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Abstract. As large language models scale to longer contexts, attention layers
suffer from a fundamental pathology: attention scores collapse toward unifor-
mity as context length n increases, causing tokens to cluster excessively, a
phenomenon known as rank-collapse. While attention scaling effectively ad-
dresses this deficiency by rescaling attention scores with a polylogarithmic
factor βn, theoretical justification for this approach remains lacking.

We analyze a simplified yet tractable model that magnifies the effect of
attention scaling. In this model, attention exhibits a phase transition gov-
erned by the scaling factor βn: insufficient scaling collapses all tokens to a
single direction, while excessive scaling reduces attention to identity, thereby
eliminating meaningful interactions between tokens. Our main result identifies
the critical scaling βn — logn and provides a rigorous justification for atten-
tion scaling in YaRN and Qwen, clarifying why logarithmic scaling maintains
sparse, content-adaptive attention at large context lengths.
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1. Introduction

The attention mechanism is a cornerstone of modern transformer architectures
on which Large Language Models (LLMs) rely. Mathematically, an attention layer
is a nonlinear operator ATT that maps a collection of tokens tx1, . . . , xnu from IRd

to IRd. This operator is parametrized by three (possibly sparse) d by d matrices
K,Q, and V and maps tx1, . . . , xnu to tx1

1, . . . , x
1
nu using the following formula.

Define the normalization operator Npxq “ x{}x} and for any i “ 1, . . . , n define
qi “ QNpxiq, ki “ KNpxiq. Then x1

i “ ATTpx1, . . . , xnqi is defined as

(1.1) x1
i “ V

n
ÿ

j“1

NpxjqAij , Aij “
eaij

řn
k“1 e

aik
,

where the terms aij “ qJ
i kj are called attention scores.

A recent line of theoretical work has demonstrated that attention acts as a
contractive operator that tends to cluster tokens together; see [DCL21, GLPR24,
GLPR25, KPR24, GKPR24, BPA25a, PRY25, CLPR25, CNQG24, GG25]. This
clustering effect is also known as “rank-collapse” or “token uniformity” and arises
because the distribution of attention scores tends to flatten as the sequence length
n grows, causing each token to disperse its attention across too many other tokens
rather than focusing selectively.

Various practical solutions have been proposed to curb this clustering behav-
ior. In this work, we focus on simple context-length-aware modifications of the
attention mechanism following ideas practically implemented as YaRN [PQFS23],
Qwen [BBC`23], SSMax [Nak25], and SWAN-GPT [PLS`25]. These methods em-
ploy a straightforward strategy that rescales attention scores aij by a single poly-
logarithmic factor βn; see Table 1. Our goal in this paper is to answer the following
fundamental question:

What is the optimal order of magnitude of the βn scaling?

Method βn scaling

YaRN plog nq2

Qwen log n
SSMax log n
SWAN-GPT log n

Table 1. Attention scaling factors
for various methods. The stan-
dard attention score exppkJ

i qjq is re-
placed with exppCβnk

J
i qjq, C ą 0.

To address this question, we propose a highly
simplified yet completely tractable model for at-
tention. This model exhibits a phase transition
governed by the parameter βn as n Ñ 8: when
βn is below a critical threshold, attention be-
comes overly contractive and collapses all to-
kens to a single direction, while when βn is too
large, attention acts as an identity operator and
fails to process information effectively. More
precisely, we establish that the critical param-
eter βn scales as log n, which corroborates the
empirical guidelines underlying YaRN, Qwen,
SSMax, and SWAN-GPT.

Our work is intimately connected to the recent contributions of [CNQG24] and
[GG25], who investigate the contractive effects of attention mechanisms with ran-
dom key and query matrices K and Q to establish proper initialization schemes for
these parameters. A crucial insight from [CNQG24] is that analyzing the evolu-
tion of symmetric token configurations provides a more mathematically tractable
framework compared to the generic input distributions considered in [GLPR25].
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This symmetric setting, while simplified, captures essential dynamics of the atten-
tion mechanism and enables rigorous theoretical analysis; see also [KGPR25].

The choice βn “ γ log n appears natural in retrospect. As noted in [Nak25], with
such a scaling the attention weights Aij in (1.1) become

Aij “
nγaij

řn
k“1 n

γaik
.

To illustrate the resulting dynamics, consider a simplified regime where all attention
scores aij are of order one: specifically, let aii “ 1 and aij “ ρ ą 0 for i ‰ j. In
this setting, the off-diagonal weights satisfy

Aij “
nγρ

nγ ` pn ´ 1qnγρ
„

"

1{n if γ ă 1
1´ρ

1{nγp1´ρq if γ ą 1
1´ρ

This analysis reveals two distinct regimes. When γ is small (subcritical regime),
attention weights are asymptotically uniform, resulting in diffuse attention that, as
we demonstrate below, leads to severe token contraction. Conversely, when γ is
large (supercritical regime), off-diagonal weights become negligible with respect to
the diagonal ones so that the attention mechanism is effectively suppressed.

The critical regime emerges at the phase boundary γ “ 1
1´ρ where attention

can concentrate on a sublinear yet nontrivial number of tokens so as to maintain
sufficient connections to facilitate information flow from a small set of important to-
kens. This sparse attention is related to structured attention mechanisms employed
in long-context architectures such as Longformer [BPC20] and SWIN [LLC`21]
which implement a sliding window over k ! n-nearest neighbors but where prox-
imity is measured in terms of token position rather than embedding. Unlike these
structurally constrained approaches that rely on fixed positional neighborhoods, the
logarithmic scaling enables the attention pattern to be entirely content-adaptive, al-
lowing each token to dynamically select its most relevant context based on semantic
similarity rather than positional proximity.

Following similar motivations, [GG25] establish a compelling analogy between
attention dynamics and the random energy model from statistical physics [Der81].
Using the replica method—an analytical heuristic from statistical physics—they
identify a phase transition occurring at βn „

?
log n, which differs from the scal-

ings presented in Table 1. This result represents a significant discrepancy from our
findings and highlights fundamental differences in modeling assumptions. More
specifically, their approach assumes that the attention scores aij are correlated
Gaussian random variables. This assumption effectively induces a random geome-
try on the token space, where similarity between tokens is treated as fundamentally
random. In this sense, their model bears closer resemblance to recent Kuramoto
models on random graphs studied in [ABK`22, JMS25], where the authors inves-
tigate the synchronization of oscillators interacting across the edges of a (sparse)
Erdős–Rényi random graph with unit edge weights. However, in the case of [GG25],
the random graph is both directed and dense, with the edge pointing from token j
to token i having weight given by

(1.2) Aij “
eβnaij

řn
k“1 e

βnaik

where aij are Gaussian random variables. While [GG25] assumes a specific corre-
lation structure between the Gaussian random variables, the phase transition they
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uncover is expected to be universal within a large class of random matrices includ-
ing Wigner ones. Crucially though, in such models, the interaction strength Aij

is independent of the positional relationship between tokens i and j, making this
model qualitatively different from standard attention mechanisms where attention
is focused on few (or all) of the preceding tokens.

[BPA25b] adopt a different approach to studying the regime where n Ñ 8 and
βn Ñ 8, in a more general setting than ours. By considering various levels of
generality for the matrices K,Q, V , this work identifies distinct regimes of token
dynamics and relates them to the hardmax (β “ 8) limit. Importantly, the analysis
is conducted in the subcritical regime and differs from the present work in focusing
on a broader class of models, for which the critical regime has yet to be precisely
characterized. We believe that combining the analytical tools developed in both
papers could yield a deeper understanding of this critical regime and represents a
promising direction for future research.

The remainder of the paper is organized as follows. Section 2 provides a precise
mathematical formulation of the phase transition phenomena for the rescaled at-
tention layer. We begin by analyzing token angles and the contractive behavior of
tokens under two settings: an idealized but intuitive simplex model (Section 2.1)
and a more realistic model with the simplex constraint relaxed (Section 2.2). In both
cases, we identify three distinct regimes of the scaling parameter, each leading to
qualitatively different contrastive behaviors of the self-attention layer. Section 2.3
turns to the gradient norm of the rescaled attention operator. Because rank col-
lapse is often accompanied by vanishing gradients, we characterize the gradient
dynamics across scaling regimes and show when gradients vanish, or stabilize to
non-trivial limits. Section 3 presents our numerical experiments, which validate
these theoretical predictions.

Throughout this paper, when we denote a quantity as onp1q, where n is the
number of tokens, we mean there are positive constants C1, C2 independent of the
dimension d, such that |onp1q| ď C1n

´C2 . The constants C1, C2 depend on the
assumptions in theorems.

2. A phase transition for attention

In this section, we establish the main theorem of this paper, namely a phase
transition for the contractive properties of the attention layer when βn “ γ log n
for some γ ą 0.

Following [GLPR25], we study a simplified version of the attention layer with pre-
layer norm that is described in the introduction by assuming that K “ Q “ V “ Id.
More specifically, the model we study is given as follows.

For any two points x, y P IRd, let xx, yy “ xJy denote the standard Euclidean
inner product in IRd, and }x} “

a

xx, xy. Finally, recall that Npxq :“ x{}x}.
For any collection of tokens tx1, . . . , xnu in IRd, define yi “ Npxiq P Sd´1 for

i “ 1, . . . , n and

Zi :“
n

ÿ

k“1

eaik , Aij :“
eaij

Zi
, aij :“ β xyi, yjy ,(2.1)
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for i, j “ 1, . . . , n. We then define

ATTpyiq :“
n

ÿ

j“1

Aijyj .(2.2)

Since the seminal work of [HZRS16], residual connections are added to modern
architectures and naturally act as a regularization scheme of the attention map
towards the identity; see [CLC`25]. With said residual connections, each token xi

is mapped to x1
i using the following update rule

x1
i :“ ATTpyiq ` αxi , α ě 0 .(2.3)

Our first goal is to understand where the angle ∡px1
i, x

1
jq compares to ∡pxi, xjq. If

∡px1
i, x

1
jq ă ∡pxi, xjq—or equivalently xy1

i, y
1
jy ą xyi, yjy, with y1

i “ Npx1
iq—we say

that attention is contractive.
The nonlinear update rule (2.3) can produce complex dynamics, in which some

pairs of tokens move closer together while others drift apart. This diversity of
motion is in fact the most desirable outcome in practice, and it emerges precisely
at the phase transition identified in this study. Beyond this critical regime, the
tokens exhibit an unexpectedly cohesive behavior. To delineate the boundaries of
the critical regime, we assume that the size and relative positions of the initial
tokens are governed by constants independent of the number n of tokens. As an
analytically tractable extreme of this assumption, we first consider the case in which
the tokens form a regular simplex in Rd as in [CNQG24]. Despite its symmetry, this
configuration is sufficient to capture and predict the onset of the phase transition.
We subsequently relax this constraint in Section 2.2 to show that the same phase
transition occurs in more realistic configurations.

2.1. The simplex case. The following assumption was made in [CNQG24] and
subsequently in [GG25]. While rather stringent—in particular, it requires d ě n—
it turns out to provide a tractable yet predictive setup to study the contractive
properties of attention.

Assumption 1. There exists nonnegative constants q ě 0 and ρ P p0, 1q such that
}xi}

2 “ q and xyi, yjy “ ρ, for any i, j “ 1, . . . , n and i ‰ j.

Under Assumption 1, it is easy to see that there are positive constants ρ1 and q1

such that xy1
i, y

1
jy “ ρ1 for all i ‰ j and }x1

i}
2 “ q1 for all i. This simplification gives

rise to a tractable phase transition.

Theorem 2.1. Under Assumption 1, there is a ρ1 P p0, 1q such that xy1
i, y

1
jy “ ρ1

for all i ‰ j. Moreover, if β “ γ log n where γ is a positive constant, then for any
i ‰ j, it holds

lim
nÑ`8

xy1
i, y

1
jy “

$

’

’

&

’

’

%

ρpα
?
q`1q

2

α2q`2α
?
qρ`ρ if γ ă 1

1´ρ ,
ρpα

?
q`1q

2

α2q`α
?
qp1`ρq`

1`3ρ
4

if γ “ 1
1´ρ ,

ρ if γ ą 1
1´ρ .

(2.4)

Note that when γ ď 1
1´ρ , the right hand sides of (2.4) are strictly larger than ρ

for any α ě 0. In other words, in the critical and subcritical regimes attention is
contractive even in the presence of a residual connection. Of course, when α Ñ 8,
the effects of attention dissipates and the limit tends to ρ for all phases. This is
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expected as the update from yi to y1
i tends to the identity map, an effect known to

“mitigate oversmoothing” in residual neural networks; see [CLC`25].
Note also that for α “ 0, that is in absence of residual connections, the limit in

(2.4) reduces to

lim
nÑ`8

xy1
i, y

1
jy “

$

’

&

’

%

1 if γ ă 1
1´ρ ,

4ρ
1`3ρ if γ “ 1

1´ρ ,

ρ if γ ą 1
1´ρ .

(2.5)

In the subcritical case, the tokens contract in one step towards a single cluster
when n Ñ 8 while in the supercritical case, their inner product does not change.
In fact, a careful inspection of the proof reveals that in this supercritical regime the
attention operator converges to the identity as n Ñ 8. When α ą 0, the subcritical
case is mitigated by the residual connection which prevents token to collapse to
a single point in one step. Nevertheless, this singular behavior reveals a major
limitation in the simplex case: since the tokens are equidistant the phase transition
reveals an all-or-nothing phenomenon where attention transitions from Aij „ 1{n
so that ATTpyiq “ ȳ “ 1

n

řn
j“1 yj for all i to Aij “ δij so that ATTpyiq “ yi for all

i. In the next section, we present a similar result Theorem 2.2, where the simplex
assumption is relaxed.

Before we end this section, we present the proof for (2.5) as a special case of
Theorem 2.1. The detailed proof for Theorem 2.1 and the later Theorem 2.2 in
Section 2.2 is included in Appendix A.

Proof of (2.5). In (2.3), when α “ 0, we have that x1
i “ ATTpyiq for each i “

1, 2, . . . , n. In (2.1), under Assumption 1, we notice that the quantity
řn

k“1 e
aik in

the denominator of Aij is independent of the choice of i, and equals to eβ`pn´1qeρβ .
Denote this as Z :“ eβ ` pn ´ 1qeρβ . Then (2.2) and (2.3) become

x1
i “ ATTpyiq “

1

Z

˜

eβyi `
ÿ

m‰i

eρβym

¸

.

Under Assumption 1, a direct computation shows that for any i “ 1, 2, . . . , n,

xx1
i, x

1
iy “

1

Z2

´

e2β ` 2pn ´ 1qρep1`ρqβ ` pn ´ 1qp1 ` pn ´ 2qρqe2ρβ
¯

,

and for any two different i, j “ 1, 2, . . . , n,

xx1
i, x

1
jy “

1

Z2

´

ρe2β ` 2p1 ` pn ´ 2qρqeβp1`ρq `
`

pn ´ 2q ` pn2 ´ 3n ` 3qρ
˘

e2βρ
¯

.

See also Lemma A.3 and Lemma A.4 for more detailed computations for xx1
i, x

1
iy

and xx1
i, x

1
jy.

For Z “ eβ ` pn ´ 1qeρβ , when we let β “ γ log n, we see that eβ “ nγ and
neρβ “ n1`ργ in Z. The largest term in Z then depends on the relation between
γ and 1 ` ργ: when γ ă 1

1´ρ , n1`ργ is the largest term; when γ ą 1
1´ρ , nγ is the

largest term. We then directly get the following three phases for Z from the above
arguments:

Z “

$

’

&

’

%

p1 ` onp1qq ¨ neρβ if γ ă 1
1´ρ ,

p2 ` onp1qq ¨ eβ if γ “ 1
1´ρ ,

p1 ` onp1qq ¨ eβ if γ ą 1
1´ρ ,

(2.6)



CRITICAL ATTENTION SCALING IN LONG-CONTEXT TRANSFORMERS 7

where the terms onp1q go to 0 as n Ñ `8. Similarly, we can get the the following
three phases for xx1

i, x
1
iy:

lim
nÑ`8

xx1
i, x

1
iy “

$

’

&

’

%

ρ if γ ă 1
1´ρ ,

1`3ρ
4 if γ “ 1

1´ρ ,

1 if γ ą 1
1´ρ .

(2.7)

For xx1
i, x

1
jy, we always have that limnÑ`8xx1

i, x
1
jy “ ρ for γ in these three different

regimes. Then (2.5) follows from these two limits since xy1
i, y

1
jy “ xx1

i{}x1
i}, x

1
j{}x1

j}y.
□

2.2. The almost-simplex case. In this section, we relax Assumption 1 to allow
pairwise angles and lengths to vary slightly. This relaxation makes it possible for
tokens to lie in a dimension d ! n. Although the resulting bounds are not as sharp
as those obtained under Assumption 1, they demonstrate that the critical scaling
βn “ Θplog nq is intrinsic and not merely an artifact of a particular geometric
construction.

Assumption 2. There exist constants q1, q2 P p0,8q, ρ1, ρ2 P p0, 1q such that q1 ď

}xi}
2 ď q2 and ρ1 ď xyi, yjy ď ρ2, for any i, j “ 1, . . . , n and i ‰ j. Moreover,

ρ1 “ xyi, yjy for some i, j.

It is easy to see using standard probabilistic tools that Assumption 2 holds
with high probability when the yi’s are independent random vectors uniformly
distributed on a half-sphere for example.

Theorem 2.2. Under Assumption 2, we have the following phase transition when
β “ γ log n for some fixed γ ą 0.

If γ ă 1
1´ρ1

, then there is a constant ε ą 0 depending on α, ρ2, q1, q2, such that

lim
nÑ`8

min
i‰j

xy1
i, y

1
jy ě ρ1 ` ε ą ρ1,(2.8)

which implies that the angle between tokens becomes strictly smaller after an atten-
tion layer (2.3).

If γ ą 1
1´ρ2

, then for any i P J1, nK,

ATTpyiq “ yi ` onp1q, and hence x1
i “ yi ` αxi ` onp1q,(2.9)

where the term onp1q goes to 0 as n Ñ `8 with a speed uniform in i. Hence, when
γ ą 1

1´ρ2
, for any two different i, j P J1, nK,

lim
nÑ`8

xy1
i, y

1
jy “ xyi, yjy.(2.10)

which implies that the angle between tokens does not change after an attention layer
(2.3).

The proof for Theorem 2.2 is included in Appendix A, but the general intuition
is similar to the proof for (2.5) in Section 2.1. As we have seen in that proof, the
first step to build up phase transition regimes for xy1

i, y
1
jy is to study the phase

transition regimes for Zi in (2.1). Adjusting the logarithmic scaling factor γ causes
different phase transition regimes for Zi first. When γ is small enough, the weights
eaik consisting of Zi are asymptotically uniform, and each token almost equally
interacts with the other tokens. When γ is large enough, each token mostly focuses
on itself.
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Building on this observation, Theorem 2.1 and Theorem 2.2 together demon-
strate that γ controls the effective interaction range of each token. In particular,
we have seen in Theorem 2.1 the existence of the critical regime when γ “ 1

1´ρ .
In this case, although the tokens continue to contract, their rate of shrinkage is
evidently slower than in the subcritical regime, as shown in (2.4) and (2.5).

It is hence natural to ask whether further regimes emerge when γ is varied be-
tween the supercritical and subcritical threshold. Indeed, in Appendix C, we prove
the existence of a nontrivial middle phase when γ is between the two extrema 1

1´ρ1

and 1
1´ρ2

, under a refined assumption on the distribution of tokens, which allows
for a sharper characterization of the transition. Under this refined assumption,
Theorem C.2 show the existence of γ1, γ2 such that (2.3) presents three different
phases: γ ă γ1, γ1 ă γ ă γ2, and γ ą γ2. In the extreme regimes, when γ ă γ1,
each token interacts with almost all the remaining tokens, while when γ ą γ2,
each token only focuses on itself, consistent with Theorem 2.2. In the intermediate
regime γ1 ă γ ă γ2, however, the weights eaik concentrate on only a small subset of
tokens, so that each Zi and hence the update in (2.3) is dominated by a few highly
relevant interactions. This shows that the logarithmic scaling enables each token
to dynamically select its most relevant context.

We conclude by noting that those onp1q terms in our theorems satisfy the bound
|onp1q| ď C1n

´C2 for some positive constants C1, C2 that are independent of d
(though varying across theorems). As a result, the simplex configuration (Assump-
tion 1) and the almost simplex configuration (Assumption 2) remains valid under
repeated application of the ATT operator up to polypnq iterations. In particular, the
accumulated error remains negligible at this scale, so our theorems and arguments
extend to transformers with many layers.

2.3. Propagation of Gradients under Attention Layer. In the previous sec-
tion, we established how attention scaling influences the propagation of token rep-
resentations, corresponding to running the Transformer in the forward (inference)
direction. During training, however, the Transformer is also executed in the back-
ward direction to compute gradients via backpropagation [RHW86]. In this section,
we show that a similar phase transition arises in the backward pass: in the subcrit-
ical regime—where token representations rapidly collapse in the forward pass—the
gradients also collapse, whereas in the supercritical regime they retain their scale.
The stability of gradients is a crucial computational consideration that strongly af-
fects a model’s ability to be trained effectively. For this reason, several theoretical
analyses of gradient dynamics in Transformers have been conducted, albeit without
attention scaling; see, for example, [CNQG24, DCL21, NAB`22].

Let the input token configuration be denoted by Xp0q, and let Xptq represent the
positions of all tokens at the output of Transformer layer t. To compute gradients,
one needs to evaluate the end-to-end input–output Jacobian across L layers of the
Transformer. By the chain rule, this Jacobian can be expressed as

BXpLq

BXp0q
“

BXpLq

BXpL ´ 1q

BXpL ´ 1q

BXpL ´ 2q
¨ ¨ ¨

BXp1q

BXp0q
.

Thus, the end-to-end Jacobian can be obtained by recursively computing and mul-
tiplying the layer-wise Jacobians. This procedure is known as the adjoint method in
dynamical systems theory [Lio71], and as backpropagation in the machine learning
community.
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Our main result shows that when βn “ γ log n with subcritical γ, the typical sin-
gular values of BXpt`1q

BXptq are close to zero (apart from the contribution of the residual
connection). In contrast, for supercritical values of γ, the contribution of the at-
tention component to the Jacobian is non-trivial and behaves as a normalization
map. ZL In this case, the attention component does not amplify the total noise
cross layers.

We now proceed with formal definitions. For x P IRd, let pxqu denote its u-
th coordinate for u “ 1, 2, . . . , d. The concatenation X “ px1, x2, . . . , xnq P IRnd

represents the configuration of all tokens. The normalization map is defined by

N pXq “ N px1, x2, . . . , xnq :“
`

Npx1q, Npx2q, . . . , Npxnq
˘

,(2.11)

and the attention map by

AT T pY q “ AT T py1, y2, . . . , ynq :“
`

ATTpy1q,ATTpy2q, . . . ,ATTpynq
˘

,(2.12)

where ATTpyiq is defined in (2.2) and Y “ py1, . . . , ynq. Under these definitions,
the update (2.3) can be written compactly as

X 1 “ AT T pN pXqq ` αX,(2.13)

where X 1 “ px1
1, x

1
2, . . . , x

1
nq.

We define the nd ˆ nd Jacobian matrix as

∇XX 1 :“

ˆ

Bpx1
jqv

Bpxiqu

˙

pj,vq,pi,uq

,(2.14)

for i, j “ 1, . . . , n and u, v “ 1, . . . , d. The matrix norm of ∇XX 1 is given by

}∇XX 1}2 :“ tr
“

p∇XX 1qJ∇XX 1
‰

“

n
ÿ

i,j“1

d
ÿ

u,v“1

ˆ

Bpx1
jqv

Bpxiqu

˙2

.(2.15)

Let σ1, σ2, . . . , σnd denote the singular values of ∇XX 1. Then the normalized
Jacobian norm satisfies

1

nd
}∇XX 1}2 “

1

nd

nd
ÿ

i“1

σ2
i ,(2.16)

which represents the mean squared singular value of the Jacobian.

Before stating our results on 1
nd}∇XX 1}2, we note that the Jacobian ∇XX 1 can

be decomposed into the residual part αInd and the attention part ∇X

`

AT T pN pXqq
˘

.
As shown in Theorems 2.1 and 2.2, the residual component αInd does not affect
the phase transition behavior. Therefore, to streamline the analysis, we focus ex-
clusively on the attention term ∇X

`

AT T pN pXqq
˘

by setting α “ 0 in (2.13). The
following theorems characterize 1

nd}∇XX 1}2 under this setting.

Theorem 2.3. Adopt Assumption 1 and (2.13) with α “ 0. Then, we have the
following phase transition phenomenon: let β “ γ log n where γ is a positive con-
stant.

If γ ă 1
1´ρ ,

1

nd
}∇XX 1}2 “ 0 ` onp1q.(2.17)
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If γ “ 1
1´ρ

1

nd
}∇XX 1}2 “

1

4q

ˆ

1 ´
1

d

˙

` onp1q.(2.18)

If γ ą 1
1´ρ

1

nd
}∇XX 1}2 “

1

q

ˆ

1 ´
1

d

˙

` onp1q.(2.19)

In both cases, the terms onp1q go to 0 as n Ñ `8, with speeds depending on
γ, ρ, q.

The results of the previous theorem show that under the simplex assumption,
the phase transition in the backward dynamics (for gradients) is as sharp as for the
forward pass: for small γ, gradients do not flow through the attention block.

We can also extend the analysis for Theorem 2.3 to the relaxed Assumption 2.

Theorem 2.4. Adopt Assumption 2 and (2.13) with α “ 0. Then, we have the
following phase transition phenomenon: let β “ γ log n where γ is a positive con-
stant.

If γ ă 1
1´ρ1

,

1

nd
}∇XX 1}2 ď 4

γ2plogpnqq2

q1d
` onp1q,(2.20)

If γ ą 1
1´ρ2

,

1

nd
}∇XX 1}2 ě

1

q2

ˆ

1 ´
1

d

˙

` onp1q,(2.21)

which is away from 0 even when d, n is very large. Indeed, when γ ą 1
1´ρ2

, for any
fixed i, j P J1, nK,

ˆ

BpATTpNpxjqqqv

Bpxiqu

˙

dˆd

“
δij

}xi}

`

Id ´ yiy
T
i

˘

` onp1q ` onp1q ¨ Id,(2.22)

where the leading order term is exactly BpNpxjqqv
Bpxiqu

as shown in Proposition B.1. Here,
Id is the dˆd identity matrix, the term onp1q (onp1q, respectively) is a dˆd matrix
(constant, respectively) with matrix norm as defined in (2.15) (value, respectively)
going to 0 as n Ñ `8, with a speed independent of i, j but only depending on
γ, ρ2, q1.

We present the proofs for Theorem 2.3 and Theorem 2.4 in Appendix B. Note
that the log2 n

d term in (2.20) is small for typical values of n and d used in Transform-
ers. Theorem 2.3 and Theorem 2.4 also corroborate the fact that tokens collapse
fast when γ is in the subcritical regime, while each token only focuses on itself when
γ is in the supercritical regime.

3. Numerical Experiments

This section reports numerical experiments designed to corroborate our theoreti-
cal predictions. In the following numerical experiments, we test the phase transition
in the almost-simplex case as Section 2.2. We generate samples tx1, . . . , xnu Ă Rd
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such that the expectations E}xi}
2 “ 1 and Exxi, xjy “ ρ P r0, 1s for i ‰ j. More

precisely, we generate xi according to

xi “
?
ρ z0 `

a

1 ´ ρ zi ,(3.1)

where z0, z1, . . . , zn are i.i.d. standard Gaussian vectors in Rd. The generated
samples satisfy the Assumption 2 with high probability.

In Figure 1, we plot the input-to-output angle ratio λ, defined as

λ “
2

npn ´ 1q

ÿ

1ďiăjďn

1 ´ xy1
i, y

1
jy

1 ´ xyi, yjy
,(3.2)

for samples processed through a single self-attention layer with different γ and of
different dimensions d. Consistent with our theoretical predictions, the layer acts
as a contraction mapping when γ is small, reducing pairwise output angles, whereas
for large γ the output angles remain nearly unchanged from the input. Moreover, in
the large d regime the angle between input tokens xyi, yjy (i ‰ j) concentrate near ρ,
so that the simplex Assumption 1 is effectively satisfied. In this setting, we observe
a sharp phase transition in agreement with Theorem 2.1. In the small d regime,
however, the input tokens xyi, yjy randomly distributed in an interval pρ1, ρ2q, and
an intermediate phase emerges in which the contraction is only partial: some angles
shrink significantly while others remain close to their original values, which smooths
out the transition.
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d “ 512

Figure 1. Plots of the input-to-output angle ratio λ, defined in (3.2),
as a function of ρ and γ. The tokens are first normalized by a pre-layer
normalization and then passed through a single self-attention layer (2.2),
with residual connections and MLP layers omitted. The dashed curve
corresponds to γ “ 1

1´ρ
, which approximates the actual phase transition

with increasing accuracy as d grows, as implied by Theorem 2.1.

In Figure 2, we plot the normalized matrix norm for the ndˆ nd matrix ∇XX 1,
defined as

η “
1

nd
}∇XX 1}2 ,(3.3)

for samples passed through a single self-attention layer with varying γ and dimen-
sion d. Across all three plots, the normalized gradient norm remains close to 0
when γ is small, while for large γ it approaches 1 ´ 1{d, consistent with Theo-
rem 2.4. Similar to the token-angle behavior, a sharp phase transition emerges
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near γ “ 1
1´ρ in the large-d regime, in agreement with the predictions under the

simplex assumption. In lower dimensions, fluctuations in the pairwise angle prevent
perfect concentration, and the transition is smoothed into an intermediate regime
where the gradient norm only partially stabilizes.
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Figure 2. Plots of the normalized norm η of the gradient, defined by
(3.3), as a function of ρ and γ. The tokens are first normalized by a
pre-layer normalization and then passed through a single self-attention
layer (2.2), with residual connections and MLP layers omitted. The
dash curve shows 1

1´ρ
, which approximate the actual phase transition

with increasing accuracy as d grows, as implied by Theorem 2.3. The
matrix norm η is computed by the Hutchinson trace estimator [Hut89],
based on the definition in (2.15).

Appendix A. Proof of Theorem 2.1 and Theorem 2.2

In this section, we adopt Assumption 2 and prove Theorem 2.2 first. Then, we
prove Theorem 2.1. To simplify notations, we define J1, nK :“ t1, 2, . . . , nu for any
n P Z`.

We study the asymptotics of the quantity xx1
i, x

1
jy as n Ñ `8. We use the

notation

Zi :“
n

ÿ

k“1

eaik “ eβ `
ÿ

k‰i

eaik .(A.1)

Lemma A.1. Let β “ γ log n where γ is a positive constant. Under Assumption 2
and (2.3), for any i P J1, nK,

Zi “

#

p1 ` onp1qq ¨
`
ř

k‰i e
aik

˘

if γ ă 1
1´ρ1

,

p1 ` onp1qq ¨ eβ if γ ą 1
1´ρ2

,
(A.2)

where the terms onp1q go to 0 as n Ñ `8 with speeds independent of i but only
depending on γ, ρ1, ρ2.

Proof of Lemma A.1. We notice that

Zi “ eβ `
ÿ

k‰i

eaik .(A.3)
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We also notice that eβt “ nγt for any t. It then holds that eβ “ nγ and

nγρ1pn ´ 1q ď
ÿ

k‰i

eaik ď nγρ2pn ´ 1q .(A.4)

Hence, when γ ă 1
1´ρ1

, nγ ă n1`γρ1 , the leading order term in Zi is
ř

k‰i e
aik . We

also see that

Zi “

˜

eβ
`
ř

k‰i e
aik

˘ ` 1

¸

¨

˜

ÿ

k‰i

eaik

¸

,(A.5)

with

eβ
`
ř

k‰i e
aik

˘ ď
nγ

nγρ1pn ´ 1q
,(A.6)

which goes to 0 as n Ñ `8, and is independent of i but only depending on γ, ρ1.
Similarly, when γ ą 1

1´ρ2
, nγ ą n1`γρ2 , the leading order term in Zi is eβ , and

similar arguments hold true. □

Lemma A.2. Let β “ γ log n where γ is a positive constant. Under Assumption 2
and (2.3), if γ ą 1

1´ρ2
, then for any i P J1, nK,

ATTpyiq “ yi ` onp1q, and hence x1
i “ yi ` αxi ` onp1q,(A.7)

where the term onp1q goes to 0 as n Ñ `8 with a speed independent of i but only
depending on γ, ρ2.

Proof of Lemma A.2. According to Lemma A.1, we see that when γ ą 1
1´ρ2

, nγ ą

n1`γρ2 , and hence,

ATTpyiq “ Z´1
i

˜

eβyi `
ÿ

j‰i

eaijyj

¸

“ p1 ` onp1qq

˜

yi ` e´β
ÿ

j‰i

eaijyj

¸

.(A.8)

Because }yj} “ 1,
›

›

›

›

›

e´β
ÿ

j‰i

eaijyj

›

›

›

›

›

ď e´β
ÿ

j‰i

eaij ď n´γ ¨ nγρ2pn ´ 1q,(A.9)

which goes to 0 as n Ñ `8, and is independent of i but only depending on γ, ρ2.
This shows that when γ ą 1

1´ρ2
,

ATTpyiq “ p1 ` onp1qqpyi ` onp1qq “ yi ` onp1q.(A.10)

□

Lemma A.3. Under Assumption 2 and (2.3), for any i P J1, nK,

xx1
i, x

1
iy “ α2}xi}

2 `
2α}xi}

Zi

˜

eβ `
ÿ

j‰i

eaij xyi, yjy

¸

`
1

Z2
i

˜

e2β ` 2eβ
ÿ

j‰i

eaij xyi, yjy `
ÿ

j‰i

ÿ

k‰i

eaij`aikxyk, yjy

¸

.

(A.11)
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Let β “ γ log n where γ is a positive constant. When γ ă 1
1´ρ1

,

xx1
i, x

1
iy “ α2}xi}

2 ` 2α}xi}

ř

k‰i e
aikxyi, yky

ř

k‰i e
aik

`

ř

k‰i

ř

l‰i e
aik`ailxyk, yly

`
ř

k‰i e
aik

˘2 ` onp1q.

(A.12)

When γ ą 1
1´ρ2

,

xx1
i, x

1
iy “ pα}xi} ` 1q2 ` onp1q.(A.13)

In both cases, the terms onp1q go to 0 as n Ñ `8 with speeds independent of i but
only depending on γ, ρ1, ρ2, α.

Proof of Lemma A.3. According to (2.3), we see that

xx1
i, x

1
iy “ α2}xi}

2 ` 2αxxi,ATTpyiqy ` xATTpyiq,ATTpyiqy.(A.14)

(A.11) follows from direct computations. Two phase transitions (A.12) and (A.13)
follow from similar arguments as in Lemma A.1. □

Lemma A.4. Under Assumption 2 and (2.3), for any two different i, j P J1, nK,

xx1
i, x

1
jy “ α2xxi, xjy

`
α}xj}

Zi

˜

eβxyj , yiy `
ÿ

k‰i

eaikxyj , yky

¸

`
α}xi}

Zj

˜

eβxyi, yjy `
ÿ

l‰j

eajlxyi, yly

¸

`
1

ZiZj

˜

e2βxyi, yjy ` eβ
ÿ

k‰i

eaikxyj , yky ` eβ
ÿ

l‰j

eajlxyi, yly `
ÿ

k‰i

ÿ

l‰j

eaik`ajlxyk, yly

¸

.

(A.15)

Let β “ γ log n where γ is a positive constant. When γ ă 1
1´ρ1

,

xx1
i, x

1
jy “ α2xxi, xjy ` α}xj}

ř

k‰i e
aikxyj , yky

ř

k‰i e
aik

` α}xi}

ř

l‰j e
ajlxyi, yly

ř

l‰j e
ajl

`

ř

k‰i

ř

l‰j e
aik`ajlxyk, yly

`
ř

k‰i e
aik

˘

¨

´

ř

l‰j e
ajl

¯ ` onp1q.

(A.16)

When γ ą 1
1´ρ2

,

xx1
i, x

1
jy “ pα}xi} ` 1qpα}xj} ` 1qxyi, yjy ` onp1q.(A.17)

Proof of Lemma A.4. According to (2.3), we see that for two different i, j P J1, nK,

xx1
i, x

1
jy “ α2p ` αxxi,ATTpyjqy ` αxxj ,ATTpyiqy ` xATTpyiq,ATTpyjqy.(A.18)

(A.15) follows from direct computations. Two phase transitions (A.16) and (A.17)
follow from similar arguments as in Lemma A.1. □

Next, we prove Theorem 2.2.

Proof of Theorem 2.2. We first discuss the case when γ ă 1
1´ρ1

. According to
(A.16) and Assumption 2, we see that

xx1
i, x

1
jy ě α2}xi}}xj}ρ1 ` α}xj}ρ1 ` α}xi}ρ1 ` ρ1 ` onp1q

“ ρ1pα}xi} ` 1qpα}xj} ` 1q ` onp1q.
(A.19)
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By (A.12), we see that

xx1
i, x

1
iy ď α2}xi}

2 ` 2α}xi}ρ2 ` ρ2 ` onp1q

“ α2}xi}
2 ` 2α}xi} ` 1 ´ p1 ´ ρ2qp1 ` 2α}xi}q ` onp1q

ď pα}xi} ` 1q2 ´ p1 ´ ρ2qp1 ` 2αq1q ` onp1q.

(A.20)

We have a similar inequality for xx1
j , x

1
jy. So, there is a constant δ ą 0 depending

on ρ2, α, q1, q2 and independent of n, such that

1

}x1
i}

ě
1 ` δ

α}xi} ` 1
` onp1q, and

1

}x1
j}

ě
1 ` δ

α}xj} ` 1
` onp1q.(A.21)

Hence,

xy1
i, y

1
jy ě ρ1p1 ` δq2 ` onp1q ě ρ1 ` ε ` onp1q,(A.22)

for ε “ ρ1p1 ` 2δqδ ą 0 independent of n.
For the case when γ ă 1

1´ρ2
, (2.9) and (2.10) follow directly from Lemma A.2,

Lemma A.3, and Lemma A.4. □

Proof of Theorem 2.1. We notice that Assumption 1 corresponds to the special case
when q1 “ q2 “ q and ρ1 “ ρ2 “ ρ in Assumption 2. Clearly, Zi is independent
of the choice of i P J1, nK by its definition (A.1). According to the explicit forms
(A.11) in Lemma A.3 and (A.15) in Lemma A.4, one directly sees that both xxi, xiy

and xxi, xjy are independent of the choices of i, j P J1, nK. We can further compute
that for any i P J1, nK,

lim
nÑ`8

xx1
i, x

1
iy “

$

’

&

’

%

α2q ` 2α
?
qρ ` ρ if γ ă 1

1´ρ ,

α2q ` α
?
qp1 ` ρq `

1`3ρ
4 if γ “ 1

1´ρ ,

pα
?
q ` 1q2 if γ ą 1

1´ρ ,

(A.23)

and for any two different i, j P J1, nK,

lim
nÑ`8

xx1
i, x

1
jy “ ρpα

?
q ` 1q2.(A.24)

(2.4) follows from (A.23) and (A.24).
When γ ă 1

1´ρ , we see that

lim
nÑ`8

xy1
i, y

1
jy “

ρpα
?
q ` 1q2

α2q ` 2α
?
qρ ` ρ

ą
ρpα

?
q ` 1q2

α2q ` 2α
?
q ` 1

“ ρ,(A.25)

where the strict inequality is because ρ ă 1. When γ “ 1
1´ρ , we can similarly show

that limnÑ`8xy1
i, y

1
jy ą ρ. This completes the proof for Theorem 2.1. □

Appendix B. Proof of Theorem 2.3 and Theorem 2.4

We prove Theorem 2.4 first. We need to explicitly compute terms in BpATTpNpxjqqqv
Bpxiqu

,
for which we need the following lemmas.



16 S. CHEN, Z. LIN, Y. POLYANSKIY, AND P. RIGOLLET

B.1. Proof of Theorem 2.4.

Lemma B.1. For any i, k P J1, nK and u,w P J1, dK,

BpNpxkqqw

Bpxiqu
“ δik

δwu}xk}2 ´ pxkqwpxkqu

}xk}3
.(B.1)

Proof of Lemma B.1.

BpNpxkqqw

Bpxiqu
“

Bppxkqw ¨ }xk}´1q

Bpxiqu
“ δik

δwu}xk} ´ pxkqw ¨
pxkqu
}xk}

}xk}2
.(B.2)

□

Lemma B.2. For any k, j P J1, nK and w, v P J1, dK,

BpATTpyjqqv

Bpykqw

“

„

˜

δkjβ

˜

n
ÿ

m“1

eβxyj ,ymypymqwpymqv

¸

` eβxyj ,ykypβpyjqwpykqv ` δwvq

¸

¨

˜

n
ÿ

l“1

eβxyj ,yly

¸

´

˜

δkjβ

˜

n
ÿ

l“1

eβxyj ,ylypylqw

¸

` βeβxyj ,ykypyjqw

¸

¨

˜

n
ÿ

m“1

eβxyj ,ymypymqv

¸

ȷ

¨

˜

n
ÿ

l“1

eβxyj ,yly

¸´2

.

(B.3)

Proof of Lemma B.2. By (2.2),

pATTpyjqqv “

řn
m“1 e

βxyj ,ymypymqv
řn

l“1 e
βxyj ,yly

.(B.4)

Lemma B.2 then follows from a direct computation. □

For x, y P IRd, we use x b y to denote the d ˆ d matrix with pu, vq-th element
px b yquv “ pxqupyqv, i.e., x b y :“ xyT . We then have the following proposition.

Lemma B.3. Adopt Assumption 2 and (2.3). For any i, j P J1, nK, consider the
dˆd matrix formed by BpATTpNpxjqqqv

Bpxiqu
, for u, v P J1, dK. Denote yk “ Npxkq for each

k P J1, nK. Then, this matrix has the following form:
ˆ

BpATTpNpxjqqqv

Bpxiqu

˙

dˆd

“ }xi}
´ 1

2 rpR1 ` R2qZj ´ pU1 ` U2q b Vjs ¨ Z´2
j ,(B.5)

where Zj “
řn

l“1 e
βxyj ,yly as in (A.1),

R1 :“ δijβ pWj ´ yi b pWjyiqq , R2 :“ eβxyj ,yiy pp´yi ` βPyiyjq b yi ` Idq ,

(B.6)

and

U1 :“ δijβ pPyi
Vjq , U2 :“ βeβxyj ,yiy pPyi

yjq .(B.7)
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In (B.6) and (B.7),

Vj :“
n

ÿ

m“1

eβxyj ,ymyym, Wj :“
n

ÿ

m“1

eβxyj ,ymyym b ym, Pxy :“ y ´ xy, xyx.

(B.8)

Proof of Lemma B.3. By chain rule and Proposition B.1, we have that

BpATTpNpxjqqqv

Bpxiqu

“

n
ÿ

k“1

d
ÿ

w“1

BpATTpyjqqv

Bpykqw

ˇ

ˇ

ˇ

ˇ

Y “N pXq

¨
BpNpxkqqw

Bpxiqu

“ }xi}
´ 3

2

˜

}xi} ¨
BpATTpyjqqv

Bpyiqu
´

d
ÿ

w“1

pxiqupxiqw
BpATTpyjqqv

Bpyiqw

¸

ˇ

ˇ

ˇ

ˇ

Y “N pXq

“ }xi}
´ 1

2

˜

BpATTpyjqqv

Bpyiqu
´ pyiqu

d
ÿ

w“1

pyiqw
BpATTpyjqqv

Bpyiqw

¸

ˇ

ˇ

ˇ

ˇ

Y “N pXq

.

(B.9)

According to Proposition B.2 and the notation Zj “
řn

l“1 e
ajl , we see that

d
ÿ

w“1

pyiqw
BpATTpyjqqv

Bpyiqw

“

„

˜

δijβ

˜

n
ÿ

m“1

eβxyj ,ymyxym, yiypymqv

¸

` eβxyj ,yiypβxyj , yiy ` 1qpyiqv

¸

¨ Zj

´

˜

δijβ

˜

n
ÿ

l“1

eβxyj ,ylyxyl, yiy

¸

` βeβxyj ,yiyxyj , yiy

¸

¨

˜

n
ÿ

m“1

eβxyj ,ymypymqv

¸

ȷ

¨ Z´2
j .

(B.10)

Hence,

}xi}
1
2 ¨

BpATTpNpxjqqqv

Bpxiqu

“

˜

BpATTpyjqqv

Bpyiqu
´ pyiqu

d
ÿ

w“1

pyiqw
BpATTpyjqqv

Bpyiqw

¸

ˇ

ˇ

ˇ

ˇ

Y “N pXq

“

„„

δijβ

˜

n
ÿ

m“1

eβxyj ,ymy ppymqupymqv ´ xym, yiypymqvpyiquq

¸

` eβxyj ,yiypβpyjqupyiqv ` δuv ´ pβxyj , yiy ` 1q pyiqvpyiquq

ȷ

¨ Zj

´

„

δijβ

˜

n
ÿ

l“1

eβxyj ,yly ppylqu ´ xyl, yiypyiquq

¸

` βeβxyj ,yiy ppyjqu ´ xyj , yiypyiquq

ȷ

¨

˜

n
ÿ

m“1

eβxyj ,ymypymqv

¸

ȷ

¨ Z´2
j .

(B.11)



18 S. CHEN, Z. LIN, Y. POLYANSKIY, AND P. RIGOLLET

We then adopt the notation (B.8), i.e.,

Vj “

n
ÿ

m“1

eβxyj ,ymyym, Wj “

n
ÿ

m“1

eβxyj ,ymyym b ym, Pxy :“ y ´ xy, xyx.

(B.12)

So, the matrix form of (B.11) becomes

„„

δijβ pWj ´ yi b pWjyiqq ` eβxyj ,yiypβyj b yi ` Id ´ pβxyj , yiy ` 1q yi b yiq

ȷ

¨ Zj

´

„

δijβ pVj ´ xVj , yiyyiq ` βeβxyj ,yiy pyj ´ xyj , yiyyiq

ȷ

b Vj

ȷ

¨ Z´2
j

“

„„

δijβ pWj ´ yi b pWjyiqq ` eβxyj ,yiypp´yi ` βPyi
yjq b yi ` Idq

ȷ

¨ Zj

´

„

δijβ pPyiVjq ` βeβxyj ,yiy pPyiyjq

ȷ

b Vj

ȷ

¨ Z´2
j .

(B.13)

We further use the notations in (B.6) and (B.7), i.e.,

R1 “ δijβe
βρ pWj ´ yi b pWjyiqq , R2 “ eβxyj ,yiy pp´yi ` βPyi

yjq b yi ` Idq ,

(B.14)

and

U1 “ δijβ pPyi
Vjq , U2 “ βeβxyj ,yiy pPyi

yjq .(B.15)

Finally, the matrix form of (B.11) becomes

rpR1 ` R2qZ ´ pU1 ` U2q b Vjs ¨ Z´2
j .(B.16)

□

Lemma B.4. Let β “ γ log n where γ is a positive constant. Under Assumption 2
and (2.3), if γ ą 1

1´ρ2
, then for any fixed i, j P J1, nK, the d ˆ d matrix satisfies

ˆ

BpATTpNpxjqqqv

Bpxiqu

˙

dˆd

“
δij

}xi}
pId ´ yi b yiq ` onp1q ` onp1q ¨ Id,(B.17)

where the leading order term is exactly BpNpxjqqv
Bpxiqu

. The term onp1q (onp1q, respec-
tively) is a d ˆ d matrix (constant, respectively) with matrix norm as defined in
(2.15) (value, respectively) going to 0 as n Ñ `8, with a speed independent of i, j
but only depending on γ, ρ2, q1.

Proof of Lemma B.4. We frequently use this formula: for two vectors V1, V2, the
matrix norm of V1 b V2 as defined in (2.15) is }V1}}V2}. When γ ą 1

1´ρ2
, nγ ą

n1`γρ2 , and we know from Lemma A.1 that Zj “ p1` onp1qq ¨ eβ for any j P J1, nK.
Adopt the notations in Proposition B.3, we then show the following facts when
γ ą 1

1´ρ2
:

R1Z
´1
j “ onp1q, R2Z

´1
j “ δij p´yi b yi ` Idq ` onp1q ` onp1q ¨ Id,(B.18)

and

rpU1 ` U2q b Vjs ¨ Z´2
j “ onp1q.(B.19)
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First, for R1Z
´1
j , when i ‰ j, we have that R1 “ 0 by its definition. When i “ j,

R1 “ β
řn

m“1 e
βxyi,ymy pym b ym ´ xym, yiyyi b ymq and we notice that the term

when m “ i is 0. So, because }ymbym´xym, yiyyibym} ď }ym}2`}ym}2}yi}
2 “ 2,

eβ “ nγ ,

}R1}Z´1
j ď βpn ´ 1qeβρ2 ¨ 2Z´1

j ď 2γ logpnq ¨ nγρ2`1´γp1 ` onp1qq,(B.20)

which goes to 0 with a speed independent of i, j, because γρ2 ` 1 ´ γ ă 0.
For R2Z

´1
j , we notice that when i ‰ j, eβxyi,yjyZ´1

j ď eβpρ2´1qp1 ` onp1qq “

nγpρ2´1qp1`onp1qq, which goes to 0 with a speed independent of i, j. So, R2Z
´1
j “

onp1q ` onp1q ¨ Id when i ‰ j. When i “ j, R2 “ eβ p´yi b yi ` Idq, and so
R2Z

´1
j “ p´yi b yi ` Idq ` onp1q ` onp1q ¨ Id.

For rpU1 ` U2q b Vjs ¨ Z´2
j , we see that when i ‰ j, U1 “ 0, and so

}pU1 ` U2q b Vj} ¨ Z´2
j ď Z´2

j β
n

ÿ

m“1

eβxyj ,ym`yiy}ym}}Pyi
yj}

ď Z´2
j βeβp1`ρ2qn “ γ logpnqnγpρ2´1q`1p1 ` onp1qq,

(B.21)

which goes to 0 with a speed independent of i, j because γ ą 1
1´ρ2

. When i “ j,
U2 “ 0, and so

}pU1 ` U2q b Vj} ¨ Z´2
j ď Z´2

j β}PyiVi}}Vi}

ď Z´2
j β

˜

ÿ

m‰i

eβxyi,ymy}Pyiym}

¸

¨

˜

eβ `
ÿ

m‰i

eβxyi,ymy}Pyiym}

¸

ď Z´2
j β

`

eβρ2n
˘

¨
`

eβ ` eβρ2n
˘

“ γ logpnqnγpρ2´1q`1p1 ` nγpρ2´1q`1qp1 ` onp1qq,

(B.22)

which goes to 0 with a speed independent of i, j because γ ą 1
1´ρ2

. Hence,
rpU1 ` U2q b Vjs ¨ Z´2

j “ onp1q. □

Lemma B.5. Let β “ γ log n where γ is a positive constant. Under Assumption 2
and (2.3), if γ ă 1

1´ρ1
, then for fixed i, j P J1, nK, the d ˆ d matrix satisfies

›

›

›

›

ˆ

BpATTpNpxjqqqv

Bpxiqu

˙

dˆd

›

›

›

›

ď }xi}
´ 1

2 ¨

´

2βδij ` p2β `
?
dqeaijZ´1

j

¯

.(B.23)

Proof of Lemma B.5. According to Lemma A.1, when γ ă 1
1´ρ1

, Zj “ p1` onp1qq ¨
´

ř

k‰j e
ajk

¯

for any j P J1, nK, and Zj ě nγρ1`1p1`onp1qq ą nγp1`onp1qq, because
γρ1 ` 1 ą γ. Adopt the notations in Proposition B.3, we then show the following
facts when γ ă 1

1´ρ1
:

}R1}Z´1
j ď δijβ, }R2}Z´1

j ď Z´1
j eaij

´

β `
?
d ´ 1

¯

,(B.24)

and

}pU1 ` U2q b Vj} ¨ Z´2
j ď β

`

δij ` eaijZ´1
j

˘

.(B.25)

First, for R1Z
´1
j , when i ‰ j, we have that R1 “ 0 by its definition. When

i “ j, R1 “ β
řn

m“1 e
βxyi,ymy pym b ym ´ xym, yiyyi b ymq. So, because we have
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that }ym b ym ´ xym, yiyyi b ym} “ }Pyi
yn b ym} “ }Pyi

yn}}ym} ď 1,

}R1}Z´1
j ď βZj ¨ ¨Z´1

j “ β.(B.26)

For R2Z
´1
j , because } ´ yi b yi ` Id} “

?
d ´ 1, we have that

}R2}Z´1
j ď Z´1

j eaij

´

β `
?
d ´ 1

¯

.(B.27)

For rpU1 ` U2q b Vjs ¨ Z´2
j , we see that }Vj} ď

řn
m“1 e

βxyj ,ymy “ Zj . Also,
}U1}Z´1

j ď δijβ}Vj}Z´1
j ď δijβ, }U2}Z´1

j ď βeaijZ´1
j . Hence, we have that

}pU1 ` U2q b Vj} ¨ Z´2
j ď β

`

δij ` eaijZ´1
j

˘

.(B.28)

□

Proof of Theorem 2.4. Theorem 2.4 follows directly from Lemma B.4 and Lemma B.5.
□

B.2. Proof of Theorem 2.3. The proof for Theorem 2.3 requires more delicate ar-
guments. The part when γ ą 1

1´ρ in Theorem 2.3 directly follows from Lemma B.4,
so we only focus on the part when γ ď 1

1´ρ . We remark that when γ ă 1
1´ρ , our

result is that 1
nd}∇XX 1}2 “ 0 ` onp1q, which is a better estimate than (2.20) in

Theorem 2.4.
We first have the following lemma which replaces Lemma B.3 when we adopt

Assumption 1.

Lemma B.6. Adopt Assumption 1 and (2.3). For any i, j P J1, nK, consider the
dˆd matrix formed by BpATTpNpxjqqqv

Bpxiqu
, for u, v P J1, dK. Denote yk “ Npxkq for each

k P J1, nK. Then, this matrix has the following form:

ˆ

BpATTpNpxjqqqv

Bpxiqu

˙

dˆd

“ q´ 1
2 rpR1 ` R2qZ ´ pU1 ` U2q b pU3 ` U4qs ¨ Z´2,

(B.29)

where Z “ eβ ` pn ´ 1qeβρ,

R1 :“ δijβe
βρ pW ´ yi b pWyiqq , R2 :“ eβxyj ,yiy pp´yi ` βPyiyjq b yi ` Idq ,

(B.30)

and
U1 :“ δijβe

βρ pPyiVq , U2 :“ βeβxyj ,yiy pPyiyjq ,

U3 :“ peβ ´ eβρqyj , U4 :“ eβρV.
(B.31)

In (B.30) and (B.31),

V :“
n

ÿ

m“1

ym, W :“
n

ÿ

m“1

ym b ym, Pxy :“ y ´ xy, xyx.(B.32)

Proof of Lemma B.6. We first apply Lemma B.3 to get (B.5). After replacing
xyj , ymy “ ρ for m ‰ j, we can obtain (B.29). The only remark is that the
term δijpWj ´ yi b pWjyiqq in R1 of (B.6) is nonzero when i “ j. Then, when
i “ j, Wi ´ yi b pWiyiq “

řn
m“1 e

βxyi,ymypym b ym ´ yi b ymxym, yiyq. If m “ i,
the summand pym b ym ´ yi b ymxym, yiyq becomes 0. Hence, Wi ´ yi b pWiyiq “
ř

m‰i e
βxyi,ymypymbym´yibymxym, yiyq “ eβρ

ř

m‰ipymbym´yibymxym, yiyq “

eβρ pW ´ yi b pWyiqq. □
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Next, to compute the matrix norm of (B.29), we see that for any matrix K, its
matrix norm square equals to TrpKTKq. Hence, the matrix norm square of (B.29)
equals to

q´1Z´4 ¨

ˆ

Tr
“

Z2pR1 ` R2qT pR1 ` R2q
‰

´ 2ZpU1 ` U2qT pR1 ` R2qpU3 ` U4q

` }U1 ` U2}2}U3 ` U4}2
˙

.

(B.33)

We then compute these terms separately, and sum them in i, j. We first have the
following basic equalities for the notations V,W in (B.32).

Lemma B.7. For the notations in (B.32), i.e.,

V :“
n

ÿ

m“1

ym, W :“
n

ÿ

m“1

ym b ym, Pxy :“ y ´ xy, xyx,(B.34)

we have that
TrpW2q “

ÿ

m,l

xym, yly
2 “ npnρ2 ` p1 ´ ρ2qq,

TrpWq “ n, TrpWyiy
T
i q “ nρ2 ` p1 ´ ρ2q, }Pyi

yj}2 “ 1 ´ ρ2.

(B.35)

Also,

Wyi “

n
ÿ

m“1

xym, yiyym “ p1 ´ ρqyi ` ρV,

xV, yiy “

n
ÿ

m“1

xym, yiy “ nρ ` p1 ´ ρq,

}V}2 “
ÿ

m,l

xym, yly “ n ` ρnpn ´ 1q “ npnρ ` p1 ´ ρqq,

}PyiV}2 “ }V}2 ´ xV, yiy
2 “ pn ´ 1qpnρ ` p1 ´ ρqqp1 ´ ρq,

}Wyi}
2 “ n2ρ3 ` 3nρ2p1 ´ ρq ` p1 ` 2ρqp1 ´ ρq2.

(B.36)

Proof of Lemma B.7. Direct Computations. □

Lemma B.8. For terms R1,R2 in Lemma B.6, we have that
ÿ

i,j

Tr
“

pR1 ` R2qT pR1 ` R2q
‰

“ β2e2βρn
“

n2ρ2p1 ´ ρq ` np1 ´ ρqp1 ` ρ ´ 3ρ2q ´ p1 ` 2ρqp1 ´ ρq2
‰

` βeβpρ`1qnpn ´ 1qp1 ´ ρ2q

` e2βpd ´ 1qn ` e2βρ
“

β2p1 ´ ρ2q ` d ´ 1
‰

npn ´ 1q.

(B.37)

As a corollary, when we pick β “ γ log n, we have the following phase transition
limits as n Ñ `8:

1

nZ2

ÿ

i,j

Tr
“

pR1 ` R2qT pR1 ` R2q
‰

“

$

’

&

’

%

β2ρ2p1 ´ ρq ` onp1q if γ ă 1
1´ρ ,

d´1`β2ρ2
p1´ρq

4 ` onp1q if γ “ 1
1´ρ ,

d ´ 1 ` onp1q if γ ą 1
1´ρ .

(B.38)
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Proof of Lemma B.8. We first notice that W is a symmetric matrix and }yi} “ 1.
We then expand each term in Lemma B.8 and use Lemma B.7.

ÿ

i,j

Tr
“

pR1qTR1

‰

“ β2e2βρ
ÿ

i

`

Tr
`

W2 ´ 2WyipWyiq
T

˘

` }yi}
2}Wyi}

2
˘

“ β2e2βρ
ÿ

i

`

TrW2 ´ 2}Wyi}
2 ` }Wyi}

2
˘

“ β2e2βρn
“

n2ρ2p1 ´ ρq ` np1 ´ ρqp1 ` ρ ´ 3ρ2q ´ p1 ` 2ρqp1 ´ ρq2
‰

.

(B.39)

Then,

ÿ

i,j

Tr
“

pR1qTR2

‰

“ Tr
ÿ

i,j

δijβe
βρ

`

W ´ Wyiy
T
i

˘

eβxyj ,yiy pp´yi ` βPyiyjq b yi ` Idq

“ βeβpρ`1qTr
ÿ

i

`

W ´ Wyiy
T
i

˘

p´yiy
T
i ` Idq “ βeβpρ`1qTr

ÿ

i

`

W ´ Wyiy
T
i

˘

“ βeβpρ`1qnpn ´ 1qp1 ´ ρ2q,

(B.40)

where the second equality is because Pyiyi “ 0.

ÿ

i,j

Tr
“

pR2qTR2

‰

“
ÿ

i,j

e2βxyj ,yiyTr
“

p´yi ` βPyi
yjqyTi ` Id

˘ `

yip´yi ` βPyi
yjqT ` Id

‰

“
ÿ

i‰j

e2βρ
“`

1 ` β2p1 ´ ρ2q
˘

´ 2 ` d
‰

`
ÿ

i

e2βpd ´ 1q

“ e2βpd ´ 1qn ` e2βρ
“

β2p1 ´ ρ2q ` d ´ 1
‰

npn ´ 1q.

(B.41)

Next, we show the asymptotics (B.38) as n Ñ `8. According to Lemma A.1,
we have that

Z “

#

p1 ` onp1qq ¨ neβρ if γ ă 1
1´ρ ,

p1 ` onp1qq ¨ eβ if γ ą 1
1´ρ .

(B.42)

That is, when γ ă 1
1´ρ , the leading order terms are those terms involving neβρ,

and all the remaining terms go to 0 after dividing neβρ; when γ ą 1
1´ρ , the leading

order terms are those terms involving eβ , and all the remaining terms go to 0 after
dividing eβ . Hence, when γ ă 1

1´ρ , the leading order term in (B.37) is the term
β2e2βρn3ρ2p1 ´ ρq; when γ ą 1

1´ρ , the leading order term is e2βpd ´ 1qn. This
proves (B.38). □
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Lemma B.9. For terms R1,R2,U1,U2,U3,U4 in Lemma B.6, we have that
ÿ

i,j

pU1 ` U2qT pR1 ` R2qpU3 ` U4q

“ ρβ2e2βρpeβ ´ eβρqnpn ´ 1qpnρ ` p1 ´ ρqqp1 ´ ρq

` β2e3βρnpn ´ 1qpnρ ` p1 ´ ρqq2p1 ´ ρq

` βeβp2ρ`1qnpn ´ 1qpnρ ` p1 ´ ρqqp1 ´ ρq

` βe2βρpeβ ´ eβρqpβρ ` 1qnpn ´ 1qp1 ´ ρ2q

` βe3βρnpn ´ 1qpnρ ` p1 ´ ρqqpβp1 ´ ρ2q ` p1 ´ ρqq.

(B.43)

As a corollary, when we pick β “ γ log n, we have the following phase transition
limits as n Ñ `8:

1

nZ3

ÿ

i,j

pU1 ` U2qT pR1 ` R2qpU3 ` U4q “

$

’

&

’

%

β2ρ2p1 ´ ρq ` onp1q if γ ă 1
1´ρ ,

β2ρ2
p1´ρq

4 ` onp1q if γ “ 1
1´ρ .

0 ` onp1q if γ ą 1
1´ρ .

(B.44)

Proof of Lemma B.9. We expand each term in Lemma B.9 and also apply Lemma B.7
to each term. We first estimate terms involving U1.

ÿ

i,j

UT
1 R1U3 “

ÿ

i

β2e2βρpeβ ´ eβρq pPyiVq
T

pW ´ yi b pWyiqq yi

“ β2e2βρpeβ ´ eβρq
ÿ

i

pPyi
Vq

T
Wyi “ ρβ2e2βρpeβ ´ eβρq

ÿ

i

pPyi
Vq

T
V

“ ρβ2e2βρpeβ ´ eβρqnpn ´ 1qpnρ ` p1 ´ ρqqp1 ´ ρq,

(B.45)

where the second and the third equality is because xPyi
V, yiy “ 0.

ÿ

i,j

UT
1 R1U4 “

ÿ

i

β2e3βρ pPyiVq
T

pW ´ yi b pWyiqqV

“ β2e3βρ
ÿ

i

pPyi
Vq

T
WV “ β2e3βρpnρ ` p1 ´ ρqq

ÿ

i

}Pyi
V}2

“ β2e3βρnpn ´ 1qpnρ ` p1 ´ ρqq2p1 ´ ρq,

(B.46)

where the second equality is because xPyi
V, yiy “ 0.

ÿ

i,j

UT
1 R2U3 “

ÿ

i

βeβpρ`1qpeβ ´ eβρq pPyi
Vq

T
pp´yi ` βPyi

yiq b yi ` Idq yi “ 0,

(B.47)

where the second equality is because xPyiV, yiy “ 0 and Pyiyi “ 0.
ÿ

i,j

UT
1 R2U4 “

ÿ

i

βeβp2ρ`1q pPyi
Vq

T
ppyi ` βPyi

yiq b yi ` IdqV

“ βeβp2ρ`1q
ÿ

i

}Pyi
V}2 “ βeβp2ρ`1qnpn ´ 1qpnρ ` p1 ´ ρqqp1 ´ ρq,

(B.48)

where the second equality is because xPyiV, yiy “ 0 and Pyiyi “ 0.
Next, we estimate the terms involving U2. We recall that U2 “ βeβxyj ,yiy pPyi

yjq.
Because Pyi

yj “ 0 when i “ j, we can just replace eβxyj ,yiy with eβρ in U2, i,e,
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U2 “ βeβρ pPyi
yjq. Hence,

ÿ

i,j

UT
2 R1U3 “ 0,

ÿ

i,j

UT
2 R1U4 “ 0,(B.49)

because δijpPyi
yjq “ 0 for any i, j in UT

2 R1.

ÿ

i,j

UT
2 R2U3 “

ÿ

i,j

βeβpρ`xyj ,yiyqpeβ ´ eβρq pPyiyjq
T

pp´yi ` βPyiyjq b yi ` Idq yj

“ βe2βρpeβ ´ eβρq
ÿ

i‰j

pPyi
yjq

T
pp´yi ` βPyi

yjqρ ` yjq

“ βe2βρpeβ ´ eβρqpβρ ` 1q
ÿ

i‰j

}Pyiyj}2

“ βe2βρpeβ ´ eβρqpβρ ` 1qnpn ´ 1qp1 ´ ρ2q.

(B.50)

where the second equality is because Pyi
yj ‰ 0 only when i ‰ j, on which xyj , yiy “

ρ, and the third equality is because xPyi
yj , yiy “ 0.

ÿ

i,j

UT
2 R2U4 “

ÿ

i,j

βeβp2ρ`xyj ,yiyq pPyi
yjq

T
pp´yi ` βPyi

yjq b yi ` IdqV

“ βe3βρ
ÿ

i‰j

´

β}Pyi
yj}2pnρ ` p1 ´ ρqq ` pPyi

yjq
T
V

¯

“ βe3βρ
ÿ

i‰j

`

βp1 ´ ρ2qpnρ ` p1 ´ ρqq ` p1 ´ ρqpnρ ` p1 ´ ρqq
˘

“ βe3βρnpn ´ 1qpnρ ` p1 ´ ρqqpβp1 ´ ρ2q ` p1 ´ ρqq.

(B.51)

where the second equality is because Pyi
yj ‰ 0 only when i ‰ j, on which xyj , yiy “

ρ, and the third equality is because xPyi
yj , yiy “ 0.

The proof for (B.44) is similar to the proof for (B.38) in Lemma B.8. Notice
that when γ ă 1

1´ρ , we need to pick up terms involving neβρ, and the leading order
term in (B.43) is the one in the second line of (B.43), which is β2n4e3βρρ2p1 ´ ρq;
when γ ą 1

1´ρ , after diving nZ3, all terms in (B.43) are onp1q terms. □

Lemma B.10. For terms U1,U2,U3,U4 in Lemma B.6, we have that
ÿ

i,j

}U1 ` U2}2}U3 ` U4}2

“ β2e2βρnpn ´ 1qpnρ ` 2qp1 ´ ρq

¨
“

peβ ´ eβρq2 ` 2eβρpeβ ´ eβρqpnρ ` p1 ´ ρqq ` e2βρnpnρ ` p1 ´ ρqq
‰

.

(B.52)

As a corollary, when we pick β “ γ log n, we have the following phase transition
limits as n Ñ `8:

1

nZ4

ÿ

i,j

}U1 ` U2}2}U3 ` U4}2 “

$

’

&

’

%

β2ρ2p1 ´ ρq ` onp1q if γ ă 1
1´ρ ,

β2ρp1´ρqp1`3ρq

16 ` onp1q if γ “ 1
1´ρ ,

0 ` onp1q if γ ą 1
1´ρ .

(B.53)
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Proof of Lemma B.10. We notice that xU1,U2y “ 0 because δijPyi
yj “ 0 for any

i, j. So,

}U1 ` U2}2 “ δijβ
2e2βρ}Pyi

V}2 ` β2e2βxyj ,yiy}Pyi
yj}2

“ δijβ
2e2βρpn ´ 1qpnρ ` p1 ´ ρqqp1 ´ ρq ` p1 ´ δijqβ2e2βρp1 ´ ρ2q,

(B.54)

where the second equality is because e2βxyj ,yiy}Pyiyj}2 ‰ 0 only if i ‰ j, on which
e2βxyj ,yiy}Pyi

yj}2 “ e2βρp1 ´ ρ2q.

}U3 ` U4}2 “ peβ ´ eβρq2 ` 2eβρpeβ ´ eβρqxV, yjy ` e2βρ}V}2

“ peβ ´ eβρq2 ` 2eβρpeβ ´ eβρqpnρ ` p1 ´ ρqq ` e2βρnpnρ ` p1 ´ ρqq,
(B.55)

which is independent of i, j. Hence,

ÿ

i,j

}U1 ` U2}2}U3 ` U4}2

“
“

β2e2βρnpn ´ 1qpnρ ` p1 ´ ρqqp1 ´ ρq ` npn ´ 1qβ2e2βρp1 ´ ρ2q
‰

}U3 ` U4}2

“ β2e2βρnpn ´ 1qpnρ ` 2qp1 ´ ρq}U3 ` U4}2

“ β2e2βρnpn ´ 1qpnρ ` 2qp1 ´ ρq

¨
“

peβ ´ eβρq2 ` 2eβρpeβ ´ eβρqpnρ ` p1 ´ ρqq ` e2βρnpnρ ` p1 ´ ρqq
‰

.

(B.56)

The proof for (B.53) is similar to the proof for (B.38) in Lemma B.8. Notice
that when γ ă 1

1´ρ , we need to pick up terms involving neβρ, and the leading order
term in(B.52) is is β2n5e4βρρ2p1´ ρq; when γ ą 1

1´ρ , after diving nZ4, all terms in
(B.43) are onp1q terms. □

Proof of Theorem 2.3. As we have mentioned at the beginning of Appendix B.2, we
only need to focus the case when γ ď 1

1´ρ , which follows directly from Lemma B.8,
Lemma B.9, and Lemma B.10. We notice that, in these three lemmas, the leading
order terms are the same, β2ρ2p1 ´ ρq, which cancels in (B.33). Hence, when
γ ă 1

1´ρ , 1
nd}∇XX 1}2 “ 0 ` onp1q. When γ “ 1

1´ρ , we also only need to use the
corresponding cases in these three lemmas and combine them in (B.33) to get the
conclusion in Theorem 2.3. One remark is that under Assumption 1, we have that
n ď d implicitly. So, when γ “ 1

1´ρ , terms in (B.33) involving β2

d “
γ2

plognq
2

d also
become onp1q. □

Appendix C. Modified Assumptions with More Median Phases

In this section, we modify Assumption 2, so that we can prove the existence
of three different phases like Lemma A.1, Theorem 2.2, Theorem 2.4. We remark
that we only showed the existence of two phases (two extrema) in Lemma A.1,
Theorem 2.2, Theorem 2.4, but it doesn’t mean under Assumption 2, there is no
other transition phase between these two phases (two extrema). Under the following
Assumption 3, we can show there are indeed at least three phases. Recall that for
any i P J1, nK, we defined yi “ Npxiq.

Assumption 3.
‚ For any i P J1, nK, }xi}

2 P rq1, q2s for some positive constants q1 ď q2.
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‚ There is a τ P p0, 1s, four positive constants ρ3, ρ4, κ3, κ4 with ρ3 ď ρ4,
κ3 ď κ4, and ρ4 ă 1, such that for any i P J1, nK, if we define

Ki “ tm ‰ i | xym, yiy P rρ3, ρ4su ,(C.1)

then we have that

κ3 ď
|Ki|

nτ
ď κ4.(C.2)

‚ For any i P J1, nK and any j R Ki Y tiu, xyi, yjy P rρ1, ρ2s for some nonneg-
ative constants ρ1, ρ2 satisfying ρ1 ď ρ2 ă ρ3 ď ρ4.

‚ For technical reason, we further assume that p1 ´ τqp1 ´ ρ2q ` ρ2 ă ρ3.

Lemma C.1. Let β “ γ log n where γ is a positive constant. Under Assumption 2
and (2.3), for any i P J1, nK,

Zi “

$

’

’

&

’

’

%

p1 ` onp1qq ¨

´

ř

mRKiYtiu e
aim

¯

if γ ă min
!

1
1´ρ1

, 1´τ
ρ4´ρ1

)

,

p1 ` onp1qq ¨
`
ř

mPKi
eaim

˘

if 1´τ
ρ3´ρ2

ă γ ă τ
1´ρ3

,

p1 ` onp1qq ¨ eβ if γ ą max
!

1
1´ρ2

, τ
1´ρ4

)

,

(C.3)

where the terms onp1q go to 0 as n Ñ `8 with speeds independent of i but only
depending on γ, ρ1, ρ2, ρ3, ρ4, τ, κ3, κ4.

Proof. The proof is similar to Lemma A.1. We notice that

Zi “ eβ `
ÿ

mPKi

eaim `
ÿ

mRKiYtiu

eaim

“ nγ `
ÿ

mPKi

nγxyi,ymy `
ÿ

mRKiYtiu

nγxyi,ymy.
(C.4)

We also notice that κ3n
τ ď |Ki| ď κ4n

τ according to Assumption 3. Hence,

κ3n
τ`γρ3 ď |Ki| ¨ nγρ3 ď

ÿ

mPKi

nγxyi,ymy ď |Ki| ¨ nγρ4 ď κ4n
τ`γρ4 ,(C.5)

and

pn ´ κ4n
τ ´ 1q ¨ nγρ1 ď

ÿ

mRKiYtiu

nγxyi,ymy ď pn ´ |Ki| ´ 1q ¨ nγρ2 ď n1`γρ2 .(C.6)

When γ ă min
!

1
1´ρ1

, 1´τ
ρ4´ρ1

)

, the leading order term in Zi is
ř

mRKiYtiu n
γxyi,ymy;

when 1´τ
ρ3´ρ2

ă γ ă τ
1´ρ3

, the leading order term in Zi is
ř

mPKi
nγxyi,ymy; when

γ ą max
!

1
1´ρ2

, τ
1´ρ4

)

, the leading order term in Zi is nγ . We also remark that the
last assumption in Assumption 3 is to ensure the existence of the middle phase, i.e.,
1´τ

ρ3´ρ2
ă γ ă τ

1´ρ3
. This finishes the proof for Lemma C.1 by similar arguments as

in Lemma A.1. □

A direct corollary of Lemma C.1 is the following theorem.

Theorem C.2. Under Assumption 2 and (2.3) we have the following phase tran-
sition phenomena: let β “ γ log n where γ is a positive constant. For any i P J1, nK
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the updating dynamics (2.3) can be written as

x1
i “ αxi `

$

’

’

’

&

’

’

’

%

ř

mRKiYtiu eaimym
ř

mRKiYtiu eaim
` onp1q if γ ă min

!

1
1´ρ1

, 1´τ
ρ4´ρ1

)

,
ř

mPKi
eaimym

ř

mPKi
eaim

` onp1q if 1´τ
ρ3´ρ2

ă γ ă τ
1´ρ3

,

yi ` onp1q if γ ą max
!

1
1´ρ2

, τ
1´ρ4

)

,

(C.7)

The terms onp1q represent vectors in IRd with norms going to 0 as n Ñ `8, with
a speed independent of i but only depending on γ, ρ1, ρ2, ρ3, ρ4, τ, κ3, κ4.

The proof of Theorem C.2 is similar to Lemma C.1 so we omit its proof.
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