, u2,us}. By Lemma 48, all
edges in the set

E>l
12717

<

\_/

S= {{w7 Ul}a {w, u2}7 {’LU, U3}}

must be covered by an element of £, N 1.
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Assume that w € V. For the sake of contradiction, assume that all edges in S are covered by an
element of {a,b,c,i}. Then, {w,u;} is covered by some element of {a, b, c,i}. Thus, w € a U1
since u; ¢ b,c. Since w ¢ i, w € a. Similarly, w € b,c. Hence, w € aNbNec = {v}, which
is a contradiction to d # 4. Suppose e € Ej, U I is not an element of {a, b, ¢,i} and covers some
element of S. If k is the subgraph of h induced by the vertices of a, b, ¢, e, and 4, e(k) > 5 and
v(k) < 12s0

(m

Assume that w ¢ V. Then, no element of S is covered by an element of {a, b, ¢,i}. By (x2),
each of the elements of S must be covered by a distinct element of (Ej, U I)\{a, b, ¢, i}, otherwise
two elements of {u1, u2,us} will be contained in a single element of (Ej, U I)\{a,b,c,i}. Hence,
this is the only case that we consider.

Suppose the elements of S can be covered by three elements of (Ej, U I)\{a,b,c,i} but not
less than three. Then, there exists e, f,j € Ej U I such that {w,u1} C e, {w,us} C f, and
{w,us} C j. If k is the subgraph of h induced by the vertices a, b, ¢, e, f, j, and i, e(k) > 7 and
v(k) < 17 so

(f<c) 5 7
2° 17

~—

o

(s) -

7
(k) =17

1

Step 2.1.2: d N {ug,uz,uz} = {ug,us}
Suppose d N {uy,ug,us} = {uy,uz}. Suppose d = {uy,us, wi,wy}. Observe that the five
edges in the set

S = {{ur, wi}, {ur, wa}, {ug, w1}, {ug, wa}, {wi, wa}}

must be covered by elements of £, U I by Lemma 48.

Assume that wy,ws € V. For the sake of contradiction, assume that all edges in S are covered
by some element of {a,b,c,i}. Then, {w;,u;} must be covered by a or 4, so w1 € a Ui. Also,
{w1, ug} must be covered by b or i, so wy € bU . Observe that (a Ui) N (bU3) =4, so wy € i.
Similarly, we € i. This is a contradiction to d # 4. Thus, some edge in S is not covered by some
element of {a,b,c,i}. This edge must be covered by e € Ej, U I. Note that because d C V and
|dNe|l > 2, |e\V| < 2. Then, if x is the subgraph of h induced by the vertices of a, b, ¢, e, and 1,
e(k) > band v(k) < 12s0

v(k

Assume that [{wy, w2} N'V| = 1. Without loss of generality, assume that w; € V and wa ¢ V.
We have that the edges {we,w;}, {wa,u1}, and {we,us} in S are not covered by elements of
{a,b,c,i}. Let

e(rk) o 5
72>

s
7

\_/

Q = {{wa2, w1}, {wa, ur }, {wa, ua}}.

The cases that we must consider are that the elements of Q are covered by two or three elements of
B, U 1. By (x2), they cannot be covered by one element of £, U 1.

Suppose the elements of Q can be covered by two elements of £, UI. Thereexists e, f € EpUI
such that wy € e, f and {wy,u;,u2} C eU f. Suppose e, f € Ej U I such that {ws, wi,u1} C e
and {wsy,us} C f, without loss of generality; note that the vertices {w1, w1, us} can be considered
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to be equivalent for the purposes of this computation. If x is the subgraph of h induced by the
vertices of a, b, ¢, e, f,and i, e(k) > 6 and v(k) < 14 so

Q

(x)

(k

Suppose the elements of Q can be covered by three elements of Ej U I but not less than three
elements. Then, there exists e, f,j € Ej U I such that {we,u1} C e and {wy,uz2} C f, and
{wa, w1} C j. Assume that e, f, and j satisfy this condition. If x is the subgraph of h induced by
the vertices of a, b, ¢, e, f, j, and 4, e(k) > 7 and v(k) < 17 so

e(r)

o(m) =

Next, assume that wy,wo ¢ V. Then, none of the elements of S are covered by elements of
{a,b,c,i}. The cases we consider are when the elements of S are covered by at least 2 and at most 5
elements of Ej, U I. Furthermore, recall that there does not exist an element of (Ej, U I)\{a,b,c,i}
that contains {uy, ug2} by (*2).

Suppose the elements of S can be covered by two elements of F, UI. There exists e, f € EpUI
such that {wy,wa,u;} C e and {wy,wa,us} C f. Assume that e and f satisfy this condition. If K
is the subgraph of h induced by the vertices of a, b, ¢, e, f, and 7, then e(k) > 6 and v(k) < 14 so

6.7
14”17

<

~—

s
17

o

()

(k

Suppose the elements of S can be covered by three elements of £ U I but not less than three
elements. Then, there exists e, f,j € Ej U I such that either {wy,wq,u1} C e, {wi,us} C f,
and {wo,u2} C j or {wy,wa,us} C e, {wi,u1} C f, and {wa,u;} C j. Without loss of
generality, suppose e, f,j € Ej, U [ satisfy the condition that {w;,wq,u1} C e, {wi,us} C f,
and {wo,u2} C j. If K is the subgraph of h induced by the vertices of a, b, ¢, e, f, j, and i, then
e(k) > Tand v(k) < 17 s0

67
14 17

<

~—

elw) 7

v(k) — 1T
Next, suppose the elements of S can be covered by four elements of Ej U I but not less than
four elements. Suppose e, f,j,k € Ej, U I cover the elements of S. Since |S| = 5, at least one

of e, f, j, k must contain three elements of {u, ua, wy, wa}. Without loss of generality, suppose e
satisfies this condition. Since e cannot contain {u1, us}, suppose {wi,wa,u1} C e, without loss
of generality. The uncovered edges of S are {w1,ua} and {wa, us}. There exists two elements
of {f,7,k} that covers both of these edges, so the elements of S can be covered by at most three
elements, which is a contradiction.

Suppose the elements of S are covered by five elements of Ej, U I but not less than five
elements. Suppose e, f,j,k,l € Ep UI and {uj, w1} C e, {ur,wa} C f, {ug,w1} C 7,
{ug, w2} C k, and {wy, w2} C I. Let f(e) = {ur,wi}, f(f) = {wr, w2}, §(j) = {2, w1},
f(k) = {u2, w2}, and f(I) = {w1, wa}. For any two distinct elements =,y € {a,b,c,e, f, j, k,1,i},
f(x) Nf(y) € x Ny since f(x) C x and f(y) C y. Suppose there exists two distinct elements
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z,y € {a,b,c,e, f,7,k,1,i} such that f(x) N f(y) is a strict subset of N y. Then, if & is the
subgraph of / induced by the vertices of a, b, ¢, e, f, j, k, [, and 7, then e(k) > 9 and v(k) < 21 so

e(r) . 9
o(r) = 21

Assume that for any two distinct elements =,y € {a,b,c,e, f, 7, k, 1, i}, f(x)Nf(y) = xNy. Then, if
K is the subgraph of / induced by the vertices of a, b, ¢, e, f, j, k, [, and i, e(k) > 9 and v(k) = 22.
Step 2.2: Covering {us, u; }

There exists d’ € E, such that {u3,u1} C d'. Assume that d’ N {u1,u2, uz} = {us,u1}; we
have already considered the case d’ N {uy,ug, us} = {u,us, ug} in the case d N {uy,uz,uz} =
{u1,ug2,us}. Suppose d' = {us,u1,w), w)}. By symmetry, we have that the only case we must
consider is if w}, wy ¢ V and the edges in the set

>l
17

{{U3, wll}v {U3, wé}v {ul’ w/1}7 {u17 wl2}’ {w/h wé}}

are covered by five elements €', f', j/, k', and I’ of Ej, N I. Suppose {us, w}} C €, {us,wh} C f’,
fur,wh} © s {ur,wh) © K and {w),wh} © V. Letf(e) — {us,wih F(F) = {us,wh},
f(5) = {u1,wi}, f(K') = {u1,wh}, and f(I') = {w}, w)}. By symmetry, we may further assume
that for any two distinct elements z,y € {a,b,c, €', f', i/, k', I',i}, f(x) Nf(y) = x Ny.

Let V' be the set of vertices of elements of {a, b, ¢, e, f, j, k, [, i}; observe that |V'| = 22.

Suppose w}, w) € V'\V. Note that the edges {w], us} and {w}, u3} are not covered by any
element of {e, f,j,k,l} since no element of {e, f,j,k,l} contains ug. Because, wj,wh ¢ V,
{w,us} and {w}, us} are not covered by any element of {a,b,c,i}. Since {w],us} is covered
by €’ and {w), ug} is covered by f’, we have that ¢/, f' ¢ {a,b,c,e, f,j, k,1,i}. Then, if x is the
subgraph of h induced by the vertices of a, b, ¢, e, €/, f, f', j, k, [, and i, e(k) > 11 and v(k) < 26

SO ()
7)2 17

Assume that [{w], wh} N V'\V| = 1. Without loss of generality, assume that w} € V'\V and
wh ¢ V'. Using the argument from the previous case gives that {w}, u3} is not covered by any
element of {a,b,c,e, f,j,k,1,i}, so e ¢ {a,b,c e, f,j,k,1,i}. Because w) ¢ V', any element
of {¢/, f', 7', k', '} that contains w/, is not an element of {a, b, c,e, f, 7, k,1,i}. Thus, f', k' ¢
{a,b,c,e, f, ], k,1,i}. Then, if & is the subgraph of h induced by the vertices of a, b, ¢, e, €/, f, f,
Jr k. K 11, and i, e(k) > 13 and v(k) < 31 so

(K
(k
Assume that w),w) ¢ V'. Then, €, f',j',k',I' ¢ {a,b,c,e, f,j,k,1,i}. Thus, if x is the

subgraph of h induced by the vertices of a, b, ¢, e, €/, f, f', 7, 7/, k, k', I, ', and 4, e(k) > 14 and
v(k) < 34 s0

>§>l
— 31 17

@

~—

<

~—

This proves that m(h) > 5

\1‘\'
[ |



PARTIAL AND EXACT RECOVERY OF A RANDOM HYPERGRAPH

Theorem 51 Suppose d > 5. Then, d — 1 — ﬁ > %.

Proof For the sake of contradiction, assume that d — 1 — ﬁ < gg—:‘ll. Let vy = %—:‘11. We must
have that d — 1 — % < 7. Because y > %, Lemma 24 gives that
(d—1)|Ep| - |U[+|P|
| En| + [P
This is equivalent to
(d=1=7)|En[+ (1 =[P <[U].
Observe that
1
| Bnl 2 55 (IVal + Vgl + Y (dn(v) + dy(v)))
veVr
and from (15),
1 " *
Pl 2 5((d=1)(Val +[Vg]) + Y (di(v) + dy(v))).
veEVT
Hence,
d—1—~
E VAl + Vil + D (dn(w) + dy(0))
veVr
1-— Y * *
+ 5 ([d=1)(|Val + [Vy]) + > (di(v) + dy(v))) < |U].
veVr
Forv € V7, let
F0) = Sl (0) + dg (0) + =5 (0) + )
We have that
d—1-v ([@d-1)1-9)
(S SR b+ s <10l )

veVT
Lemma 52 Suppose v € V. If np(v) < k(v) then dy(v) > 1 and if ng(v) < k(v) then dy(v) > 1.

Proof Suppose v € V7, iy = i4(v), and i, = i5(v). Assume that nj,(v) < k(v); the case ng(v) <
k(v) follows similarly. Then, there exists w € ij\i, such that {v,w} € &, and {v,w} ¢ ER\E,.
Assume that w satisfies this condition. Then, there exists i € E, such that ¢ # i, and {v, w} C 1,
s0 dg(v) > 2. [

Let V be the set of v € V} such that:
1. dp(v) =dg(v) = 1.

2. k(v) = np(v) =ng(v) = 1.
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Observe that if v € V, iy (v) and i4(v) are deterministic since dj,(v) = 1 and dy4(v) = 1, respec-
tively. Furthermore, the formulation of V corresponds to the ambiguous graph G, 4 from Bresler
et al. (2024). For the sake of contradiction, assume the condition (x3) that there does not exist
in € By and iy € E, such that |i\iy| = 1 and i, N iy C V.

Suppose v € V. Since dj,(v) = dy(v) = 1, dj (v) > ny(v) = 1, and dj(v) > ng(v) = 1,

d—1—~

OEES

+(1=7). (23)
LetC = =127 1 (1 — ).
Suppose v € Vi\V. If ny(v) < k(v) or ng(v) < k(v), then using Lemma 52 gives that
d—1—~v 1—7

f) =0+ T -5

If k(v) = np(v) = ng(v) > 1, then,
flo)>C+(1—7).
If dy(v) > 1ordg(v) > 1and k(v) = ny(v) = ng(v) = 1, then

d—1—~

Fl) = €+

Suppose 8 € R such that d_}j—7 > (14+28)(1—~)and 0 < 8 < 1. Then, since d_21d_7 — 1_77 >
B(l—~)and B < 1,

L e ) (24)

f)2C+ Bl —9)=—

Note that == > (1 + 28)(1 — 7) if and only if

1/d—1—x 1/2d 8 5
ﬁ§2<d(1—7)_1>_2<3_3+3d>‘ =

Let A be the set of v € V7 such that dj,(v) + dg(v) > 3 and there exists i, € Ej, and iy € Ey
such that v € 7, N ¢4 and |ip\ig| = 1. Let S be the set of v € A such that dj,(v) + dgy(v) = 3 and
T be the set of v € A such that dj,(v) + dg(v) > 3.

Let V* be the set of v € V such that i, (v) Nig(v) NS is nonempty. Furthermore, let V** be the
set of v € V such that ij,(v) Nig(v) N'T is nonempty.

Suppose v € V. By (x3), there exists u € ij,(v) Nig(v) such that u ¢ V. Assume that u satisfies
this condition. We have that there exists i € Ej, U E,\{ix(v),i4(v)} such that u € i because u ¢ V,
so dg(u) + dp(u) > 3 and u € A. This implies that V* U V** = V.

Lemma 53 (d—1)(3",csdn(v) +dg(v)) > 3|V*|.

Proof Suppose v € S. Without loss of generality, assume that dj,(v) = 2 and d,(v) = 1. Suppose
ir,is € Ep, iy #1432, 15 € Eg, |it\igl = 1,and v € i} N7 Ni,. Let

s(v) = ((i}, Nig) U (i3 Nig)) N V*.
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Note that s(v) C i\{v} so |s(v)| < d — 1. Hence,
(d = 1)(dn(v) + dg(v)) = 3(d — 1) = 3[s(v)|.

This implies that

(d=1)) (dn(v) +dg(v)) 23 [s(v)]-

veS veS

Suppose u € V* and suppose v € ip(u) Nig(u) N S;note that ip(u) Nig(u) NS is nonempty
by the definition of V*. We have that u € s(v). Hence, V* C J,cg5(v) so [V*| < > s s(v)].
This finishes the proof. |

Lemma 54 (d—1)(>_, o7 dn(v) +dg(v)) > 2[V*|.

Proof Suppose v € T. Define

t(v) = U Gunig) | nve.

ihEEh,igGEg,
vEIRNig,
lin\ig|=1

Suppose i, € Ej, and v € ip,. Note that i, N t(v) C ip\{v} so |ip, Nt(v)] < d — 1. We have that
t) < D linNt(w)] < (d—1)dp(v).
in€EL vEL,
Similarly, |t(v)| < (d — 1)d4(v). Hence,
(d = 1)(dn(v) + dg(v)) = 2t(v)].

‘We then have that

(d=1) D (dn(v) +dg(v)) 2 2 |t(v)].

veT veT

Suppose v € V**. We have that i, (u) N ig(u) N7 is nonempty by the definition of V**. If
v € in{u) (1) N T then w € ¢(0). Henee, Y € Uyer t(0). 50 [V7°| £ S H(0)]. We e
done. n

Observe that (22) implies that

d—1—7v (d-1)1—-7) d—1-—~ 147
(LT D v+ Y ) - T <
veEVT
Note that —d721d77 + (d_l)Q(l_W) > HT“’, )
1+~ d—1—7 14+~
v+ ) - T < Mg

veVr
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This implies that

S () - ) < Iy (26)

veEVT

If v € V, then (23) gives that

f(v)—d_cll_7 >1 -7
Hence, using (24) gives that
d—1—
> () - )
veVr
d—1-— d—1-—
>(1-pl+ Y (G0~ Y (e -
veSUT veVI\(VUSUT)
d—1—
> (1=y)VI+ Y2 (F) = =) + (Wil = V] = [SU T+ )1~ )
veSUT
d—1-
==Y+ Y (flv) - T’Y — 1+ 8) A=)+ Vil = YDA+ B)(1 = 7).
veSUT
) (27
Suppose v € S. Then,
d—1- d—1-
) + dy () 2 35

Without loss of generality, assume that dj (v) = 2 and dy(v) = 1. Suppose iy, € Ej, iy € E,, and
v € i, Nig. Observe that for all w € ip\ig, {w,v} € EL\E, since dy(v) = 1. Since |if\ig| > 1,
dj(v) > 1. Similarly, if d;(v) = 1 and dy(v) = 2, dj(v) > 1. It follows that

dp,(v) + dy(v) > 1.

S - T ) 2 s (Y - G B,
veS

Furthermore, using Lemma 53 gives that

S - T )

vES
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Next, we consider a linear combination of these two inequalities. If

-+ -

o St =GR -
(S - Groa-m)+ (S + G40 -
then
d—1—~
D (W) = ——— =1 +A1-7)
veES
> (=S (g - A -
d—=1—~ 3V d—1—-~ |1
+ o o .d—l_( 1 +(§
d—1-7 G+A1A-7) .
= Ga@=1) - el

Observe that ¢* > 0 because 2= > (1 +28)(1 — 7).
Suppose v € T. Then,
d—1—~

f) 2 25—

S() ~ T ()1 ) 2 IT]

veT

Furthermore, using Lemma 54 gives that

() - T B )

veT
d—1—7 d—1—7
> ———> (dn(v) + dy(v)) = (———
2d d
veT
Zd—l—’y. [V _(d—l—
d d—1 d

7)) 35
7))
+B8)(1 —=7))IS])

d—1—~

L1+ B)(1 7)),

+(1+ 81 =TI

L4 (14 B8) (1 —)[T].

Next, we consider a linear combination of these two inequalities. If

. -1+ 81— -1+ 8-
(53— e p)-) + (S + 1+ /- 7)) 2
then
S - Y a0 - 2 (- e (Y s )
veES
por@r L (@20 - i)
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_(d_l_')/_ (1+8)1 -~
©2d(d—1) 2(d — 1)

Similarly, ¢** > 0 because 4= (li - 2 (L+8)(L =)
Let 8* = 1 + . Because = d =1 > (1426)(1 —~), d_}% > 25*(1 — ~). Furthermore,
% + 8> 1455 since 8 > 0. It follows that

> () = T = A=) 2 -

d—1-~v (1+8)1—vy
2d(d — 1) 2(d— 1)

( +6) )\V*\

+ Sl

d_1_7 *1_’7 * Kk
2(2d(d_1)—5d_1)(IVI+IV )

d—1-v 1—v
—(2d(d—1)_’8 =1V

Using this inequality and (27) gives that

- T = (= Gt = B =DV (Vi = D+ A1 =),

Afterwards, (26) implies that

d—1—7 1—7 1+7

(L—7+ dd—1) Fr oW+ (Vi = VDA + B) (A =) < ——|Vil.

From (25), we can set [3 to be % Let 8 = % and 5* = % + 6 = %. Furthermore, let

d—1—~
2d(d—1)

fz)= (1 -7+ 0

2+ (|Vil = 2)(1+ B)(1 = ).
We have that /(|V]) < H'Y]VI] Note that ¢ is a linear function and 0 < |V| < |Vj|. Then,
(([V]) < 22| V| implies that min(€(0), £(|V7])) < 12 |V;].

First, observe that

1+’y 1+ 1 4d -5
UO) = —— Vil = (A +B)A =) = —)WVil = 5= B+ 5) — ——)IVil.
Since 4d— 5 .
3(1 - =2>0
0(0) > ER|Vy .
Furthermore, p
—1—7 1—7
Vi) =1 - — B —— )|Vl
(Vi) = (=7 + =g~ # =V
We have that
d—1-— 1-— 1 7d —5—68*d
1=+ v _ploy 1y p

2(d—1) " d—1 d ~ 2dd-1)2d-1)
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Sinceﬂ*:%,
7d—5—6dB* =2d—5 > 0.

Thus, £(|V;]) > 1J§77|V1|. This is a contradiction to min(¢(0), £(|V7])) < 1JfTV\V[].

Therefore, there exists i, € Ej and iy € E, such that |ip\iy| = 1 and i Niy C V. Assume
that 5, and i, satisfy this condition. Suppose iy, = (i, Nig) U {vp} and iy = (i, N ig) U {vy}.
Because i, Nig C V, dy(v) = dg(v) = 1 forall v € i, N iy, which implies that {vp, v} € EL\E,
and {vg,v} € £ \&, forall v € i, Ny,

Let B} = {in}, By = {ig}, U =ip Uiy, and P' = {{vp, v} : v € ip Nig} U {{vg, v} v €
in Nig}. Let I’ be the set of ¢ € I such that there exists e € P’ such that e C . Because P’ C P,
each edge in P’ is contained in some element of I’. Let V' be the set of vertices in iy, 74, or some
hyperedge in I’. Let b’ be the subgraph of h induced by V’. Furthermore, let 4" be the graph with
vertex set V' and edge set E} U I'. We have that

1 1 1
d—1——>d—-1———~2>d—1— ——+
m(h) — a(h’) — a(h”)
so it suffices to prove that
d-1 1 S 2d—4
ah’) —2d—-1"
Using Lemma 24 gives that to prove thatd — 1 — ﬁ > %g—:‘l‘, it suffices to prove that

(d—= DBy = U +[P'|  2d—4

| B4+ [P] T 2d-1
Observe that
(d=DIE, = |U|+|P'| d—1-(d+1)+2(d—-1) 2d—4
|E} |+ | P 1+2(d—-1) 2d —1’
which finishes the proof. n

E.3. Lower bounds of m (/) for a nonminimal weighted preimage /

For recovery after observing the weighted projection, we consider when two hypergraphs have
the same weighted projections, which would imply that they have the same projection. First con-
tinue using the notation of the previous section. Additionally, add the condition that Projy;, (k) =
Projy;-(g). Furthermore, observe that e(h) = e(g) rather than e(h) > e(g), which follows from
Projy;- (h) = Projy-(g). The goal is to prove the following result:
Theorem 55 Suppose d > 3. Thend — 1 — s > § — 1> 7.
First, observe that we can remove all hyperedges in both A and g; afterwards, the condition
Projy, (h) = Projy-(g) will still be satisfied, and d — 1 — ﬁ will be decreased. Hence, assume

that £/(h) and E(g) are disjoint. Since h # g, both E(h) and E(g) are nonempty.

Lemma 56 Suppose v € V. Then, dj(v) # 1.
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Proof For the sake of contradiction, assume that dp(v) = 1. Suppose i is the hyperedge of h
that contains v. Then, the weight of {v,u} for all w € i\{v} in Projy,;(h) equals one. Since
Projy;-(g) = Projy, (h), each edge {v, u} for u € i\{v} is contained in a hyperedge i,, of g. If all
of the 7, are equal, then they must all equal ¢, which is a contradiction to E(h) and E(g) being
disjoint. Therefore, some two of the i, are distinct, which implies that d,(v) > 2. However,
Projy, (h) = Projy;, (g) implies that dg(v) = dp,(v) = 1, which is a contradiction. [

Proof [Proof of Theorem 55] Let V' be the set of v € V such that dj,(v) > 1. Let A’ be the subgraph
of h induced by V. Using Lemma 56 implies that

de(R') =Y du(v) > 20(h),
veV’
som(h) > al)>2=d—1- —) > g 1. It is straightforward to verify that % -1> 2— [ |

Observe that the threshold in Theorem 55 is greater than the threshold in Theorem 23. The
reason for this is that the graph G, 4 is not ambiguous under the weighted projection. In fact, we
show that the threshold % — 1 in Theorem 55 is achievable.

Define the hypergraph H = (V, E) as follows:

e V=5 1uUS5U {wl,wg,wg,w4}, where ’51| = |52| =d-—2.
e F consists of 57 U {wl, ’wg}, Si U {ZU3, ’LU4}, Sy U {ZUQ, ’wg}, and Sy U {ZU4, wl}.

Then, define G} ; := Proj(H).

Suppose H' has the same vertex set as H and edge set So U {w1,ws}, So U {ws,wy}, S1 U
{wz, w3}, and S1 U{ws, w1 }. Then, H and H' are two distinct minimal preimages of G ;, so G¥,
is a weighted-ambiguous graph. Since each vertex of H is contained in two hyperedgeé, we also
observe that H achieves the lower bound in Theorem 55.

Appendix F. Entropy of the projected graph

For simplicity, assume that the logarithms in entropy are base e. In this section we mainly analyze
the entropy of Proj(#) and hence the conditional entropy H (H|Proj(#)) = H(H) — H(Proj(H)).

Lemma 57 e ?>1—pforallp> 0ande P <1 — pifp is sufficiently small.

Lemma 58 Suppose § > —1

T1- Then there exists C > 0 such that C does not depend on ¢ and
H(H[Y) = (C +o04(1)) ( 1),

Proof Since H(H|V) = H(H) — H(V), it suffices to prove that H(H) — H(¥) = Q,(H(H)) if
0> &
First observe that

H(H) = - ( d) H5(0) = 22 log(m)n™ + o (log(m)n' ). 8)
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For all i, j € [n] such thati # j, let Xy; ;3 = 1{{i,j} € E(¥)}. We have that
. . n n—2
H(Y) = H(X{m-} 1<i<j<n)< 1<;<RH(X{i’j}> = (2)H3(1 -1 —p)(d72))_ (29)

Bernoulli’s inequality implies that

1—(1-p)lizs) < (z:;)p

and for sufficiently large n we have that (Z:g) p< é Hence, for sufficiently large n we have that

(1= (1—p)a2) a2 n=2
(1 - (=)@ tog(1 (1= D) < (77 D ptog((7 )
since —z log(z) increases as x increases over [0, ]. Then,

Hf(l—(l—pﬂla)é——(Ziz)pkg(C;:§>p)—(1—pﬂ33>bg«1—pﬂ33h

=(1-9) <Z : §>plog(n) + on(log(n)n®~1).

Using this inequality and (29) gives that

H(D) < 1_51%mmHﬁH%mgmm“y

=904 - 2)!
Using this inequality and (28) then gives that it suffices to prove that

1-0 _d-1-§
2(d — 2)! ar

d—1-6 1-6

afterwards we can let C' = w, which does not depend on c. This inequality is true
d!
because § > %, which finishes the proof. |

Firstly observe that H(H|¥) = H(H) — H(¥) and
H(¥) < H(H) = 6,(n'log(n)).
We analyze H (#H|¥) and H (V) in the next result.

Theorem 59 H(¥) = 0, (n' ™ log(n)). Furthermore

on(n'19) ifo < 9=,
H(H|¥) = { Op(n'*?) ifs = T,
On(nt*log(n) i > 45k

55



BRESLER GUO POLYANSKIY YAO

Proof We have that

3

=9

H(W) = I(#; 0) > ( )I(ﬂ{[d} e B(H)} )

- (n) (HB(p) = " Pr[U = GIH(1{[d] € E(H)}|¥ = G)>

d Geg

_ (”) Hp(p)— Y PrjU=GlH(L{[d € EH)HY = G)

d
Geg,(‘McEG)

Observe that g = > _ 6.(cB(G) Pr[¥ = G]. Then Jensen’s inequality implies that

S Pi¥ =GlH(1{[d € E(H)}|¥ = G) < qHp <p> .
Geg, () cE@G) 1

H(W) > (Z) <HB<p> it <Z>>

- (Z) (_(1 —p)In(1 —p) —pln(q) + (¢ — p) In(1 — Z)) :

Therefore

(30)

Assume that § < %. Then Corollary 10 gives that ¢ = (1 + 0, (1))p so qHB(%’) = op(p) and
(30) gives that H (V) = H(H) — 0,(n'™9)

Next assume that 6 = %. We have that ¢ = (1 + ©,(1))p from Corollary 10 so ¢Hp(%) =
On(p) and (30) gives that H(U) = H(H) — O, (n'*?).

Suppose § > 3—;%. Then ¢ = wy(p) from Corollary 10 so if n is sufficiently large then

Lemma 57 gives that
(¢=p)In(1 =) > ~2a = p) = W(p)

and using (30) gives that H(¥) = Q,(n'*° log(n)). Furthermore Lemma 58 gives that
H(H| W) = O,(H(H)). .
Corollary 60 The conditional entropy H(H|V) is o, (H(H)) if § < %.

Proof This follows from Theorem 59. [ |

Lemma 61 If n is sufficiently large then

(22)p | "X (32D — (146
H(V) > 1—m > (i-1)Hp(1 - (1-p)li-2)) = (n'*log(n)).
d—2 i=2
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Proof Assume that n is sufficiently large throughout the proof. Suppose the set of vertices in H is
[n]. We construct a sequence of edges S. Initialize S as the empty sequence. From i = 2 to i = n,
add the edges {i,7} to S from j = 1to j = i — 1. Note that .S contains each edge between two
vertices of [n] exactly once. It follows that

H(U)=> H(Xg,|Xs,1<b<a—1).

a=1

Suppose 1 < a < (g) Assume that S, = {i,j} where 1 < j < i < n. Observe that the
random variables 1{h € H} for h € (([”]\[i_dmu{j }) are independent of the random variables X,
for 1 < b < a — 1. This is because no hyperedge in ((["]\[i_dl])u{j }) contains S; as an edge for
1 < b < a — 1. The probability that a hyperedge in ((["}\[i_dl])u{j } ) that contains S, is present in H

N 1-(1 _p)(zré),

Suppose z, € {0,1} for1 < b < a — 1. Hence,

Pr[Xs, = 1[Xg, =2, 1 <b<a-1]>1-(1 —p)(g:;).

n—1i

Note that 1 — (1 — p)(d—Q) < (g:;) p < % if n is sufficiently large. Thus, if

PI'[XSa = 1|XSZ> = ;Ul”l <b<a-— ]_] < (1 _p)(g:;)
as well, then

H(Xs,|Xs, =ap,1 <b<a—1)=Hp(Pr[Xg, =1/Xg, =ap,1 <b<a-—1])
n—i (€29)
> Hp(1— (1-p)li2)).

‘We have that
n
EXsb,lngafl[Pr[XSa =1Xs, =2p,1 <b<a—1]] =Pr[Xs, = 1] < (d 2)p.

Therefore, Markov’s inequality implies that

n—i

Pr [Pr[Xs =1|Xg —ap1<b<a—11> (1—p)li-s)]< =22
XsbJSbSa—l[ X5, = 1Xs, =z, 1<b< J> @ =p)e] (1_p)(3:;)

Observe that (d’2,)£i < (d*i)p . Using (31) then gives that
(1—pyli-2) ~ 1=( )

H(XSa|XSb7 1 § b § a — 1) = EXsb71§b§a—1[H(XSa|XSb = Tp, 1 S b S a — 1)]

== = —ap1<b<a—1]<(1—p)li-s)
> (1 XSb’lzlgga_l[Pr[Xsa 1|Xs, = 2,1 <b<a—1] < (1—p)la-2)])
. HB(l — (1 —p)(s:g))
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(4o)p ()
1— 2P e - 3,
(1= (1= (1= ) )

Summing this inequality froma = 1to a = (g) gives

v

_ W N D
H(T) > (1 1_(n)p) > (i - 1)Hp(1 - (1—p)la-2)).
d—2 =2

Observe that we use the fact that if ¢ > n—d+2 then Hp(1—(1 _p)(g:;)) = 0. Itis straightforward
to check that this lower bound on H (¥) is ,,(n' ™ log(n)). [ |

F.1. Exact recovery in a general setting

The following result is relevant to the impossibility of exact recovery in a more general setting.
Although we do not include all of the details, it is applicable in the problem we consider in this

paper.

Theorem 62 Suppose X is a finite set. Suppose S C Zx>1 contains infinitely many elements.
Supposen € S. Suppose f, : X" — YV, and A, : YV, — X" are functions such that for all y € Y,
In(An(y)) = y. Suppose X™ € X™ is a random variable such that X;, i > 1 are independent and
identically distributed with distribution p,. Assume that x= € X and lim,_,o pn(x) = 0 and
limy, 00 npn(x) = oo forall x € X~ := X\{x~}, where the limits are over S. Also assume that
supyey, Prlfn(X") =y] < 1 ¢ if n is sufficiently large. The probability that A, (fn(X™)) is not X"

(fn(

is at least 1 — T))) + on(l), where the asymptotic term o,,(1) does not depend on f,,.

Proof Suppose n € S. Let U, be the set of 2" € X" such that there does not exist y € ), such
that A,,(y) = z". Observe that Pr[A4,(X") # X"] = Pr[X" € U,,].
First observe that

- > Prix (y)] log(Pr[X™ = A, (y)])
v (32)
— Y Pr[X" =a"|log(Pr[X" = 2"
xeUy,
Suppose ™ € U,,. Then,
log(Pr[X" =a"]) = (n— Y Nu(a")log(pa(x™)) + D> Na(z")log(pn(z)).
TeEX TeEX

Using Lemma 57 and the fact that lim,, , . p,,(2) = 0 for z € X'~ gives that

if n is sufficiently large. Observe that

H(X") > —n ) pa()log(pa(z))

TEX
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and — log(pn(z)) = Q,(1) since p,(x) = 0, (1) for all z € X'~. Hence
(n— Y No(2")log(pa(e™)) = on(H(X™)) (33)

SO

TEX ™
This implies that
— Z Pr[X "log(Pr[X" = 2"])
€U, (34)
=on(H(X")— Y P "] Y No(a"™)log(pa(x)).
€U, reX ™

Let W,, be the set of ™ € X such that

N, (2") € [npa(®) = (npn (@)1, npa(x) + (npa ()]

forall z € X~. Forall z € X~ the random variable variable | N, (X"™)| has mean np,(z) and
variance npy,(z)(1 — pp(z)). Because p,(z) = o,(1) for all x € X'~, Chebyshev’s inequality
implies that X™ € W, with probability 1 — 0, (1). Therefore, Pr[ X" € U, \W,] = 0,,(1). Observe

that
> Pr "] Y Ne(z™) log(pn())

" €Uy TEX T

= Y ") Na(a™)log(pn(z))
T EURNWh TEXT

+ Z Pr[X" = Z N, (") log(pn(z))
" €U \Wh zeEX ™

=Pr[X" €Uy] [n Y pol(z)log(pn(x))

TEX

+ Z Pr[X" = ZN )log(pn(x)) + on(H(X™)).

€U \Wh TEXT

Suppose z € X~. We have that

S PX" =N < (Y Pr[X"=a")3( Y PrX" = a"|N,(a")?)

a:"EZ/{n\Wn -Z’neun\Wn €U\ Wn,
1 1
<( ). PrX" =3"))2(n’pa(x)’ + npa(x) (1 — po()))?
" €U \Wh
= op(npp(z)).
Hence
> ") Nu(z")log(pn(r)) = on(H(X™)).
z"EZ/{n\Wn reEX—
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Therefore using (33) with 2™ = (z~)™ gives that

> PriX"=a"] Y Ny(a")log(pa(x))

=Pr[X" €Up] | n Y pa(x)log(pa(z)) | +0n(H(X™))
zeX~

=Pr[X" € U,|H(X™) + on(H(X™)).
Then, using (32) gives that

H(X")=— Z Pr[X" = A, (y)] log(Pr[X" = A,(y)]) + Pr[X" € U] H(X") + 0, (H(X™)).
Yn
" 35)
For all y € ), we have that Pr[f,,(X") = y] < é if n is sufficiently large and
Pr[fn(X™) = y] > Pr[X" = Ap(y)].

Afterwards using the fact that the function —z log(z) increases as « increases over [0, 1] gives that

H(f2(X™) = = ) Pr[X" = A(y)] log(Pr[X" = A(y)]) (36)

YEYVn

if n is sufficiently large. Afterwards using (35) and (36) gives that
H(X™) — H(fo(X™) < Pr[X" e U ]H(X") 4+ 0p(H(X™)).

This finishes the proof. n
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