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Abstract

Recent work in machine learning community proposed multiple methods for performing lossy compression
(quantization) of large matrices. This quantization is important for accelerating matrix multiplication (main component
of large language models), which is often bottlenecked by the speed of loading these matrices from memory. Unlike
classical vector quantization and rate-distortion theory, the goal of these new compression algorithms is to be able
to approximate not the matrices themselves, but their matrix product. Specifically, given a pair of real matrices A, B
an encoder (compressor) is applied to each of them independently producing descriptions with R bits per entry.
These representations subsequently are used by the decoder to estimate matrix product A' B. In this work, we
provide a non-asymptotic lower bound on the mean squared error of this approximation (as a function of rate R)
for the case of matrices A, B with iid Gaussian entries. Algorithmically, we construct a universal quantizer based
on nested lattices with an explicit guarantee of approximation error for any (non-random) pair of matrices A, B in
terms of only Frobenius norms ||A||r, || B||r and |AT B||r, where A, B are versions of A, B with zero-centered
columns, respectively. For iid Gaussian matrices our quantizer achieves the lower bound and is, thus, asymptotically
optimal. A practical low-complexity version of our quantizer achieves performance quite close to optimal. In addition,
we derive rate-distortion function for matrix multiplication of iid Gaussian matrices, which exhibits an interesting
phase-transition at R ~ 0.906 bit/entry.
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I. INTRODUCTION AND MAIN RESULTS

Matrix multiplication is a key component of many numerical algorithms, and is often the dominant factor in the
runtime of a program. With the surge of deep neural nets (DNNs) and large language models (LLMs), finding more
efficient ways to perform matrix multiplication have become one of the most pressing challenges. Classical work
in this field focused on minimizing the number of required operations [1l], [2], [3], [4]. Specifics of contemporary
problems, however, require rethinking this classical approach to matrix multiplication. First, in machine learning
applications requirements for precision of computing matrix products are quite lax. Second, modern computational
hardware is often bottlenecked by the memory bandwidth. A natural solution explored by many researchers is to
apply lossy compression to matrices leading to deterioration in precision but improvement in the amount of data
transferred between memory and computation cores.

We formalize this problem as follows. Consider a pair of matrices A € R"*® and B € R"*? which need to be
described using 1 bits per entry (using separate compressors), such that a decoder that obtains bit descriptions of both
matrices can estimate ziT\B The metric for gauging quality of approximation that we will use is the squared error
between ab entries of AT B and AT B. Note that unlike classical vector quantization, we are requiring compression
algorithms to be tailored to the special task of matrix multiplication. As a practical motivation, in Section [[-A]
below we argue that reducing R down to a few bits/entry is necessary for LLMs to fully leverage modern matrix
multiplication hardware.

Our main result shows existence of universal quantizers (based on lattices) which compress A and B to R
bits/entry and come with explicit precision guarantees. Furthermore, we also show that these guarantees cannot be
generally improved by proving a matching lower bound for the case of matrices A and B with iid Gaussian entries.
We emphasize, though, that quantizers are universal and do not require Gaussian matrices.

To introduce our main results, let us define the function

1—(1— (22728 —274R")) L R < R~
I'(R) = E2R ( —4R )) f . (D
2.2 -2 R>R
where R* ~ 0.906 is the solution to the fixed-point equation
1
R= 510g2(1+4R1n2) (2)

It will turn out that T'(R) is distortion-rate function for the matrix multiplication of iid Gaussian matrices.

We say that a matrix A € R"*™ has “M-bounded entries” if |a; ;| € {0} U [M~!, M] for all i € [n],j € [m].
Our results require the matrices A and B to have M-bounded entries, with M = €M) To be more concrete,
throughout this paper we take M = n'022000 In particular, this choice of M guarantees that matrices represented
in FP64 format have bounded entries. This extremely mild condition guarantees that we can describe the /> norm
of each column of A, B with small multiplicative error using o(n) bits (see Section . Let1=(1,...,1)T € R"
be the all-ones vector. For a column vector x € R™ we denote by £ = = — (%]_TSC) 1 its zero-centered version. For
a matrix A = [a1] - - |ag] € R™** we denote A = [a1]...|a,]. Our first result is the following.



Theorem 1: For any € > 0 and sufficiently large n, there exist randomized encoders f; : R"*¢ — [2naF]
fo : R — [270F] "and decoders g : [27%F] x [2"°F] — R**? and g1 _gidea : [27%F] x R™*? — R**? such that
for any A € R"*® and B € R™*? with bounded entries we have

1) Let C = ATB, C = ATB, and C = g(fi(A), f2(B)). Then, for any i € [a],j € [b] we have
a1 ]16,11?
n

E(Ci;—Cij)* <CFj- (T*(R) +¢) +

(T(R) —T%(R) +¢) +n%, 3)

and, in particular,

EIA"B — (i (A). (BN} < |7 B - (r2(R) + &)+ LAEIBLE (rm) _ro(r) 4 o) b,
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2) Let C = ATB, C = ATB, and C = g1 _gdeda(f1(A), B). Then, for any i € [a], j € [b] we have
E(C,, —Ci )2 < G2, (217 1 &) + AR (2728 —9~R | o) 458 )
) 2¥) — i, n .

and, in particular,
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Note that two parts simply describe the cases, where both or only one matrix needs to be compressedﬂ Our
scheme operates by compressing each column of A and B using the same (randomized) nested-lattice quantizer
feol — [2"F], which is applied repeatedly to every column, whereas the decoder g simply estimates each
column to get matrices A and B and computes their scaled matrix product; see Figs. [1| and 2 I The parameter
shown in Figures is used by the encoders for time- sharlng/spar51ﬁcat10n and is set to kK = min{R/R*,1} in the
Theorem. In particular, for R < R* a fraction 1 — ( R*) of coordinates are ignored (mapped to 0), corresponding
to K = R/R*. As we will see shortly this dimensionality reduction (2 la Johnson-Lindenstrauss) turns out to be
necessary to achieve asymptotically optimal distortion.

To get a feel for Theorem || let us consider independent matrices A and B drawn iid Gaussian A (0,?). For
large n, such matrices have bounded entries and are also arbitrarily close to their centered version, with high
probability. For the second part, where only A needs to be compressed, note that if B is the n x n identity
matrix, the right hand sides of (3) and (6) read o2(272% + 2¢) and nac?(272F + 2¢), respectively, which are
optimal, as they correspond to the Gaussian rate-distortion function. For the first part of the Theorem, we have that
E|ATB|% = w = 0% - nab in this case and Theorem [I| shows estimate

E[|ATB — ATB|%] < o*nab(T(R) + ).

It turns out that this is the best possible approximation (at this compression rate), as shown in our next result.
Theorem 2: Let A € R"*% and B € R™*? be independent random matrices, with iid N'(0, o2) entries.
1) For any n > 1, and any pair of rate-R encoders f; : R"*® — [2nB] £, . R"*® — [2"F] and decoder
g : [27ef] x [27PF] — R*®, we have

E[|AT B — g(f1(A), f2(B))|} > o* - nab - T(R). (7)
2) For any n > 1, and any rate-R encoder f : R"*® — [2"4F] and decoder g : [27F] x R"*? — R%*?| we have
E||ATB — g(f(A), B)||% > o* - nab - 2721, (8)

In other words, the encoders f1, fa, g from Theorem [1] attain the lower bound from Theorem 2| and are therefore
asymptotically optimal for this class of matrices.

We also show a simpler to use bound, based on our compression scheme applied with no “MMSE scaling” and
no time-sharing - that is, with o = x = 1 in Figures The resulting bound does not meet the lower bound
of Theorem 2] for Gaussian iid matrices. However, for moderate R it is never much worse than the bound from
Theorem [I] For some matrices A, B it is significantly better than the bound from Theorem [I}

Icorresponding to the case of “weights and attention” quantization and “weights-only” quantization in LLMs.



Theorem 3: For any € > 0 and sufficiently large n, there exist randomized encoders f; : R"*¢ — [2naF]
fo : R — [270F] "and decoders g : [27%F] x [2"°F] — R**? and g1 _gidea : [27%F] x R™*? — R**? such that
for any A € R"*® and B € R™*? with bounded entries we have

1) Let C = AT B, and C = g(f1(A), f2(B)). Then, for any i € [a],j € [b] we have

) all2llb; |12 [2-22F —1 B
E(C;; — C’i,j)z < | HJ il ((221% SN +€> +n78, 9
and in particular
AlZ\B|3% [2-22F -1
B4 B — g((A), fo(B) [} < LAUEIPLE (@m o +e) fabon®, (10)

2) Let C = ATB, and C = g1_gqea(f1(A), B). Then, for any i € [a], € [b] we have

- a1 ]16,11? 1 -
]E(Ci,j — Ci,j)z < n I 2R _ | +e|+n 8. (11D
and in particular

1
22R _

A2, B2

E[|ATB — g1-sidea(f1(A), B)||% < AT 151 < + €> +a-b-n8 (12)
n 1
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Note that the term ||AT B||% does not appear at all in Theorem , and whenever ||A" B2 > % the
error in Theorem [3] is significantly smaller than the error in Theorem |I]

To put Theorem [3] in context, we note that recent work in LLMs suggested to use random rotation of A and B
and then quantize each column of the rotated matrices using sub-optimal lattice quantizers [3]], [6]. See more in
Section [[-C] In particular, a popular choice is to use the scalar quantizer, which is equivalent to quantizing to the
lattice Z™ with a cubic shaping region. In practice, to apply the scalar quantizer on a vector a; € R", the common
approach in the DNN and LLM literature is to store ||a;||~, then normalize to a; = a;/||a;||c such that all entries
of @; are in [—1, 1], then use a R-bit scalar quantizer with dynamic range [—1, 1], and finally rescale the result by
llailloo- See, e.g. [6]. If the vector a; is uniform on \/nS™~! ( the sphere with radius \/n), then for large n we
have that ||a;||. concentrates around v/2Inn. It follows that the expected squared quantization error this quantizer
attains per entry is (% In n) 272 Using this quantizer for matrix multiplication (after rotating each matrix by the
same random rotation) therefore results in

A a;l|?|b: 12 /2 2.22R 4 21hp ) )
E(Cij—Ci;)? < W <31nn> <(2m)3> , Vi€ la],j € b (13)

Thus, replacing the scalar quantizer Z™ with a high-dimensional pair of “good” nested lattices, as we do in the
proof of Theorem (3| saves a factor of % Inn in the expected squared error for moderate R.

The scheme used for proving Theorem [3]is based on using high-dimensional nested lattices with some asymptot-
ically optimal properties. Unfortunately, such lattices do not lend themselves to efficient implementation. Another
key contribution of this paper, described in Section is a simplified nested-lattice quantization scheme, based on
Conway and Sloane’s Voronoi codes [7]], that is similar to the one used in the proofs of Theorem [T] and Theorem [3]
but uses low-dimensional nested lattices. For such lattices, we suggest a fast implementation, whose computational
efficiency does not depend on R. This simplified scheme attains performance fairly close to theoretical estimates
therein. We hope the resulting matrix quantization scheme to be a good candidate for practical application in LLMs
and other algorithms relying on heavy matrix multiplication operations.

Additional contributions of this work include the following:

o We study the inner product case a = b = 1, in full generality, assuming the entries of A are drawn iid from
distribution P, the entries of B are drawn iid from distribution (), and the rates Ry and Rs are not necessarily
equal. We derive several upper and lower bounds on the smallest attainable distortion in computing the inner
product, and prove some results on the structure of the optimal encoders and decoder.

« For the matrix multiplication case, when the entries of A and B are drawn iid from a distribution P with zero
mean and variance o2, we show that (7) continues to hold with T'(R) replaced by I'(R + D(P||N(0,02)).

Key ideas and proofs of these results are sketched in Section We proceed to motivation and review of the
literature.
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Fig. 1: Encoders for matrix multiplication. Each column of A is encoded by the same encoder, and each column of
B is encoded by the same encoder. The encoder used for columns of A and that used for columns of B are also
the same, except that for A we use the dither vector Z; € R*™, whereas for B we use the dither vector Z, € R""™.
We illustrate the operation of the encoders on the ith column of A, a; € R", and on the jth column of B, b; € R™.
The block S corresponds to left multiplication by the rotation matrix S € R"*", and the block P, corresponds
to projecting the vector U; € R"™ (respectively V; € R") to R™", k € % -{0,1,...,n}, by keeping only its first kn
coordinates. Here, x is the time-sharing/sparsification parameter, determining the fraction of coordinates in each
vector that are actually “described” to the decoder. The lattices A, C Ay C R*™ are nested. The component Q4 (-) is
a lattice quantizer which maps a point in R*" to the closest lattice point in A . The component mod A, maps a point
xz € R to x — Qa, () € V., where V. is the Voronoi region of A.. The binary representation W, (respectively
Wi,) is an encoding of Ui fwn] € (AynVe) = Ay/A, (respectively Vj (., € Ay/A.) using log|Ay/A.| bits.
The scalars 217 a;, [|a; | (respectively, ~1Tb;, ||b;||) are high-resolution descriptions of 217 aj,, ||| (respectively,
+17b;, ||b; ), which require only O(logn) bits. The dither vectors Z1, Z; must be known to the decoder. They can
be randomly drawn by the encoders and decoder and require sharing randomness between them (in practice, we just
store random seed with the matrices). The matrix S need not be known by the decoder. The operations marked in
red corresponds to zero-centering the column vectors, and may be avoided altogether. The effect of avoiding those
operations on the performance is replacing A with A and B with B in the MSE upper bounds in Theorems

and

A. Importance of quantization for modern applications

To set the stage for the problem, let us estimate what level of quantization (in bits / entry) would be relevant
for today’s main consumer of matrix multiplications: the large language models (LLMs). For those, quantization is
typically employed for accelerating inference. During inference LLM is busy computing many products A" B of
matrices with sizes d X a and d x b respectively. This requires 2abd FLOPs and ad + bd 4 ab entries to load/store
from memory. Ideally, we would want to quantize entries in such a way that all compute is fully utilized. For that
we need to know the ratio £ of available FLOPs to available memory bandwidth, a quantity known as “ops:bytes”
of a processor. It ranges from £ = 5...20 for modern CPUs (FP32 arithmetic via AVX512) to £ ~ 300 for the
fastest GPUs (FP16 on an H100 or B200). The quantization rate saturating compute should then be bounded (in
bits/entry) as

16 ab

Ea+b+
It turns out that there are two stages of running inference with LLMs: the pre-fill (when the input prompt is
processed) and the generation (when response tokens are sequentially generated). During the pre-fill LLM we have
a=dand b =L (d is the so-called hidden dimension and L is the sequence length), while during the generation
we have ¢ = L and b = 1 (the A matrix coming from KV-cache and B matrix being new token’s embedding).
Thus, to saturate the computation core, we need

16Ld R _ 16L 16
fd+20)”  TEE (L1 L/d) T

(14)
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Fig. 2: Decoder for the matrix multiplication problem. We illustrate the estimation of (ATB)W The component
Ay /Ac-decoder maps log |Af/A.| bits to points in A \f NV, C R*", where V. is the Voronoi region of the lattice A..

The component (-, -) computes the inner product U, h [M]V [xn)> and a € [0, 1] is a (MMSE-like) scaling coefficient.
The operation marked in red need only be implemented if the encoders implemented the corresponding zero-

centering operations marked in red in Figure|l} Note that we can estimate the entire product AT B by first decoding
A= [ﬁl,[mﬂ e |Ua7[,m]] and B = [Vl,[mﬂ e |Vb,[m]], computing the matrix «AT B, and then computing its
Kronecker product with the rank-1 matrix N whose ijth entry is N;; = L||a,||[|b;], and adding to it the rank 1

matrix y whose ijth entry is p;; =n-21Taq; - 1170,

We can see that during generation phase, on CPUs we would want to approach 1-3 bits/entry, while on GPUs
we will not be able to ever saturate compute (that is, a decrease in quantization rate translates proportionally to
decrease in runtime). For the pre-fill phase, for large LLMs we get Rgenerae > 16 bit (that is, just storing plain FP16
is already good enough). Quantization during pre-fill might still be important for “small” LLMs running on fast
GPUs: for example, for BERT [8] we have L = 512, d = 768 and & = 300 (for an H100), resulting in quantization
rate R ~ 11.7 bit/entry.

B. Sketch of the proof

This work started with the goal of trying to understand approximate matrix multiplication for two matrices A
and B which are random, with iid Gaussian entries A/(0,1). We started by trying to solve the case of a = b =1
(Sections . 11 and [ITI), i.e. when AT B is simply an inner product of two iid Gaussian vectors.

Recall that the Gaussian distortion-rate function is D(R) = 2~ 2R e.g. [9, Section 26.1.2]. A simple argument
(Thm. |5) shows that compressing A to A and B to B via rate-R optlmal Gaussian vector quantizer achieves error

E[(ATB — AT B)?] < ¢(D(R)), o(z) =22 — 2.

It turned out that the function ¢(D(R)) is monotonically decreasing but not convex. Thus, via time-sharing one
can achieve a lower convex envelope of ¢(D(R)), which turns out to be the I'(R) function defined in (T).

We next proceed to lower bounds on distortion or, equivalently, to lower bounds on rate R required for the
existence of encoders f1, fo and decoder g satisfying

El(g9(f1(A), f2(B)) — AT B)?] <nD (15)

A simple oracle bound (by revealing B to the decoder) shows that rate R cannot be smaller than the standard Shannon
rate-distortion function of A, see Theorem [} However, this bound leaves a wide gap with the achievability bound
given above. Next, by a standard data-processing argument (and observation that encoders for A and B can be
without loss of generality be taken identical) in Section [[II-B] we deduce that [I5] requires rate

R > limsup — mf{I (4; A Z(Z) ) < D}, (16)

n—soo N A

where A ~ N(0, I,,), infimum is over all R”-valued random variables A and {)\;} are the eigenvalues of Cov(A|A).
This reduces inner product quantization to an optimization of a multi-letter mutual information. Notice that the



distortion constraint is no longer separable, and hence the standard single-letterization (e.g. [9, Theorem 24.8])
does not work and the limit on the right-hand side is not possible to evaluate. For the special case of Gaussian
distribution of entries of A we were able to single-letterize the expression on the right-hand side of (I6), see
Theorem@ showing that left-hand side of (T6)) evaluates to I' (D). Putting both upper and lower bounds together,
we conclude that optimal compression rate for the iid Gaussian inner product problem is thus given by I'"!(D),
see Theorem [71

We next proceed to solving the matrix case. Luckily, it turns out that for Gaussian iid matrices, again, the optimal
compression for matrix multiplication of A B is asymptotically achieved by compressing each column separately
via the use of optimal inner product quantizers, see Theorems [§] and [9]

Having solved the iid Gaussian case, we proceed to analyzing general (non-random) matrices and vectors.
Specifically, for the inner product problem we first normalize each of the two vectors to have norm y/n and these
norms are compressed using a separate high-resolution scalar quantizer. Next, normalized vectors are multiplied
by a common random orthogonal matrix. This makes each resulting vector uniformly distributed on the sphere of
radius /n, while their inner product is unchanged. As is well known a high-dimensional vector that is uniform on

the sphere is very similar to an iid Gaussian vector (for example, in terms of joint distribution of small O(+/n)-sized
T

subsets). Thus, we reduce the problem to (I3) except this time A;, B; N (0, (/17 'i) ), where p = Hz‘ﬁl-ﬁ'

This slight change creates a crucial complication compared to the previous case of p =
Indeed, suppose we are only tasked with quantizing B and A is given to the decoder undistorted. Because of
dependence between two terms in the product AT (B — B) we have to recourse to something like Cauchy-Schwarz,
yielding
E[(ATB - ATB)? <E[|A|?|B - B*] = 2(n?).

Thus, using “black box” quantizers for A and B only yields n? performance guarantees violating (T3). This is
where lattice quantization comes in. Specifically, using the idea of dithering we can make a (randomized) quantizer
whose quantization error (B — B) becomes independent of B and A.

In order to guarantee finite quantization rate, we also need to “truncate” the infinite lattice, for which we use
another key idea: a “good” nested lattice quantizer as in [[10], [L1]], [12]. However, due to the nature of the problem
we require construction of nested lattice pairs that satisfy stronger conditions than were known from prior work
(see Theorem [I3] whose proof builds upon heavy-lifting in a recent [13]]). Overall, we construct quantizers for
inner product problem of non-random vectors with a reconstruction error that depends only on the inner product
between the vectors and their individual ¢5 norms, see Theorem Since the performance bounds coincides with
the lower bound for the iid Gaussian case, it turns out that the resulting quantizers are optimal and generally cannot
be improved (except, possibly, in terms of finite-n performance). Together these steps complete proof of the main
results quoted above.

Remark on e-nets and randomization via rotation (and dithering). We believe that the effect of randomization is
crucial to our construction. Indeed, consider the special case of @I) with a = b =1 and vectors A, B constrained
to be norm ||A|| = ||B|| = v/n. Suppose for simplicity that vector B is allowed to be quantized at infinite rate
and we are only interested in quantizing A to nR bits. With this budget, the standard idea would be to create
an O(+/n)-net covering the v/nS"~! and set A to be the nearest neighbor in this net. What performance can this
scheme guarantee? Since A and B can be arbitrary the best we can do to is a Cauchy-Schwarz estimate

(ATB—ATB)2 < ||A—A)Y|B|? =< n?.

Thus, whereas our lattice quantizer in (I2) yields guarantee O(n) on quadratic error for the inner product, the
trivial e-net argument (even with B given for free) only yields n? bound. As we described above, the key benefit
of rotation, complemented by dithering, is making A — A a zero-mean vector.

C. Related work

Randomized linear algebra/sketching, and locality-sensitive hashing (LSH) are techniques widely used in practice
for computing approximate inner products and approximate matrix multiplications, as well as other operations, in
reduced dimensions. The figure of merit in these fields is typically the tradeoff between the reduced dimension and
the approximation error. Since the dimension of the reduced matrix/vector is related to the number of bits required
for storing it, this body of work is relevant to our study. However, the tradeoff between the number of bits per
dimension and the total approximation error, and its dependence on the properties of A, B and AT B is often subtle.



Thus, there is no immediate translation between the required dimension of a sketch and the number of bits needed
for representing it for obtaining the required accuracy.

Many algorithms have been developed for randomized linear algebra, see [14]], [[15]] for a survey, and in particular
for approximate matrix multiplication. A canonical example is the Monte-Carlo Matrix Multiplication (MCMM)
algorithm [16] which randomly samples (the same) c rows from A € R"*% and B € R™*? and estimates AT B as
the (scaled) matrix multiplication of the sub-sampled matrices. Thus, each matrix is represented by ac (respectively
bc real numbers), and the expected squared Frobenius norm of the approximation error is shown to scale like
O(||A||%||B||%/c). Similarly, LSH for cosine similarity or /5 distance also produce low-dimensional sketches of
u € R™ and v € R™, from which the inner product of u ' v can be approximated. Specifically, in [17] it is proposed
to project the two vectors using ¢ random projections (same random projections for both vectors) and only store the

sign of each projection. The Hamming distance between the obtained vectors is distributed as Binomial (c, @)

where 0(u,v) = cos (m), such that the expected squared error in estimating 6(u,v) is O(1/c). In [18] it is
proposed to estimate |lu — v|| (which is equivalent to estimating u"v for v and v on the sphere) by computing
Gaussian linear combinations of each of them, and using a (dithered) scalar quantizer for quantizing each of
the entries of the linear combinations. Specifically, for a vector G € R", with iid A/(0,1) entries, we have that
G (u—v) ~N(0,|u —v||?), and therefore the probability that G"u and G v are quantized (after dithering) to
the same value is a monotone function of ||u — v||.

All the schemes mentioned above, as well as many other sketching/LSH schemes suffer from the same short-

AT B_ AT B2 . 2 2 . .
coming: their relative error EHAHfT ]_?HQBHF scales like O (%%), and typically these schemes are applied
F - F
2 2
with constant c. When AIEIBIE — Q(1), these schemes perform remarkably well, despite the fact that ¢ does

AT B[I%

2 2
% = w(1), as is the case for random iid matrices, their relative error
is very high. A notable exception is the algorithm proposed by Pagh in [19], which represents each matrix using

n-min{m, a} (respectively n-min{m, b}) real numbers, and produces an unbiased estimator for A" B with expected
— 2 T
error of ((ATB)m- - (ATB)m) =0 (%), for all 7, j, and does so with runtime proportional to n?+nm

(ignoring logarithmic factors). When the product AT B is known to be highly sparse, this allows to estimate the
sparsity pattern with m proportional to the number of nonzero entries.

The topic of matrix quantization has received much attention in the last decade in the context of DNNs and
LLMs. The goal here is to reduce the memory footprint of the weight matrices, allowing to load them to the
main memory using less IOs, as well as speed up the multiplications and additions operations by moving from
floating point numbers to small integers (and when possible, also sparsifying the matrices, saving some operations
altogether). Roughly speaking, one can distinguish between two paradigms: quantization-aware training, where the
training procedure is designed to output weight matrices with “cheap” representation [20], [21], and post-training
quantization, where the training procedure is performed in high precision, and quantization of the weights is only
performed after training has terminated (perhaps with some fine tuning afterwards) [22[], [23], [24], [25], [26],
[27], [S]. In order to further speed up matrix multiplication, and reduce the number of IOs needed for using KV-
cache, some works also develop quantizers for the activations [23]], [25]], [26l], [27]], while other works assume the
activations are kept in high precision [22], [S]. Quantization for DNNs and LLMs are typically evaluated according
to the end-to-end performance of the quantized architecture, but often the Frobenius norm of the approximation
error is considered as the intermediate optimization criterion for quantizing the weights at each layer [20]], [28]].
Some works rely on specific empirical observations on the distribution of weights and activations in LLMs. For
example [24], [23]], [26] exploit the fact that a small subset of entries in the activations have significantly larger
magnitude than the majority of entries. Notably, in [27] it is observed that for large LLMs, quantizing all weights
to {—1,0,1} and the activations to 8 bits, hardly affects the overall performance. Among the work described
above, the algorithm from [5] is closest to the scheme we use in the proof of our Theorem [I] and Theorem [3]
as well as the practical adaptation of the scheme used in those proofs, which is described in Section The
work [5] develops an algorithm for quantizing the weight matrices (keeping the activations in high precision) that
is based on random rotation using the randomized Hadamard transform (that can be performed in time n log n) and
then using the Fg lattice for quantizing the rotated matrix. The mapping from lattice points to bits that was used
in [5] required access to a lookup table, and was tailor-designed for R = 2, while using different rates requires to
further use successive refinement (residual vector quantization). While our practical scheme in Section also uses
product-lattice quantization, we use a nested lattice quantizer/Voronoi code [7]], which results in a simple mapping

not grow with n. However, when



from lattice points to bits, regardless of R. Furthermore, we quantize both matrices to be multiplied. In LLMs,
when activations/K'V-cache data is also compressed, quantization must occur in inference time, and the encoders are
required to be fast. On the other hand, when weights-only quantization is performed, the encoding is done offline,
and only decoding is required to be efficient. The work [29] leverages this asymmetry and builds a complicated
encoder based on a trellis with a large number of states, while the decoder, on the other hand, is highly efficient.
Such asymmetric schemes are not suitable for quantizing activations/KV-cache, whereas in the scheme we describe
in Section [VII| both the encoders and the decoder are efficient, and can be both applied in inference time. In addition
to reducing the limitations incurred by the memory bandwidth, an additional benefit of quantizing both matrices,
is that one can replace the decoder with a lookup table, as in [30], [31], [32], [33], resulting in very fast decoding
in CPUs.

Following [5], the QuaRot [6]] scheme also uses randomized Hadamard transform prior to quantization, followed
by 4-bit scalar quantization of each entry in both rotated matrices. Our implementation in Section [VII| quantizes
the entries of the rotated matrices using nested-lattice codes, which come much closer to the optimal rate-distortion
tradeoff than scalar quantizers, with essentially the same complexity (provided that the base lattice has an efficient
nearest-neighbor decoder, as is the case for essentially all “good” lattices in dimensions 2, 3,4 and 8).

To the best of our knowledge, there was very little work on distributed compression for inner product/matrix
multiplication in the information theory literature. Recently, Malak [34] studied the problem of lossless distributed
compression of binary random matrices for computing their product, and derived non-trivial bounds under stringent
assumptions on the joint distribution. Some prior work considered the problem of distributed compression of random
vectors with the goal of approximately computing a linear function of those vectors [35], [36]. In those works,
the goal was to estimate, say, the difference between the two vectors in R™, which is itself a vector in R™. While
the inner product of these vectors, which is a scalar in R, can be computed from their difference (assuming their
individual norms were encoded in high resolution), it seems, a-priory, that distributed compression for inner product
computation is an easier task. Our results show that this is, in fact, hardly the case. Another line of related work
in the information theory literature, is that of Ingber et al. [37] that considered the fundamental limits of lossy
compression of a database in order to support approximate nearest neighbor search (see also [38] for a practical
implementation). We note in passing that much recent work focused on coding for speeding up distributed matrix
multiplication by introducing redundancy for mitigating the effect of “slow workers” (stragglers), see, e.g., [39].
This line of work is not directly related to approximate matrix multiplication via compression, studied in this paper.

Finally, one may wonder if approximating matrix product in mean squared error (MSE) metric is the right
distortion metric. Indeed, it was shown in [4Q] that if the high-dimensional vectors to be compressed are probability
distributions and the metric is KL divergence (reasonable assumptions for attention matrices in LLMs), the optimal
quantization algorithms become quite different from the MSE ones. We leave these extensions for future work.

To summarize, the main innovations of this work with respect to prior work are:

a. Our work provides, for the first time, the fundamental limits of quantization for matrix multiplication. We derive a
non-asymptotic lower bound on the error of any quantization algorithm for the case of Gaussian iid matrices, and
develop a “robust” quantization algorithm (that makes no assumptions on the matrices A, B) that asymptotically
attains it. This gives a useful benchmark for evaluating the performance of any robust quantization algorithm.

b. On the algorithmic side, we introduce several new components that were not used in previous work on quan-
tization for matrix multiplication: sparsification/time-sharing, MMSE scaling, nested lattice quantization. Those
components, together with randomization in the form of rotation and dithering are required for attaining the
optimal performance. For the analysis, we also prove new results on the existence of high-dimensional lattices
with the required properties for quantized matrix multiplication.

c. We develop a low-complexity framework for approaching our theoretic lower bounds. Our framework is based on
Voronoi codes in low dimensions, but together with an overload avoidance mechanism it nevertheless performs
quite close to the asymptotic limits. It allows for fast encoding and decoding, and works for any R > logg,
where ¢ is an integer. Unlike prior work on lattice-based weights-only quantization, the same scheme can be
used for any such rate, and the encoding/decoding complexity is invariant to the quantization rate R.

d. Our lower and upper bounds give a theoretic justification for the widely used idea of applying the same random
rotation to both matrices A and B prior to quantization. In particular, the schemes used in the proofs of Theorem I]
and Theorem [3] are based on random rotation followed by quantizers based on “good” high-dimensional nested
lattices. Our analysis reveals that using /., normalization followed by quantization to Z™ on the rotated vectors
(e.g. [6]) is highly sub-optimal, and using “good” nested lattices instead, leads to a multiplicative reduction by
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of factor O(logn) in the resulting distortion, see (I3).

D. Paper organization

We begin our study with the special case where a = b = 1, so that matrix multiplication becomes an inner
product. The reason is twofold: First, it is easier to gain intuition for this problem, and all techniques for proving
converse (impossibility) results for the inner product case, easily extend to the matrix multiplication case. The second
reason is that our achievability results are based on compression of each column of A separately and compression
of each column of B separately, and estimating each inner product forming C;; = (AT B); ; = a, b; separately. In
Section [l we formally define the compression for inner product computation problem, identify the structure of the
optimal decoder, and give simple expressions on the attained distortion as a function of the encoders f; and fo, as
well as a simple lower bound on the distortion in terms of the “standard” distortion-rate function. In Section [ITl] we
restrict attention to the symmetric case where the two vectors have the same distribution, and both encoders have the
same rate. We prove lower and upper bounds on the smallest attainable distortion in this case, which coincide in the
Gaussian case. In Section [[V| we generalize the inner product results for matrix multiplication AT B of A € R"*®
and B € R"*®, for general a and b. Building on the bounds developed for the inner product case of a = b = 1,
we prove lower and upper bound on the smallest expected squared Frobenius norm of the error. In the special case
where all entries in both matrices are iid Gaussian, the lower bound results in Theorem [2| In Section |V| we develop
a quantization scheme, based on randomly rotating both A and B by the same rotation matrix, and then using
nested-lattice quantizers for separately quantizing each column of the rotated matrices, for qunatization of arbitrary
matrices A € R"*® and B € R"*®, The expected squared Frobenius norm of the approximation error attained by
this scheme is upper bounded in Theorem[I2} Our main results stated above, Theorem|[I]and Theorem [3] are obtained
as simple corollaries of Theorem |12} The upper bound depends on A and B only through || Az, || B 7, |[|A" B||F,
and meets the lower bound from Theorem [2] for the case where A and B have Gaussian iid entries. The main
component in the proof of Theorem [I2] is a nested lattice quantization scheme for inner product computation of
two arbitrarily correlated vectors, each uniformly distributed on the sphere. This coding scheme is presented and
analyzed in Section For the analysis we also prove new lattice existence results, stated in Theorem [I3] Finally,
in Section [VII] we introduce a practical implementation of the quantization scheme from Theorem [I2] for matrix
multiplication of arbitrary matrices. In these scheme, we describe several compromises in the choice of lattices
used for quantization, as well as in the rotation matrix used for rotating both A and B. With these compromises
the quantization scheme and the decoder become extremely simple and fast. Some numerical evidence show that,
nevertheless, the resulting approximation error is quite close to the lower bound from Theorem [2] We conclude the
paper with stating several key open problems in Section [VIII]

E. Notation

For z > 0 we denote by log(x) the logarithm of z taken to base 2, and by In(z) the natural logarithm.
We denote the Euclidean (2) norm of a vector z € R" by |z|| = />, 7 and its ¢; norm by |z|; =

> |i|- For a matrix A € R™ ™ we denote the trace operation as tr(A) = Y7 | A;;, and the Frobenius norm
is |Allr = /300, 225w, A7 = /tr(AT A). The multiset of eigenvalues of a square matrix A € R"*" is denote
by eig(A) = (A1,...,An). For y > 1 we denote [y] = {1,...,|y|}. We denote the all ones vector in R" by
1=11,...,1]". For a column vector x € R™ we denote by 7 = x — (%].TI’) 1 its zero-centered version. For a
matrix A = [a1]---|as] € R™** with columns {a;} we denote A = [ay]...|a,] its column-centered version. The
differential entropy, mutual information, and KL divergence are denoted by h(-), I(- ; -), and D(-||-). The Gaussian
distribution in R? with mean ¢ € R? and covariance matrix ¥ is denoted N (j, ). For two random variables
X,Y the notation X 1 Y means that they are statistically independent. For a distribution P on alphabet X, the
distribution P®" is its n-product (iid) distribution on X™.

II. COMPRESSION FOR INNER PRODUCT COMPUTATION: GENERAL PROBLEM SETUP AND SIMPLE BOUNDS

Let P and @ be distributions on R with zero mean and unit variance, and let U ~ P®" and V ~ Q®" be
statistically independent. As we argue below, the unit variance assumption is without loss of generality, and the
zero mean assumption is essentially without loss of generality, as the effect of non-zero mean on the performance
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can be made negligible for large n. We consider the problem of quantizing U and V in order to compute their
inner product U " V. In particular, an (n, Ry, Ro, D) code consists of mappings

fi:R™ — [2nf) (17
fa i R™ — [27F2) (18)
g:[2MB] x 2] 5 R, (19)
with
D=D" = E(WUTV (), (V)" 20)
We define
DP*(Ry,Ry) = DI¥**(Ry, Ry, P,Q) = inf {D : 3(n, Ry, Ry, D) — code} . 1)
We further define the asymptotic function
D'™(Ry,Ry) = D(R1,R,, P,Q) = 1111: sup DI (Ry, Ry). (22)

To see that the assumption that P and @) have unit varlance is without loss of generality, assume that U ~ per
and V ~ Q®", such that Var[U] = o} and Var[V] = 03, and we would like to quantize U and V in order
to estimate U V. To that end we may define the unit-variance random variables U = UQ and V = a% with
corresponding distributions P and @, compress them using f1(U) and f2(V'), and estimate the inner product as

UTV = 0102 g(f1(U), f2(V)), (23)
where f, f2, g attain DIP*(Ry, Ry) for P and Q. This scheme will achieve

N\ 2
E <0Tf/ - UTf/) = 0202 - E(UTV = g(f1(U), (V)" = 0203 - DP*(Ry, Ry). (24)

This must be optimal, since otherwise we could have attained a smaller distortion for P and @ by first scaling U
and V by o, and o9, respectively, feeding them to the better inner product quantization system, and scaling the
obtained inner product estimate by ——.

Next, let us address the zero-mean assumption. Let P and Q be zero-mean distributions, U ~ P®", V ~ Q®",
and let U = U + poul and V=V+ wy1 for some ppr, py € R. To encode U and V we may use the encoders
f1, fo designed for P, @ and send

AO0) = [A0 = 1) 170 = uo1)| = [A0).170], 25)

RV = £V = i), 17V = uy1)| = [£0),17V], 26)
and estimate the inner product UV as

0TV = g (AU), (V) +n - popy + ol TV + 170, @7

so that
OV -0V = (U + o)) (V + 1) — [g(fi(U), foa(V)) + 10 gy + ol TV + 1 TU]
=U"V —g(f(U), f2(V)). (28)

Thus, the error in the case of zero mean U,V and non-zero mean U = U + poul, V=V+ 1y 1 can be made the
same, at the expense of also sending a description of 17U and 17V. As those are scalars, they can be described
to high resolution, say O(n~2) using O(logn) bits. Thus, for large n and finite Ry, Ry > 0, the cost of those
descriptions is negligible.

Some of our bounds will rely on the distortion-rate function of R-valued source under quadratic distortion. An
(n, R, D) code for a source U ~ P®™ consists of an encoder f : R™ — [2"f] and a decoder g : [2"F] — R™ with
D = LE|U — g(f(U))||>. We denote by D} (R) = Dj(R,P) the smallest distortion attained by any (n, R, D)
code, and we denote the distortion-rate function by [9]

Dp(R) = lim D:(R,P)= min E(U -Y)2 (29)
n— 00 Py y:I(U;Y)<R

It is also well-know [9]], that D} (R, P) > Dp(R) for any n > 1.
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A. Optimal Decoder and Error Expressions

In the following, we assume f; and f> are fixed. We denote Wy = f1(U) and Wy = fo(V). Let U= E[U|Wy]
and V = E[V|Wy].

Proposition 1: The optimal choice for g is g*(Wy, Wy ) = Umv.
Proof. The minimum mean squared error (MMSE) estimator of a random variable X from another random variable
Y is X = E[X|Y]. Thus,

g Wy, Wy) = E[UTV|Wy, Wy] = E[UT [WYE[VIWy] =TTV, (30)

where the second equality follows since (U, Wy ) L (V,Wy). =
Letey =U—U and 2., = E[(U—U)(U—0U)T). Similarly, let ey = V —V and %, = E[(V = V)(V=V)T].
Recall that by the orthogonality principle[41, Chapter 4.2], it holds that E[U/ ef;] =0 and E[Vea] =0.
Proposition 2: Assuming that entries of U and V have zero mean and unit variance, we have that the optimal
decoder achieves

1
E(UTV - g (Wo, W)’ =~ [tx(Zey ) + tr(Zey) = tr(Sey Zey, )] (31)
Proof. We have
. " " N\ 2
D —E ((U+eU)T(V+eV) —UTV> 32)
" . 2
=E (UTeV +VTey + egev> (33)
N 2 R 2
_E (UTev) +E (VTeU) +E (efev)’, (34)

where the last transition is due to the orthogonality principle and the statistical independence of U and V. We have
that

E (UTev)Q — tr [E[UUTeve‘T/]} — tr [JE[UUT]ZGV} (35)
Recalling that E[U U T] =1 - %,,, again, by the orthogonality principle, we obtain
E(0Tey) = e[~ 50 8, ] = tr(8,) — tr(Ze, B, (36)
Similarly,
E (VTeU)Q = t5(De,) — tr(Zey, Sey ). (37)
Finally,
E (egev)2 = tr [Elevejevey]] = tr(Sey Sey )- (38)
[

B. Simple Lower Bounds

We show that computing the inner product with mean squared error (MSE) of nD is necessarily harder than
compressing each of the random vectors U and V' with £ norm of nD. Note that in the inner product quantization
problem we are only interested in a single scalar in R while in the standard problem of quantizing a random vector
we are interested in a vector in R™. Yet, the former problem is at least as hard as the latter.

Theorem 4: For any n > 1

DI (Ry, Ry, P,Q) > max {Dp (1), D(Ra)} &
and in particular

D™ (Ry, Ry, P,Q) > max {Dp(R1), Dg(R2)} . (40)
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Proof. From Proposition [2| we have that for any fi : R — [2"F1] and fy : R® — [27f%2]

E(UTV — g" (W, W)’ =~ [ix(Sy) + () — (e Bey )] (1)
= % [tr(EeU) - JE(UTeV)z] (42)
> 2 n(S.,) @)
> D (R, P), (44)

where ([@2) follows from (36), and the last inequality follows since Wy is an encoding of U with 2"%1 codewords,
which must incur distortion at least D (R, P) by definition. Note that the inequality @3]) holds with equality in
the “single-sided” case where only U is quantized while V = V/, so that ey = 0. The bound D} (R1,Rs, P, Q) >
D2 (R, Q) follows similarly. Our statement now follows since D} (R1, P) > Dp(R;) and D} (R2,Q) > Dg(Rs)
foranyn >1. m

III. COMPRESSION FOR INNER PRODUCT COMPUTATION: THE SYMMETRIC CASE

In this section we assume P = ), Ry = Ry = R, and define DIY'*(R, P) = D} (R, R, P, P), and D''(R, P) =
D™ (R, R, P, P). We first develop a simple upper bound based on using the same encoder for both vectors (that
is f = f1 = fo), that time-shares between a “good” encoder for P under quadratic distortion, and a zero-rate
encoder. We then develop a lower bound on the distortion of inner product compression, which shows that for the
symmetric case, using the same encoder f = f; = f5 for both U and V is optimal, and depends on the spectrum
of the covariance matrix of ey = U —E[U|f(U)]. We then give some constraints on the error spectrum that can be
attained by a rate R encoder. Using this characterization we obtain a general lower on D'F(R, P). Thus, overall
we show in this section that for any iid source P = Q with Ey,~p[U;] = 0, Ey,~p[U?] = 1 we have

T(R+ D(P|IN(0,1))) < D™'(R, P) <T(R),
in particular showing that DY (R, N'(0,1)) = T'(R).

A. Upper Bound

Define the function
#(z) = 2z — 2°. (45)

and note that = — ¢(z) is increasing and concave on [0, 1]. We give a time-sharing upper bound on D'F (R, P) in
terms of ¢(Dp(R)).
Theorem 5: Assuming that P has zero mean and unit variance, we have

D™(R,P) < 0?521(1 —K)+ K- (Dp (f)) <T'(R), (46)

where T'(R) is defined in (T).
Proof. Note that it is sufficient to prove the first inequality. Indeed, we know that Dp(R) < Dyr(o1)(R) = 272,
e.g. [9 Theorem 26.3], and in Appendix [A] we show that

— min (1 Lo (222
I'(R) = OISHNHSll(l K)+ K- (2 ) .
In order to show the first inequality, we will prove that

R

DP*(RP)< min (1-k)+k-¢ (D,*m (,P)) (47)
k€1 {0,1,...,n} K

from which the statement immediately follows. Let xk € % {0,1,...,n}, and consider a compressor for P®*" under

quadratic_distortion: f : R™ — [2nR = 27%%] and corresponding optimal decoder g : [2"F = 27%] — R,

g(w) = U =E[U"|f(U"™) = w], that attains

1 . 1
D= —E|U"™ —U™|> = — tr(Zepnn )- (48)
RN RN
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We encode U by applying f on U"™ and do not describe the other coordinates. The resulting covariance error
matrix is therefore block diagonal of the form

| Beprn 0
ZCU B 0 I(l—rf,)n “49)
Consequently,
tr(Eey ) = tr(Xeyn,) +tr({1—xyn) = neD +n(l — k) (50)
t1(Zey Bey) = t1(SBepnn Bevnn) + (T1—r)n) = [[Seye, |7+ (1 = 5). (51)

Recall that for a positive semi-definite matrix A € R™*™ it holds that || A[|% > - (tr(A))2. This follows since

the vector A = eig(A) has non-negative entries, so that tr(A) = ||A[|1, and therefore [|A[|% = [[A[3 > L|\|? =
L (tr(A))%. Thus,
1
BepenllE = —(t1(Zee,))* = knD?, (52)
and, by (51, we have
tr(Xey Bepy ) > neD? +n(1 — k). (53)
We use the same encoder also for encoding V, such that 3., = X, and use the optimal decoder g* for estimating
UTV. Applying Proposition l we obtain
1
D' = — [tr(Se,,) + tr(Ze, ) — tr(Ze, Sey )] (54)
n
1
=~ [261(Zep) = [Ber 7] (55)
<(1-r)+k-(2D - D? (56)
= (1= k) + k(D). (57)

Taking the compressor f that attains D}, (%, P), we obtain the claimed result. m

B. Lower Bound

Lemma 1: For the symmetric case, assuming that P has zero mean and unit variance, there is no loss of optimality
in taking f; = fo = f, and

Dy (R, P) = —inf [2JAC) |1 = IA(F) mf2¢ (58)
where the infimum runs over all encoders f : R™ — [2"F], and
A(f) = eig () (59)
where ef, = U — E[U|f(U)], & ol = = Elelel; 1.
Proof. By Proposition ' we have that for any two encoders fi; : R™ — [2"F] and f, : R® — [2"%], when the
optimal decoder is used, it holds that
1
D =~ [r(S,0) + tr(5,) — tr(5,1, %) (60)
n U \4 U \%
1
S [tr(ze_fl) +tr(S, ) — tr(S, 0 5 s, )} : 61)
n U U U U

where the last equality follows since P = (), and therefore U and V' have the same distribution. Rearranging (61),
we obtain

n(l — D%y =tr((I, — % fl)(l - EE{;)) (62)
< \/tr = %0)) (I = 212)?) (63)
< max tr((I —X f7) ) (64)

i€{1,2}
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where (63) follows since (C, D) — tr(C'D) defines inner product on symmetric matrices C, D € R™ ", and
therefore the Cauchy-Schwartz inequality holds. We have therefore obtained

D' > 1 min (2trY 5, — tr Ezfi) (65)
n ie{1,2} €U ey
1.
> —inf 21X = IAHIE] - (66)

Note that all inequalities in the derivation hold with equality if f; = fo = f*, where f* attains infimum above (or
is a sequence of functions approaching this infimum). m

The following Shannon-lower-bound-type lemma constrains the eigenvalues of an MSE matrix for estimating U
from a 2"%-level quantizer f : R® — [2"F].

Lemma 2: Assume P has zero mean and unit variance. Let f : R™ — [2"F] be a 2"F-level quantizer, and define
A(f) = (M,..., ) €10,1]™ as in (39). Then

72 log— < R+ D(P|N(0,1)). (67)
Proof. We may assume without loss of generality that h(P) > —oo, as otherwise D(P|N(0,1)) = oo and the

statement trivially holds. Let eé =U-E[U|f(U)], = of = ]E[e{,e@ ]. Since the Gaussian distribution maximizes
differential entropy under second moment constraints, we have that

11
hUIF)) < 5 L log det (@re)z,y ) =n- = ; 5 log(2eA,). (68)
Consequently,
WR 2 I(U; (1)) = U) ~ h(ULF(0)) 2 (D) = - = 3 2 log(2meAs) ©9)
=1
11

= h(N®™(0,1)) —n - - Zz:; 3 log(2meN;) + h(P®™) — h(N®™(0,1)) (70)

1 n
=n<nZIOgA—D(PIN(0,1))>7 (71)

i=1

which yields the claimed result. m
Theorem 6: Assuming P has zero mean and unit variance, for any n > 1

D" (R, P) > T (R+ D(P|N(0,1)), (72)
where T'(R) is defined in (I, and in particular
D™(R,P) >T (R+ D(P|IN(0,1))). (73)

Proof. Let f : R" — [2"%] be a 2"%-level quantizer, and define A(f) = (A1,...,\,) € [0,1]" as in (§9). Denote
by K = K the uniform distribution over (the multiset) A(f). By Lemma [1| we have that

D" (R.P) = inf Ex-, () = inf Exeie, 6 (27270 ) (74)

where Ryr(A) = 1 log ;. Denote I'y (R) = ¢(272%). In Appendix |A] we show that
convex envelope of T'1(R) =T'(R). (75)

It therefore follows that

D,"*(R,P) = inf Bxn e, T1(Rar () (76)
> infE)\wa ( ( )) (77)
> mfF (E,\NKfRN )) (78)
ST (R4 DAV O.L). (19)
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where we have used Lemma [2] in the last inequality. m

C. The Symmetric Gaussian case
Combining Theorem [5] and Theorem [6] we obtain a complete characterization for the Gaussian case.
Theorem 7:

1-(1-¢@22) £ R<R*

6(2-2R) R>R (80)

D™ (R,N(0,1)) =T(R) = {

Proof. The upper bound follows from applying Theorem (5| with x = min{R/R*, 1}, and recalling that Dx,1)(R) =
2728 The lower bound follows directly from Theorem [6| m

IV. COMPRESSION FOR MATRIX MULTIPLICATION
A. Setup

Let A € R™%® be a matrix whose entries are drawn iid from the distribution P and B € R™*? be a matrix,
statistically independent of A, whose entries are drawn iid from the distribution ). We assume both P and @) are
distributions with zero mean and unit variance. We consider the problem of quantizing A and B in order to compute
their matrix multiplication AT B. In particular, an (n, a, b, Ry, Ro, D) code consists of mappings

iR [2nel (81)
fa i R — [270F2] (82)
qg: [2naR1] % [27LbR2] N Raxb7 (83)
with
D= DM = ——E|ATB - g(f1(A), f2(B)I}- (84)
We define
DY (Ry, Ry) = Doyt (Ry, Ro, P,Q) = inf {D : 3(n,a,b, Ry, Ry, D) — code} . (85)
We further define the asymptotic function
D33! (Ri, Ry) = DR (Ry, R, P,Q) = limsup D, (i, Ra), (86)
A—s00

B. Basic Properties and Bounds

Denote Wa = f1(A) and Wi = f2(B) and further denote A = E[A|W,] and B = E[B|Wg]. Define ¥4 =
E[(A— A)(A— A)T] € R"™*" and M4 = E[AAT] € R"™". Similarly, ¥ = E[(B — B)(B — B)'] € R"™*" and

Mp =E[BBT] € R™™. As in the scalar case, we still have the identities:

a4+ My=al, (87)
Yp + Mp = bl,. (88)
The next theorem generalizes the basic bounds we derived above for the inner product case, to the matrix multi-

plication case. The proofs are similar to the statements above, and are therefore omitted.
Theorem 8: Assume P and () have zero mean and unit variance. The following hold:

1) For fixed f1, fo, the optimal choice for g is g*(Wa, W) = AT B, and the distortion is given by

DMM — — Z 3 [tr(SaMp) + tr(SpMa) + tr(SaXp)]
1|1 1 1
= -~ |:a tr(X4) + 3 tr(Xp) — b tr(EAEB):| .

2) The oracle lower bound (taking B = B or A = A) gives

1 1
DMMzmaX{ trEA,trEB},
n-a n-b
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and consequently for any n > 1

DYM*(Ry, Ry, P,Q) > max {Dp(Ry), Dg(R»)},

n a,b
and in particular
DY (Ry, Ry, P,Q) > max {Dp(R1), Do(Ra)} -
3) For the symmetric case, where Ry = Ry = R and P = (), we have
R
MM < i _ ) L
DYM(R,P) < min (1= 1) + 56 (DP <K>)

This is asymptotically attained by quantizing only the first xn coordinates of each column of A and each
column of B.
4) For the symmetric case, where Ry = R, = R and P = @, for any n > 1 we have

Dy (R, P) = imin{i;if [2IAFa)lln = IMFaIE] it (20711 - ||A<fb>||%]}
= L min {iﬁfgaﬁ Oulfa) ?fg 0 (be))} 7 59)
where the infima runs over all encoders f, : R"*® — [2"ef] f, . R"*b — [270F] and
At =i (350 ) A =i (55,5 ©90)

where eﬁ” = A —E[A|f.(A)], Eeff = E[eﬁ”efﬁf’ ], and eg’ = B —E[B|f»(B)], ZefBb = E[eg’eg” ]

C. Maximum Entropy Matrices

The fact that the Gaussian distribution maximizes the differential entropy of a vector, under second moment
constraints, played a pivotal role in the derivation of our bounds for inner product quantization. For matrix
multiplication quantization, the following lemma will play a similar role.

Lemma 3: Let M € R™*% be a random matrix with E[M] = 0, and E[M M "] = ¥. Then

h(M) > glog det (QWGiE) =a-) % log(2mel;), oD
=1

where A = eig (1), and this is attained with equality if the columns of M are independent N (0, 25) random
vectors.

Proof. Write M = [mq|ms| - - - |mg], where my, ..., m, are zero-mean random vectors in R™. Denote the marginal
distribution of m; by P;. Let X; = E[m;m; ], and recall that

S=EMM'] = Z E[msm,; Z . (92)
We further have that
- 1
h(M)=h ceeyMyg) < h(m;)<a-h{-=->» F], 93
(M) = h(m, ,m>_;<m> a (aZ ) (93)
where we have used sub-additivity and concavity of differential entropy in the inequalities above. Noting that the
covariance matrix corresponding to the distribution 2 37 | Py is 1 3% | %, = 1%, we have
h(M)<a-h (./\/ (O, aZ)) = %log det (27Tea2> . 94)
All inequalities are attained with equality when m; <~ A’ (0,2%), fori=1,...,a. m

This immediately gives the following generalization of Lemma [2]
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Lemma 4: Assume the distribution P has zero mean and unit variance. Let f, : R"*% — [2"?F] be a 2"%F_Jevel
quantizer, and define A(f,) = (A1,...,A,) € [0,1]™ as in (90). Then

1 1 1
E;?ogx < R+ D(P|N(0,1)). (95)

Proof. Without loss of generality, we may assume h(P > —00, as otherwise D(P||N(0,1)) = oo and the statement
is trivial. Let ef;” =A—-E[A|f.(A)], = oo = ]E[eA el ™). By Lemma we have that

1 11
h(A|fa(A)) < g og det ((27‘1’6)@2}6&1) =na-— ; 3 log(2meX;). (96)
Consequently,
naR > T(A; fa(A)) = h(A) ~ h(AIfa(4)) > h(A) ~na- 3" log(2med) ©7)
1=1
11
= h(N®"(0,1)) — na - - Z; 5 log(2me);) + h(P®"%) — h(N®"(0, 1)) (98)
1 -1
=na (n;log)\ —D(P||/\/(O,1))> ) 99)

which yields the claimed result. m

D. Fundamental Limits

Using Theorem [§] and Lemma 4} we prove the following result for the symmetric matrix multiplication case.
Theorem 9: Assuming the distribution P has zero mean and unit variance, for any n > 1

DLy (R P) 2 T (R+ D(PIN(0,1)), (100)
where I'(R) is defined in (I}, and in particular
DMM(R, P) > T (R+ D(P|IN(0,1))). (101)

Proof. Let f, : R"*@ — [27%%] be a 2"?E_level quantizer, and define A(f,) = (A1,...,\,) € [0,1]" as in (©0).
Denote by K = K, the uniform distribution over (the multiset) A(f,), and Rxr(A) = 3 log 5, as in the proof of
Theorem [6] we have that

Ex~s;. $(A) = Exur,, ¢ (Q—ZRNW) . (102)

Recalling from the proof of Theorem |§| that the Ty (R) = ¢(272f) > T'(R) and the function R + T'(R) is convex
and non-increasing, it follows that

Exvk,, (2*2RN(*)) > Exr, T (Ry(N) (103)
>T (Exwr, Ry (V) (104)
>T(R+ D(P|N(0,1))), (105)

where we have used Lemma [ in the last inequality. Thus,

1 n

- Y dNilfa) = Exviy, @ () 2 T (R + D(P|N(0,1))). (106)
Similarly, for any f; : R"*? — [2"%] we have

LS G0)) = B, 6(3) = T (R+ D(PIN(0.1)). (107)
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Thus, by (89) in Theorem [§] for any n > 1

DYY,(R, P) > min {n}m =3 GO min > as(Ai(fb))} (108)
@ iz b i=1
> T'(R+ D(PIIN(0,1))), (109)

as claimed. m
Proof of Theorem [2] Part 1 follows immediately from Theorem [9] Part 2 follows from part 2 of Theorem [§ and
recalling that Dyr(o 1)(R) =272, =

E. The Symmetric Gaussian case

Combining Theorem [§] and Theorem [0} we obtain a complete characterization for the Gaussian case.
Theorem 10:

DY (R,N(0,1)) =T(R). (110)

Proof. The upper bound follows applying Part [3| of Theorem [8| with x = min{R/R*,1}, and recalling that
Dro,1y(R) = 2722, The lower bound follows directly from Theorem (9| m

V. LATTICE QUANTIZATION SCHEME FOR MATRIX MULTIPLICATION OF ARBITRARY MATRICES

Our theoretical analysis in Sections [[] {TV] assumed the entries in the vectors/matrices to be multiplied are drawn
iid from some known distribution. In this section, we drop this assumption, and, building on the observations from
the analysis above, develop a robust scheme for compression for matrix multiplication. Our scheme is designed
to attain the optimal distortion in the case where A and B have iid Gaussian entries, but the error it attains for
arbitrary matrices can also be upper bounded.

We first develop encoders fi, fo : R® — [2"7] and a decoder g : [2"] x [2"f] — R for estimating the inner
product of U,V € /nS"~! where S"~! = {x € R" : ||x|| = 1} is the unit sphere. We then show how these
encoders and decoder can be leveraged for compression for matrix multiplication. Let O,,(R) be the orthogonal
group, consisting of all orthonormal matrices in R™*". It will be useful to analyze the performance of fi, fa,¢
with respect to the following distribution on U, V.

Definition 1 (p-correlated spherically uniform random vectors): Let S = [S1|S2] - - -|Sn] ~ Uniform(O, (R)) be
a random matrix uniformly distributed over the group of orthogonal matrices in R™*" (that is, S is drawn from
the Haar measure on O, (R)). We say that the random vectors U € R™ and V' € R™ are p-correlated spherically
uniform random vectors if U = /nS1, Z = 1/nSs and

V=pU++1-pZ (111)

Theorem 11: For any € > 0, 0 < k < 1 and sufficiently large n, there exist randomized encoders fi, fo : R" —
[2"%] and decoders g : [2"F] x [2"F] — R, and g1 _gidea : [2"F] x R® — R, such that if U,V are p-correlated
spherically uniform

1) forevery -1 <p<land 0<a<1
1=kt o (272F)

1—¢ (2—2%)

+e(1+p*n), (112)

%E(UTV —ag(f1(U), 2(V))* < p*n (1 — ka)? + ko

where ¢(t) = 2t — t2.
2) forevery —1<p<land 0<a<1
1 1
E]E(UTV — ag1_sidea(f1(U), V))? < p*n (1 — k) + ka® <1 — K+ 2R1> +e(1+p%n).  (113)

The proof is based on dithered nested lattice quantization, and is brought in Section [V1]

Remark 1: The randomization required by the encoders and decoders above is in the form of dithering, as will
become clear in the proof of Theorem [T1] For the special case of k = a = 1, the MSE does not involve p, and
therefore, there must exist fixed (deterministic) values for the dither vectors which attain the same MSE as above,
or smaller. We believe that there also exist fixed values for the dithers, for which Theorem [T] holds, and that
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randomness is not required at all here. The technical challenge is that when ,a #* 1 the MSE is bounded as a
weighted sum of expectations, where the weights depend on p and a. Thus, showing the existence of “good” fixed
dithers, requires showing that there are dither values for which all involved expectations are small. This requires
establishing some (very weak form of) of concentration of involved random variables, and is left for future work.
Note that the assumptions of Theorem [I1] are that U,V are random vectors on the sphere. This assumption is
enforced in the next Theorem by applying a random rotation on arbitrary matrices. While random dithering is
likely to not be needed, we do believe that the random rotation is necessary for Theorem @] to hold.

Equipped with Theorem [T} we can now easily prove Theorem [I2] Recall that for a column vector z € R"
we denote by T = = — (%lTx) 1 its zero-centered version. For a matrix A = [a1|---|as] € R™*®* we denote
A =lay]...|aq)-

Theorem 12: For any € > 0, 0 < k < 1 and sufficiently large n, there exist randomized encoders f; : R"*% —
[2naft]) £y  R™XP — [27°F] and decoders g : [0, 1] x [2"28] x [2"0F] — R**? and g1 _gigeq : [0, 1] %[22 x R >0 —
R*® such that for any A € R"*® and B € R™** with bounded entries we have

1) Let C =ATB,C = ATB, and C = g(o, f1(A), fo(B)) for 0 < o < 1. Then, for any i € [a], j € [b] we have

_20E - -2
AR Y Etitid G

~e6)

E(Cij —Cij)? < C? - (1 - re)? +¢) +

-8
< GG +e | +n 7,

(114)

and in particular

E[|ATB — g(a, f1(A), H(B)|Z < |ATBIIZ - (1 — ra)? +

||A||FHB||2 1—““@ (22%)
(22%)

2) Let C = ATB,C = ATB, and C = g1 _gdaea(a, f1(A), B) for 0 < a < 1. Then, for any i € [a],j € [b] we
have

+ +e| +a-b-n"8 (115

2 1
E(Cij —Cij)? <C7- (1= k) +e) + w (m (1 — K+ 221?) —l—zs) +n78%  (116)

" —

and in particular
EJATB — g1_saea(e, f1(A), B)[% < |AT B3 - (1 - ka)® +¢)
A|%|B|3 1
—|—M (mf (1—&—|—R> +€> +a-b-n7%  (117)
n 225 —1

Proof of Theorem [12] We only prove part 1. The proofs for part 2 is nearly identical, and we specify the required
modifications in the end of the proof.

Recall that M = n'022000 and let § = M 5. Let f1, fo, g be the encoders and decoder from Theorem [11] Based
on those f1, f2, g, we propose the following rate-R quantization scheme for quantization of matrices A € R"*¢
and B € R"*? in order to estimate C = A" B:

1) Let ptq, = 117q; fori € [a] (similarly, i, = 217b; for j € [b]). Since the matrices A and B have bounded

entries, we have that p,, € [-M, M], Vi € [a], and similarly for p,, j € [b]. For each i € [a] we quantize

ltq, to the nearest point in {k - 2(5}]c M]/M(/Q(‘sz) 5) such that the quantized value fi,, satisfies i,, = 1o, = 0. This

requires a total of alog(M/0) bits. Similarly, we quantize jup; to fip; for each j € [b], which requires a total
of blog(M/J) bits.

2) Let@; = a;— 14,1 for i € [a] (similarly, b; = b; — 1,1 for j € [b]). Since the matrices A and B have bounded

entries, we have that ||a;|| < ||a;|| < v/nM, Vi € [a], and s1m11arly for ||b;], j € [b]. We quantize the each ||a,

i € [a], to the nearest point in the grid {0}U{M ~*(1+6)*}1_, where T = % This requires a total of
alog(T+2) < a (log(3 + log(y/nM?®)) — loglog(1 + 6)) bits. Note that if [|a;|| € {0}U[M ~*, /nM] we have
that [[a;]| = [|al|(1+06), and if 0 < [|a;|| < M~ then [||a;|| — ail|| < M~*. We quantize each b, j € [5]
to ||b;]|, in a similar manner, requiring a total of blog(T + 2) < b (log(3 + log(v/nM?®)) — loglog(1 + §))
bits.
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3) Draw S ~ Uniform(O, (R)) at both encoders (using common randomness), and compute A = [a1] - - - |d,] =

SA, and B = [by|---|by] = SB, where A = [a1]---|a,] and B = [by]- - - |by).
4) Let
U, = \F” T = +/nS ” ” =1,...,a (118)
\/ﬁsb— j=1 b (119)
IIb || 151" o
Let
1
g0 = [log(M/§) + log(3 + log(v/nM®)) — loglog(1 + 0)] (120)

and note that £ can be made arbitrarily small for n large enough. Apply f; : R® — [27(f==0)] on U, for
i=1,...,a, and fo: R" — [2(E=20)] on V;, for j = 1,...,b.
5) Use g : [2n(E=20)] x [2n(Fi=20)] ; R, to estimate each entry of C' = AT B as

TR
¢, _ il 11bs]
n

9(f1(U:), [2(V})) + nita,; i, i=1,...,a, j=1,...,b. (121)
To analyze the mean squared error E(C;; — i, ;)?, first note that

ZL;FBJ- = (a; — uail)—r (bj — i, 1) = a:bj — Nl b, » (122)
so that

Cij = a] by =@} bj +npa, i, = a; ST Sbj + npta, iy, = @} by + pta, o,

_ H&illnllbjll U Vi + npta, o, - (123)
We therefore have that
Cij — Cij = w Vi — an(fl(Ui),fz(Vj)) + Nha; Po; — Nfla b, (124)
— e+ A, (125)
where
N CAREYCACANAS) (126)
and A = A; + Ao, where
A1 = Nfha; b, — Nfla, b, (127)
and
g, £2v) (Taall 151 = as [16511) (128)
We have that
|Ar| < né(|pal + |p]) +nd? < 3nM (129)

To upper bound |A,|, first note that without loss of generality we can assume |ag(f1(U;), f2(V;)| < n because the
quantity U, V; it estimates is in [—n,n]. Furthermore,

o ) sl - 116511 - 36 llasll, [1b;]] € {0} U M1, y/nM]
laall 1051 = llaslllio; | < § M3 lla:ll, 1ol < M~ : (130)
2/nM=3 otherwise
Thus (for n > 4),

Ao| < 3M72||a;|| - ||bi]| + 2v/nM 3 < 4nM 3. (131)
J
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We consequently have that
Al < &1 =TnM™3, (132)
with probability 1. We have therefore obtained
E(Cyj — Cij)? S E(ef)) + el + 2e1Eleij| < E(ed)) +ef +4erfaill - 161, (133)

where in the last inequality we have used the fact that both |U," V;| < n and |ag(f1(U;), fg( N <n.

We are therefore left with the task of upper bounding E(e ”) To that end, let p;; = m We claim that

U;,V; are p;j-correlated spherically uniform random vectors. To see this, note that due to thé random rotation
matrix .S, we may assume without loss of generality that

@ |

= [1[o[o]---]0] ", (134)
Hazll
b; 2 T
= = lpijly/1— 3100 -10] 7, (135)
165
and this assumption will have no affect on the joint distribution of U;, V;. Writing S = [S1|S2] - - - |.S,,], we therefore

have that U; = /nSy and V; = p;;U; + /1 pUZ with Z = /nSy. Thus, if f1, fo,g are the encoders and
decoder from Theorem we therefore have that for any &’ > 0 and n large enough

1— K+ ko (2*2@)

(UTV —ag(f1(U;), f2(V, )))2<pfjn(1—/<;a)2+/ia2 +5'(1+pfjn). (136)

1- g (27275)
Consequently,
7 2
ll@ll 116l
et =& (1L 07w, - agt. £20)
_ _ 72(R—60) _
a2 1512 O Al L tnatad G A W L A 2 O
< Tpijn(l—/ﬁa) + Ko - 1_(;5(272(12;50)) + - e'(1+ pi;n)
(137)
(R—eq)
a2 115112 1—/$—|—/~€¢(2_2T)
:(@Tz—)‘)2 ((1—%01)2—}—8/)—‘,— ||az|| H JH Ko _ L. (138)
i 7] (R—¢eq)
n 1 g (27255
Therefore,
_ _o(R—e0)
: 5 Jall® 151 R G
B(Cy = Ciy)? < (@ 5)* (1= wa)? ) + IR | o ( ).
17¢(2 - )
+ 4@ [Ibjller + €7 (139)

Thus, recalling that ||@;|| ||b;|| < nM?2, for any ¢ > 0 and n large enough
R
a2 15112 l—f£+f~c¢(2_2?)
Jaul® 02 (o R
n 1—¢ (2—%)
The proof of part 1 is complete, by noting that C;; = @, b; and that
1 2 1A% 1Bl
L IRl = 5 3 el Z 151 = LAUE I3
,J
> CL=ICI%. (141)
4,J

E(Cij — Ci;)?

+e| +n% (140

IA

(@] ;) (1 — ka)? + ) +
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The proof for part 2 follows identically from part 2 of Theorem [T1] m
With Theorem [I2] at hand, we easily obtain Theorem [I] and Theorem [3] as simple corollaries.
Proof of Theorem For part 1, let o« = o, = (1 —¢ 2*2%)). Applying part 1 of Theorem |12 gives

— 12117112
E(Cij—Cij)’ < CFj- (G*(R, k) +¢) + W (1= G(R,k)G(R,k) +e)+n~%,  (142)
where
G(R,K) =1 — ki + Ko (2*25). (143)

Choosing x = min{R/R*, 1}, we get G(R, x) = I'(R), establishing the claim.
R
For part 2, let a = o, =1 — 2723 = % Applying part 2 of Theorem |12 gives

E(C;,; — C; ;)2 < C2. - (éQ(R K) +5) + s P11 ((1 — G(R,k))G(R, k) +€) +n8 (144)
2¥) [2¥) = Yi,j ) n ) ) )

where
G(R,k) =1—k+r272%. (145)

Choosing x = 1, we get G(R, k) = 272 establishing the claim. m

Proof of Theorem [3} Follows by applying part 1 and part 2 of Theorem [I2] with &« = x = 1 (that is, no time-
sharing and no MMSE scaling). Note that a straightforward application of Theorem [[2] with o = k = 1 leaves an
|AT B||% - ¢ term. However, a careful inspection of the proof of Theorem (11| shows that this term is not needed
for the special case of a =k =1. m

VI. NESTED LATTICE QUANTIZATION FOR INNER PRODUCT COMPUTATION
A. Lattices

We review some basic lattice definitions. See [[L1] for a comprehensive treatment of lattices in information theory.
For a lattice L C R? we define the nearest neighbor quantizer Qr : R — L as

Qr(z) = argmin ||z — Al], (146)
XEL
where ties are broken arbitrarily, but in systematic manner. The Voronoi region Vy, is defined as the set of all points
in R™ that are closer to 0 than to any other lattice point
Vp={zeR : Q(x) =0}. (147)

Any lattice L € R? has a (non-unique) generating matrix G € R%*? such that L = GZ%. The covolume of the
lattice L, denoted covol(L), is the volume of its Voronoi region (or any other fundamental cell of L), which is also

equal to |det G|. Let B={x € R¢ : ||z|| <1} be the unit ¢ ball in R, whose volume is
/2
™
Vi=—7— (148)
r(1+9)

where here I is Euler’s Gamma function, not to be confused with I'(R) defined in (I)). We denote by reg(L) =
(covol(L)/Vy)4 the effective radius of L, that is, the radius of a £, ball in R whose volume Vards(L) equals
covol(L). The covering radius of L is defined as

Teov(L) =min{r >0 : L+rB=R%} =max{||z| : z€V.}. (149)

Clearly, 7o (L) < reov(L). Let Z ~ Uniform(Vy) be a random vector uniformly distributed over the Voronoi
region of L. We define the second moment of the lattice L as

1
o*(L) = SE| 2|, (150)
and the covariance matrix of L as

R(L)=E[ZZ]. (151)
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The modulo operation with respect to the lattice L, is defined in this paper as
[z] mod L = x — Qr(z). (152)

Note that [x] mod L € V.

The proof of Theorem uses a nested-lattice quantizer [L1]], based on a pair of nested lattices A, C Ay in R4,
A quantizer is constructed from such a pair by first quantizing each point in R? to Q» ; (), the nearest point in the
lattice Ay. Since there is an infinite number of points in Ay, the encoder cannot describe Qx, () using dR bits.
Instead, it describes the coset of A, in which @, () lies. There are |[Af/A | = covol(A.)/covol(Ay) such cosets,
and therefore, if [A;/A.| < 2% the encoder can indeed send that information with dR bits. When the decoder gets
this information, it knows that Q4 ,(x) € Qa,(x) + A, but does not know which point within this coset Q4 (x)
belongs to. Typically, the decoder will output the most likely member from the coset. For the case where X is an
iid Gaussian vector in R%, this (approximately) corresponds to selecting & as the member with the smallest energy
in Qa, (x) + A.. Under this paradigm, the reconstruction points are Ay N Vy,.

Many works have established the existence of nested lattices that simultaneously posses many desired properties,
namely, relatively large packing radius, small covering radius, small second moment, and resilience to noise [10],
[42]], [43], (44, [45], (460, [111], (4701, (48], [12], (490, 1501, (130, (511, [52], [S3]. In the problem of quantization for
inner product computation a new ingredient enters the picture, that was not previously needed. The inner product
reconstruction error includes a term that consists of the inner product of the quantization errors of each one of the
vectors. To control this term, we need the variance of the inner product Z T Z between two independent dither vectors
Z, 7 ~ Uniform(Vy) to be small. This in turn, requires the spectrum of the quantization error to be “nearly-white”
in the Frobenius norm sense. Namely, a good lattice quantizer L for the inner product problem needs to satisfy
LIR(L)||% =~ (02(L))?. While the optimal lattice quantizer in dimension d always satisfies R(L) = (L) - I, (111,
[54], we do not know whether it also has the additional required properties, e.g., resilience to noise. We must
therefore resort to analyzing a random ensemble of nested lattices, and show that in addition to all other required
properties, they also typically have small %||R(L)||%. Our proof that a random lattice has small || R(L)||% relies
on the fact that the covering density of a random lattice is only polynomial in the dimension, which was recently
proved in [13]. We prove the following result in Appendix [B] Except for item [ which required new ideas, the
proofs for all other items follow the techniques developed in the papers on lattice goodness that were cited above.

Theorem 13: There are universal constants C7, Cs such that for any distribution Py on R4, any ry >0, D > 0,
a,ﬂ>0,0<5§i2,and

1 r logd
> - 2 21U et
R_2log(ﬁ + D)+01 <s+ y ) (153)

there exists a pair of nested lattices A. C Ay in R? satisfying the following
1) $297 < |Ag/A.| < 29F
2) Toov(Ap) < VdD and reoy(Ae) < 28\/dD:;
3) 02(Af) < D;
4 JIRAL[F < D21+ g,
5) For U ~ Py, Z ~ Uniform(Vy,), Z 1L U, we have

2

Pr(aU +BZ ¢ Vo) < Pr(|U|]> > d-ry) +6e 0%, (154)

Remark 2: If we further require that R = log ¢ for some integer ¢ > 2, there exists a pair of self-similar nested
lattices A, = gA C A = A satisfying the statements in Theorem The proof is essentially the same.

Remark 3: While our proof for Theorem [I3]does not impose any particular structure on the lattices A, C Ay, it is
possible to prove the existence of Construction A lattices A. C Ay satisfying Theorem E} This follows from [51}
Corollary 1.5] that shows that the covering density of a typical Construction A lattice (with judiciously chosen
parameters) is also polynomial in the dimension.
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B. Proof of Theorem [TT]

1) Dithered Nested Lattice Quantization for Inner Product: Let d = |sn], and denote Ujq = (Uy, ..., Ug)"
and similarly Vg = /pUpg + /1 — p*Zjq). Let R = TR > %, and let A, C Ay be a pair of nested lattices in
R?, with [Af/A.| < 298, Let Zy, Zy ~ Uniform(Vy,) be statistically independent dither vectors. Our encoders
fi, f2 : R" — [2"E] compute

Ui = Qs (Ui + Z1) | mod A, (155)
Vi = [Qa, (Via + 22) | mod A, (156)

and each of them maps the result to nR = dR bits (which is possible since |A;/A.| < 2dR).
The decoder g(f1(U), f2(V)) computes

and estimates the inner product as

U[d] = |:U[d] - Zl:| mod AC (157)
Vg = {f/[d] . ZQ} mod A, (158)
9(f1(U), f2(V)) = Upiy Vi) (159)

2) Analysis: We now analyze the performance of this scheme. First, note that

where

Ot =[O = 21| wod Ac = [[Qn, (Ui + Z1) | mod A, = 2] mod A,
Qa, (U[d] + Zl) - Zl} mod A,

|
= [U[d] + (QAf (U[d] + Zl) — (Ug + 21))} mod A,
= [U[d] + Z1] mod A, (160)

71 = Qn, (U[d] + Zl) - (U[d] + Zl) (161)

is uniform over —Va, = V,, and statistically independent of U (and everything else), by the Crypto Lemma [10],
[L1]. Similarly, we obtain

\7[d] = [ff[d} - ZQ} mod A, = [V[d] + Zg} mod A, (162)

where Z, ~ Uniform(Vy) is statistically independent of V' (and everything else).

Let

and define the overload events

U[d],idcal =Ulg + 21 (163)

Vidideal = Vi) + Z2 (164)

(165)

OL; = {Uig + Z1 ¢ Va.}, OLy ={Vig+ Z> ¢ Vs.}, OL = OL; UOLs. (166)

In particular, if OL did not occur, the mod A, operation in (T60) and in (I62) is inactive, and U[d] — U[ d].ideat and
‘/[d] = Vv[d],idcal- Let

and

e=ag(f1(U), (V) =U'V =alUyVig - UV, (167)

€ideal = U 30 Vid)ideal — U V. (168)
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If Pr(OL) is very small, then intuitively E[e?] should be close to EleZ, ). Indeed, we prove the following in

Appendix [C]
Proposition 3:

E(e?) < Elegea] + 75 Pr(OL) - M*(reov(Ac)) (169)
where

M(Tcov (AC)) = maX{\/ﬁ7 Tcov(Ac)}- (170)

We therefore proceed to compute E(eZ,..;). Note that

aeat = & (UggVig + Uy Z2 + Vi 21 + 2] Z2) = pn. (171)
Since Pyv .z, z, = Puv Pz, Pz, and all random vectors U, V, Z1, Zs have zero mean, we have
E[UVigl = pd, U3y Z2] =0, E[VigZ1] = 0, E[Z] Zo] =0, (172)
and therefore
Efe2,.,] = p?n? — 2ap*nd + 2 (E[(U[;] Via)?] + El(Uy Z2)] + E[(Vjj Z1)%] + E[(Z] 22)2]) . A7)

In Appendix [D] we show that
dd+1)  d(n—d)

E T 2 < 2 174
[(UgVia)] < pon——+ ———, (174)
Furthermore,
E((Vig21)?] = (U 22)?] = tr B[V U E[ 2225 | = tr B[ 2525 | = E| Z2|* = d- 0> (Ay), (175)
E(Z] Z2)?] = tr E[Z,Z, |E[Z2Z; | = tr R*(Ay) = || R(Af) % (176)

where (T75) follows since E[Ujq U[T ] = Ia. Thus,

Bl o] < p0% — 207%0d + o2 (p%d(d D A e ag) 4 dclllR(Af)II%) a7

=n {pzn <1 — 20&% + oﬂd(d?;l)) + a? <d(”n2d) + 2202(1\)0 + Z;R(Af)ni)] (178)

— né(Ay) (179)

where
d \? d d d d (/1
&(Ay) = p°n ((1 - noz) + a2nQ> + an (1 -ty (0'2(Af))> + agg (dIIR(Af)II% - 04(Af)> (180)

and t(t) = 2t-+t>. Note that £(A ) is monotonically increasing in both 6%(A) and || R(Ay)||%. We have therefore
obtained that

1

4 T
ﬁE(GZ) < g(Af) + 75M (T(;OV(AC))

Pr(OL). (181)
The expression in (I8T), holds for any pair of nested lattices A. C Ay. We now evaluate it for “good” nested
lattices, whose existence is guaranteed by Theorem [I3] Recall that R > 0 is fixed. Applying this theorem with
PU[ 4 taken as the uniform (Haar) distribution over \/ﬁSn_l projected to the first d < n coordinates, o = 1, 5 =1,
re = 1+ ¢g and some 0 < g9 < %, we have that for

1

logd
D=——+——; 6=C1|2¢0+ 182
(R 1( 0 4 ) (182)
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we can find a pair of nested lattice A, C Ay satisfying Items In particular, for such lattices we have that

2 3
Leap<on((1-9%) +a2 L) 4022 (1-9 1 y(D)) +a2dp2Crloe’d (183)
n n n? n n n d

1
~M*(A.) < nmax{1, D*2aR} (184)
n

52 52
Pr(OL) < 2Pr(OLy) = 2Pr (U + Z1 ¢ Va,) =2 (Pr (1U? > (1 + £0)d) + 6e—d2°) < 16e~ %56,

(185)
where in the last inequality we have used Proposition 4] proved in Appendix [E| which shows that
62
Pr (||Ug[|* > (1 + 0)d) < 2e~ 54, (186)
for all 0 < g9 < 1. Plugging these into (I8I) we get
1 d \* d d d
—E(e?) < p*n ((1 - a) +a22> +a?= <1 - = —&-w(D))
n n n n n
log® d . 3
+ DQCQ% +1200n max{1, D224#R) =45t (187)
It can be verified that
o ()
w(D) = N (188)
1-9¢ (Tﬂ)
which implies that
1 p(27%)
= ) 18
HESINE 5

Thus, for any x > 0 and £ > 0 we can take €y > 0 small enough and n large enough, we have that

o(27°%
lE (UTV—ag(fl(U),fg(V)))2 < p*n(1 - ka)? + ka? 1_“"'()3 +e(1+p%n),  (190)
n 1 (272)

such that (TT2) holds. This establishes the first part of the theorem.
_The second part of the theorem follows from the same nested lattice coding scheme for encoding U, setting
Vlg) = V]q)> and applying the same decoder. The analysis is identical, but with Zs = 0.

VII. PRACTICAL IMPLEMENTATION OF NESTED LATTICE QUANTIZERS

In the proof of Theorem [11| we used a pair of nested lattices A, C Ay C R% with [A;/A.| = 29%. Given
such a pair of lattices in R?, in order to implement the coding scheme described above, we need to implement the
following procedures:

1) Qa,(z) = argminy cy, ||z — Ag|

2) Qa(x) = argminy ¢ [ = Ac]|

3) Mapping from Ay/A. to dR bits

4) Mapping from dR bits to the coset representatives Ay NV, of Ay/A.

5) Generating a random dither Z ~ Uniform(V,, ), where Vy, is the Voronoi cell of A

Self-similar nested lattice codebooks/Voronoi codes: Let A C R? be a lattice with generating matrix G €
R¥4, such that A = GZ?. Assume that we have access to a procedure that implements the lattice quantizer Q (z)
efficiently, and that there is some 7 > 0 such that 7Z¢ C A. The assumption that Z¢ is nested in A (up to scaling)
is not very important, but also not restrictive, since the majority of lattices for which efficient lattice quantizers are
known do satisfy it.

Using the lattice A, we can construct a pair of nested lattices A C Ay C R?, with |A /| = 24 that induce
an efficiently implementable coding scheme. In particular, let 8 > 0 and set Ay = A, A. = gAy = B - gA, where
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g = 2% is an integer. In [7], Conway and Sloane propose simple implementation of the encoders and decoder
for the induced nested lattice quantizer, which they referred to as Voronoi codes. Algorithm [I] below provides the
pseudo code for implementing fi, fo from Subsection for such a nested lattice codebook. Note that the
output OverloadError of Algorithm [I] specifies whether or not the overload event OL;, ¢ = 1,2, defined in (166)
have occurred. In order to implement the decoder g from Subsection one implements by applying
Algorithm [2] on the output of fi, implements (I58) by applying Algorithm 2] on the output of f5, and computes
the inner product of the two vectors. In order to generate the random dithers Z;, Z5, one applies Algorithm

Algorithm 1 NestedLatticeEncoder

Inputs: vector to be encoded = € R, lattice A € RY with generating matrix G € R xd’ nesting ratio ¢ € N,
dither vector z € V4 € RY, scaling factor 5 > 0

Outputs: Enc(z) € [¢]* (can be represented using [d’ log ¢] bits), OverloadError that indicates if a modulo
error occurred

t <+ Qn (% + Z)

y <+ Gt

Enc(z) + [y] mod ¢ (elementwise modulo ¢ reduction)
% check whether a modulo error occurred:

T+—t—z

OverloadError = 1 {\. # 0}

Algorithm 2 NestedLatticeDecoder

Inputs: The encoding Enc(z) € [¢]¢ of z € RY, lattice A ¢ R? with generating matrix G € R% 9| nesting
ratio ¢ € N, dither vector z € V) C R?, scaling factor 5 > 0

Outputs: & € R?

g+ G-Enc(z) — z

i B(5-q-Qa(2))

Algorithm 3 GenerateRandomDither

Inputs: Lattice A C R?" and a number 7 > 0 such that 7Z¢ C A
Outputs: Z ~ Uniform(Vx)

U < Uniform ([0, T)d/>

7 +—U-— QA(U)

Choice of the parameter 5: Using this scheme, we have that

D = o?(Ay) = B2a*(A). (191)

Thus, since the base lattice A is given, the parameter S controls D. We also have that
o*(A.) = ¢*d*(Ay) = 227D, (192)

The “no-overload” event is equivalent to Ujg + Z1 € V. (and similarly, Vg + Z2 € V,). If A is a “good” high-
dimensional (d >> 1) lattice, that is A is such that SgA = A, C Ay = PA satisfy all items in Theorem
the “no-overload” event happens with high probability provided that 1 + D = 1E|U + Z||? < 22FD, which is

equivalent to D > D*(R) = ﬁ In practice, we will usually work with a base lattice A whose second moment
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and coding goodness are sub-optimal. For this reason, we take D = 7D*(R) = 57—, for some v > 0 (where y
is not necessarily close to 1), which is done by setting

~ 1 1/2
p= <22R_1 ' UQ(A)) : (193)

Overload avoidance mechanism: Recall that Algorithm [I| also indicates, through the variable OverloadError,
whether or not a modulo error occurred, that is, whether or not Uy + Z1 € V. (respectively, Vg + Z2 € Vo).
Whenever a modulo error does occur, one can increase the value of  further to a large enough value, such that
a modulo error does not occur with the new value, and inform the decoder on what value of v was chosen. In
practice, we may choose a bank of M values sorted in increasing order v € {1, ...,var}. The encoder first uses
1. If OverloadError = 1 it tries again with 2, and keeps increasing -y to the next value until OverloadError = 0.
If 1 is chosen such that overload error is already not too common, and the values of +; increase sufficiently fast
with ¢, say 7; = 7 - 71, the entropy of the first value of « that returned OverloadError = 0 will be small. Since
we only have to report this index to the decoder once for d symbols, the effect on the quantization rate is not
significant.

Next, we develop a heuristic for choosing ;. Recall the definition of reg(A) = (%L(A) ) 1/d from Section |VI-A|
The normalized second moment (NSM) of a lattice A is defined as
a?(A) a?(A)
N(A) (covol(A) )2/ V;/drgﬂ(/\) . (194)
If Ujg)+ Z1 were Gaussian, the probability that it stays within V4, would have been upper bounded by the probability
that it stays within a ball with the same volume, that is, within a ball with radius reg(A.). Thus, we need r2;(A.)
to be greater than EHU[d] + Z1]|?. This corresponds to

érgﬂ(Ac) _ lrgﬂ(/\c) o2(A,) _ 1 22R _ 1 - 228 N ~y
GBIU+ 212 do?(Ae) JEU+Zi|2 av?INa)1+D  aviIN@n) 2R +y =1 aviN)
(195)
where the last approximation assumes that 227 4+ v — 1 ~ 227, Thus, we will take

do?(A)

> dVHIN(A) = . (196)
M=

I reg(A)

For a measurable set X C R? let Ux ~ Uniform(K) and 0?(K) = E||Ux/||?. For all measurable sets K with
2

volume Vyrde(A), we have that o2(K) > Teji;\), and this is attained by K = reg(A)B [11]. It therefore follows

that the right hand side of (I96) is at least d%‘f_z.

Product lattices/Product quantization: In order to use the self-similar nested lattice scheme described above, we
need a base lattice A with an efficient nearest-neighbor decoder/lattice quantizer Q(x) and favorable quantization
and coding properties. While it is easy to find (more accurately, to randomly draw) lattices in high-dimensions that
are good for coding and quantization (see Section [VI-A), the task of finding such lattices that also admit an efficient
nearest-neighbor decoder is notoriously difficult and is perhaps the holy grail of coding theory for the additive white
Gaussian noise (AWGN) channel. A popular compromise between efficiency and “goodness”, is to use a product
lattice, with a low-dimensional base lattice that is “pretty-good” for coding and quantization [S5], [11].

Let d’ be an integer that divides d, and A’ C R? be a lattice in R?. We construct the lattice A € R as the
product of K = d/d’ copies of A’. Namely,

A=A x--x N =N®K (197)

K times

The resulting self-similar nested lattices are also the product of K nested lattice pairs

Ac CAyp=(Br g CBiA) x - x (Bk - g\ C BrA), (198)
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where we allow for different choices of S for each product to accommodate for the overload avoidance mechanism
described above. Algorithm [I] Algorithm [2] and Algorithm [3] tensorize, and should be applied separately for each

k=1,..., K using the base lattice A’ C R with generating matrix G’ € R% >4’ We also have that
1K
2 20 A/ 2
o*(A) =0 (A)f;ﬂk. (199)

Some lattices in small dimensions have excellent quantization and coding properties, as well as efficient nearest
neighbor decoding algorithms. In particular, A3 = D3 has the highest packing density among all lattices in R? [56],
A3 has the smallest NSM among all lattices in R? [56] (only slightly smaller than that of A3), D, has the highest
packing density among all lattices in R* and lowest known NSM among all lattices in R* [56]], [57], and Eg has
the highest packing density (even among non-lattice packings) [S8]] and the smallest known NSM among all lattices
in R® [56]], [57]. All four lattices listed above, as well as many others from the A,,, D,, and E,, families, admit a
very fast lattice decoding algorithm [59]. Similarly, among all lattices in R?4, the Leech lattice Aoy, is the the best
known quantizer [57], has the optimal packing density [60] (this is true even among all non-lattice packings [61]]),
and admits a pretty fast nearest neighbor decoding (or approximate nearest neighbor decoding) algorithms [62],
[63], [64]]. In addition, the second moment of all these lattices (and others) is calculated in [65] and reported also
in [57, Table I]. We also note that the optimal lattice quantizer in any dimension has R(L) = 02(L) - I, so that
LIIR(L)||% = o*(L) for those lattices. Any one of those lattices is a good candidate for the base lattice A’. Another
important advantage of these lattices is that they are all subsets of Z™ up to scaling. Thus, when these lattices
are used for quantization for matrix multiplication, and dithering is not applied, we can use integer multipliers
(e.g., int8 tensor core in a GPU), rather than floating point multipliers, for multiplying the quantized matrices. The
lattices of higher dimensions, and in particular the Leech lattice, may yield better rate-distortion tradeoff than the
lower-dimensional ones, but there are advantages to using lower-dimensional lattices in terms of efficiency. One of
those is described next.

Lookup tables: Note that we decode Uy, € R? and Vj, € R just to compute their inner product U ,;r Vie. If we
use the same dither vectors Zy, Zo € Vas for all k = 1,..., K, and the same value of B, namely, ﬁg = 5,‘( =4
forall k =1,..., K, there are only ¢ values of U ,: we can get, and only ¢ values of VkT we can get. Those
do not depend on k. Thus, we can pre-compute all qzd/ possible values of U };r V} and store them in a lookup table
(LUT). Then, instead of applying the decoder twice and computing the inner product, we simply fetch the result
of the inner product from the LUT. If BY # 3 or BY # j, we simply multiply the value fetched from the LUT by

U \4
B . % On some processors, using LUTs significantly speed up the decoding process, as it completely bypasses all

lattice decoding operations, as well as all inner products. For approximate matrix multiplication AT B of A € R"*¢
and B € R™*? using the product nested lattice quantization scheme above, we need to perform a - b - (n/d’) such
operations, whereas the encoding only involves a(n/d’") + b(n/d’) lattice encoding operations. Thus, for a,b > 1,
decoding is the computationally heavy procedure, and speeding it up will result in significant speedup of the total
approximate matrix multiplication procedure. Using LUTs is therefore often highly advantageous. However, in order
to have a very fast access time to the LUT, we would like it to “fit” in the highest levels of the cache, ideally
in the L1 cache. This level has small capacity, which restricts the values of qu/ = 92Rd’ Thus, we must keep
Rd' small. Taking small R will typically not yield satisfactory resolution, so if LUTs are used, we are limited to
using lattices A’ of small dimensions. We note that for GPUs the LUT approach may not be attractive since the
tensor core computes matrix multiplications extremely fast, while LUT probing is less efficient on this hardware.
On CPUs on the other hand, the LUT approach can potentially yield significant speed-up.

Hadamard transform: Our encoders fi, fo for the matrix multiplication problem, as described in the proof of
Theorem [I2]and in Figure I} multiply each column vector in A as well as each column vector in B (more accurately,
in their centered versions A, B), by a random projection matrix S drawn from the Haar distribution on O,,(R). In
general, the matrix S drawn from this distribution will have no structure, and calculating SA (respectively SB)
will require O(an?) (respectively, O(bn?)) real-valued multiplication and summation operations. To significantly
reduce the computational burden of this step, it was proposed in [3] (see also [6]) to restrict S to a certain class
of orthogonal projection matrices: The randomized Hadamard transform. Here, we also follow this approach. In
particular, we draw a vector 7' ~ Uniform({—1,1}"), and set K = diag(T), that is, K is a diagonal matrix with
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K;; = T;. We then set

1

S = \/EH K, (200)
where H € {—1,1}"*" is the Walsh-Hadamard matrix of dimension n. Here, we assumed that n is a power of 2,
such that such a matrix exists. Otherwise, we can add rows of all zeros to both A and B, resulting in larger matrices
A e RY*e and B € R, with n/ = 2M1°22(")1_ Note that in (118}{119) we further scale the result by /72, so
this cancels out the scaling by ﬁ in (200). The gain for using the randomized Hadamard transform (200), is that
its special fast-Fourier transform (FFT) structure allows to compute SA (respectively, SB) using only O(anlogn)
(respectively, O(bnlogn)) additions and multiplications. Despite its simple implementation, the result of applying
the randomized Hadamard transform on A (or B) is quite similar to that of applying a “pure” random rotation on
A (or B) from various statistical perspectives [66], [67], [68].

Representative numeric example: To better illustrate how the building blocks above connect, we provide a
numerical example. We have implemented a product nested lattice codebook, with A’ = D3 (such that d’ = 3) as
the base lattice. The lattice D3 consists of all vectors in Z3 whose entries sum up to an even integer. In particular,
273 C Ds. The simple structure of D3 also gives rise to a very simple algorithm for computing Qp,(x) [59,
Algorithm 2]. The lattice D3 has the highest packing density among all lattices in R3 and its packing radius
satisfies [56] 7pack(Ds3) /reg(Dg) (0.74)'/3 ~ 0.9045, such that its Voronoi region is quite close to a ball. We
also have that 0?(Ds) = 2, so that N(D3) ~ 0.0787 (since covol(Ds) = 2). This NSM is only slightly greater
than the smallest NSM attained by any lattice in R®, which is N(A%) ~ 0.0785.

We have used this base lattice with ¢ = 6 to construct a product nested lattice code as in (I98). We used the
same dither vectors Zl, Zy € Vp, for all k = 1,..., K (these vectors were drawn once at the beginning of the
experiment). For this choice of d’ = 3 and ¢ = 6, we can implement the decoder using a lookup table of size
(%)% = 2610829 < 2156 For constructing the LUT, we used the value 3 = 1. While for this choice of 3 all
inner products between vectors in D3 are integer valued, because of the use of dithers, the entries in our LUT are
not integer-valued in general. We nevertheless rounded each of them to the nearest integer, and their range allows
representing each entry in the LUT using an int8 variable. Consequently, the total size of the LUT is less than
64Kbyte, and it can be fully stored in the L1 cache of a modern processing unit.

For the lattice D3, we have that the right-hand side of evaluates to ~ 0.6139. For the experiment, we chose
v1 = 0.7, and set our bank of possible values of vy as {i-~;}J_;. The corresponding value of 3 is given by (T93).

We drew two random matrices A € R"*", B € R"*", with all entries iid N'(0, 1), where n = 3 - 21, We used
the product nested lattice codebook from (T98) with K = 211 for encoding each column of A (using the dither
vector Z1) and for encoding each column of B (using the dither vector Z53). Since the iid Gaussian distribution is
already rotation invariant, we have not implemented a random rotation. Since the distribution we have used is zero
mean, we also did not implement the “centering” mechanism. We also used & = x = 1 (no MMSE scaling and no
time-sharing). For each column, we further report the K values of 3; (equivalently ~;) used for each column. The
(empirical) entropy of this random variable (that takes values in (; - {i}?:l) for the choice v; = 0.7 was found
to be around = 1.3bits. Since this value is only reported once for every d’ = 3 symbols (using entropy coding),
its contribution to the coding rate is about 0.43 bits per symbol, such that the total rate of the coding scheme is
Refr = log,(6) + 0.43 = 3.015 bits/symbol.

This approximate matrix multiplication algorithm attained 5 HATB ATB|% ~ 0 0593. Lete = AT B— AT B.
The empirical distribution of the normalized approximation error e//n (among the n? entries) is plotted in Flgurel
Note that for Resr = 3.015, Theorem [2) I states that no scheme can attain distortion smaller than of I'( Rer) = 0.0304
for A and B drawn as above, and Theorem [I] shows that this can be attained using high-dimensional lattices. Thus,
our low-complexity implementation is not far of the optimal performance attained using optimal lattice codes. For
comparison, we also evaluated the approximation error for a simple 3-bit scalar quantization scheme where each
column a; is normalized by ||a;|| such that all its entries are in [—1, 1], then each entry a; , = Ta.j— is quantized

to sround(4d; ), and in the end the quantized entries are rescaled again by ||a;||o. The empirical error attained by

the 3-bit scalar quantizer is 5||ATB — AT B||% ~ 0.1668, about 3 times greater than the error attained using the
D3-based scheme with the same rate. The performance gap between the two scheme grows with n, as the random
variable ||a;||o concentrates around v/21Inn for large n. Thus, the dynamic range for the scalar quantizer increases
with n, which results in greater expected squared error.
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Fig. 3: The approximation error of the Ds-based product nested lattice coding scheme With 1 g = 6, for random iid
Gaussian matrices A, B € R™*", n = 3. 2. We plot the hlstogram of the entries of —= (ATB AT B) in blue.

For comparison, we also plot the histogram of the entries of —= (ATB A" B) for a 3 bit scalar quantizer in red.

VIII. OPEN PROBLEMS

One can interpret our Lemma [2| as follows: Let P = A/(0,1) and U™ ~ P®™. Then for any random variable Y’
we have that

ZRP ) < I({U™Y), (201)

where Rp(D) is the quadratic rate-distortion function for a source with distribution P and (Ay,...,\,) are the
eigenvalues of Cov(U"|Y'). While Lemma [2] establishes (201) for the Gaussian distribution, we were not able to
prove (201)) for a general distribution, and we could neither find a counterexample. If (Z0I) turns out to hold for
any P, the proof of Theorem [f] could be easily extended to show that

D' (R, P) = convex envelope of (¢(Dp(R)), (202)

where Dp(R) is the quadratic distortion-rate function for a source with distribution P. Thus, proving or disproving
that (20T) holds for all P is an interesting problem for future research.
In Theorem [T] we have shown the existence of encoders and decoder for quantization for matrix multiplication

whose expected approximation error depends only on ||A||% - | B||% and ||ATB ||§,, and is optimal for A and B
E[lAI%IBlI%]/n
E[JATB[%]
terms in (@) are well-balanced, and Theorem [1| essentially gives an upper bound of ||ATB|| 4 -T'(R) on the MSE.
Is there a scheme that attains MSE at most ||AT B||2T'(R) universally (for all matrices A, B, not just iid ones)?

whose entries are iid Gaussian. For iid Gaussian matrices we have that = 1 so that the two error
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Another important question is shared randomness. Our construction crucially depends on encoders and decoder
sharing randomness (which practically is not a big issue, since the random seed used by the encoder can be stored
along the compressed matrix representation). In the single-terminal lossy compression shared randomness is not
necessary. Indeed, suppose we have some compact metric space £ with distance d and we proved that there exist a
(shared randomness) encoder-decoder pair (f, g) compressing to L bits and achieving simultaneously for all x € E
guarantee:

Eld(z,g(f(2)))] < A.

Also suppose that there exists an e-net of size M7 in E. Fix § > 0 and average the previous inequality over all M;
M,y

elements of the net. Then there must exist a choice w; of shared randomness so that at most My = s elements
of the e-net have distortion exceeding (1 + 6)A. Now repeat the argument for the subset M; to find choice wo,
etc. After k < 152%1%15) steps we get My, 1 = 0. This shows that there must exist a k27-sized (1 + §)A-net that
approximates each of M; elements. Thus, the space E can be covered to within distortion (1 + 0)A + € without
any shared randomness by compressing down to L + log ; é(g)%f\ﬁs) bits. By choosing 6 — 0 and € < A, one can
thus get rid of shared randomness.

However, this method fails in the case of distributed compression of (A, B). Indeed, the previous argument breaks
down because the choice w of shared randomness affects both quantization grids of A and B simultaneously. Thus,
it is not possible for the compressor who only knows A to decide which of the % choices of w to use for quantizing
A. It remains an open question to understand fundamental limits of deterministic quantizers.

As another extension, we may consider the question of quantization for product of k matrices Hle A;. This
paper solves the case of & = 2, but our methods do not seem to be immediately extendable to the £ > 2 case.
One remark we want to make, however, is regarding the critical rate. For £ = 2 as we saw quantization below
R < 0.906 bit/entry required additional dimensionality-reduction (or Johnson-Lindenstrauss) step. This critical point
was found by convexifying the function I';(R) = 1 — (1 — 272F)2, Similarly, if one simply asks the question of
optimal quantization for a product of k£ diagonal Gaussian matrices, one would need to convexify the function
[ (R) = 1 — (1 —272B)* The associated critical rate grows with k& from R ~ 0.906 for k = 2 matrices to
R =~ 4 for k = 46 matrices etc. This suggests that quantization for deep LLMs at low rates may benefit from

dimensionality reduction steps.
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APPENDIX A
CONVEX ENVELOPE OF I'1(R)

Recall that ¢(t) = 2t — t? and
I'1(R) = ¢p(27%F). (203)

We show that the convex lower envelope of I'1(R) is T'(R). It is easy to verify that R — T';(R) is decreasing,
concave on [0,1/2) and convex on (1/2,00). Therefore, its convex envelope consists of a linear segment between
(0,T'1(0) = 1) and (R*,T'y(R*)) and agrees with I';(R) for R > R*. The point R* > 1/2 is chosen such that the
derivative of I'(R) is smooth and non-decreasing. Thus, the convex envelope of I'; (R) is given by

( )—{P1<R*)+F’1(R*)(R—R*> R <R (204)

' (R) R>R*
where R* is chosen by requiring that I'(0) = I';(0) = 1, or in other words, that
' (R*) — R*-T}(R*) = 1. (205)
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Since T} (R*) = —41n2-272%"(1-2721") and we can express I'; (R*) as I'; (R*) = 2-27 28" (1 —272R") o~ 4F"
we have that (203)) corresponds to
2748 L 9. 972 (1 _272R")(1 £ 2In2R*) =1
=227 (1 — 2728 (1 4 2In2R*) = (1 — 27217) (1 4 2721
—=2.272(1 4+ 2In2R*) =1+ 272", (206)
<1+ 4In2R* = 2°F", (207)

APPENDIX B
GOOD NESTED LATTICES

The proof of Theorem [T3] will easily follow from Lemma [5| Lemma [6| and Lemma [7, below. We first state these
Lemmas, and give the proof of Theorem [13] which uses them. The proofs of Lemma [f] and the proof of Lemma
are brought afterwards.

Following the notation from [13]], we denote by L, the space of lattices of unit cov?lume in R?, and by pg the
natural measure on L4, which we refer to as th Haar-Siegel measure. Let 7o¢(1) = V,; ¢ be such that Vyrd; (1) = 1
and therefore rog(L) = 7 (1) for all L € L4. For ¢y, ¢; > 0 define the set of lattices

Eeyer = {L € La + Varé,(L) < cod™'}. (208)

Lemma 5 (Corollary of Theorem 1.2 from [13|]): For any c; > 2 there exists a universal constant ¢y > 0 such
that

:u’d({L ¢ ECU,Cl }) <3 (209)

W =

Lemma 6: For any ¢y, c1 > 0, there are universal constants C, C’ > 0 such that for any L € E,, ,, any £ > 0,
a > 0, and 8 > 0 the following hold

1) Teou(KL) < (1 + C%) ke (L);

2
2) o?(kL) < & ((1 + Closd) /ﬁ“eff(L)) ;
3) Let Z ~ Uniform(V,), and let U be some random variable statistically independent of Z. Then for any

event A C R% we have

Pr(aU + 37 ¢ A) < d° Pr(aU + BZ ¢ A) (210)

where Z ~ Uniform ((1 +C 1°§d> HTCH‘(L)B) is statistically independent of U.

4 FIR(=L)IIE < (; ((1+Cl°§d)~reH<L))2>2 (14 criegrt);

_Lemma 7: Let U ~ Py be a random variable in R that satisfies ||U|| < /d-ry with probability 1, and let
Z ~ Uniform(+/d - m,B8) be statistically independent of U. For a, 8, k,e > 0 let

By = {L €Ly : Pr(aU+BZ ¢ Ver) < 66*(‘%} . @11)
Then, for any 0 < € < % and
AT d<a;7:($ . 212)
we have that
pa({L g B }) < % (213)

Proof of Theorem Let p be a prime number and k be a positive integer, such that p* € [1/2,1]2¢%. Such
numbers must exist. Denote by Grg x(IF,) the collection of subspaces of dimension k in Fg‘f. Let L be some lattice
in L4, S be some subspace in Grgy(F,), and let the lattice L(S) be as defined in [51, eq. 13]. We have that
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L C L(S) and |L(S)/L| = p*. Fix some ¢; > 2 and ¢y > 0 for which (209) holds. Let C,C’ be the universal
constants from Lemma [f] and let

vdD
— —— . (214)
(1 + C=55)p™ are (1)
We define
Aj=rL(S), A,=kL. (215)
Thus, |Af/Ac| =|L(S)/L| = p*, and Item holds with probability 1. Let Py = Py |u|2<r, - Define the events
Ef™ = {(pIL(S) € Eeyei} » B ={L € By}, EX*={Le B} 216)

and assume they all occur (later we will show that if L ~ pug and S ~ Uniform(Grg,(F,) are statistically
independent, the three events indeed occur simultaneously with positive probability).
From Lemma [6] we have that

Feov(Ap) = Teov (kP TpTL(S)) < (1 + cl‘)gd) Kp~ iren(1) = VD, 217)
e (8) = ren() < (14 0122 d) pren(1) = p/4/dD < 2RVdD, 218)
2 2 _k K 1 logd
o*(Af) =0 (Hp dde(S)) < p 1+C Kp~ dreﬁr(l) =D (219)
1 1 ko 1 logd log3d
gHR(Af)H%“: 7l B(sp ipa L(S))||% < <d ((1+C ;] ) (1 ) ) < ; >

3
— D2 ( + C’logd d) (220)

Thus, Ay and A, satisfy Items 24 with Cy = C’. To show that Item [5| holds, let Z ~ Uniform(v/dDB) be

statistically independent of U and write
Pr(aU + BZ ¢ V) = Pr(aU + BZ ¢ V1) < Pr(|U||> > dry,) + Pr(aU + BZ ¢ Ver| |U|? < dr,) (221)
<Pr(|U|? > dry) + d° Pr(aU + BZ ¢ Ver| ||U|? < dry) (222)

52
< Pr(|JU|° > dry) + 697, (223)

where (222) follows from Itemlm Lemma|§|and the definition of r in (T4, and @23) follows since L € E.5,""""

aﬂns '

D
It therefore remains to show that there exist L € L4 and S € Grg;(F,) for which L is in E,, ., and E %TNUE

and pi L(S) is in E.y.c,. To that end, let L ~ 14 and let .S ~ Uniform(Grgq x(Fp)) be statistically independent of
L. By [13l Proposition 2.2] we have that psL(S) ~ ptg. Thus,

Pr (L € Buyoys DIL(S) € Eey oy, L € ELOV D)

a,B,k,e
>1-Pr(L¢ E..)—Pr (pé' L(S) ¢ E.,, ) Pr (L ¢ B B’;UED) (224)
=1 = 2004({L ¢ Beg.e,}) — ma({L ¢ EL57)) (225)
1 ru
> 5 —na({L ¢ B0, (226)
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where we have used the union bound in the first inequality and Lemma B]in the last inequality. We will be able to
use Lemma [7| with 7, = D to deduce that uy({L ¢ E UB’?;UED}) <3 L and complete the proof, once we show that
k in (2T4) is greater than the right hand side of (212). To that end, we write

e% \/ﬁ\/ d(a?ry+B2D)

T : logd
) _ ok [ oTU g 2 og
— =p d 53 + [%e \/ +e(l14+C ) (227)

k
(14+C 189 )p ™ drepe (1)

(R-11og(8?4a?L
<2 (-t routs™ a5 2teT VIt el +Clogd) (228)
og e2 1
< 9=Ci(e+"%5%) 9%.% 1_’_5(1_’_0%) (229)
<1 (230)
where the last inequality holds for some universal C; large enough. m
Proof of Lemma [6| Let Cj > 0 be a universal constant satisfying
e 1 d
eutn(eod™) <14 0222 g, 231)
Thus, for L € E,, ., we have
Vi cov L d cov L ) e cov L logd
eor (B e s T (L) hinteois) — Teov(L) )<l+Co Og (232)

VdTeff(L)d Teff(L) Teff(L)
Since T‘COV(KL) = Kreov(L) and 7og(kL) = kreg(L), Item [1] holds for any C' > Cj. Item 2] follows since
o?(kL) < (kL) for any lattice L C R%.

COV

To prove Item let fz and f; be the densities of the random variables Z and Z, respectively. By Item |1| we
have that for any L € E., ¢, the support V,;, of Z is contained in the support (1 + Co losd) ke (L)B of Z. Thus,

for any z € (1 + Cp 1°§d> kres(L)B we have that

Vol ( (14 Co*5?) kreg(L)B log d\
fa(2) < (( Vol(‘;ﬁ)m )fz(z)§<1+000§> 25 <Ay @33)

It therefore follows that

favipz(@) <d“foy 52 Yo eRY, (234)
and therefore for any A C R?
Pr(aU + 7 ¢ A) < d°Pr(alU + BZ ¢ A). (235)

We move on to proving Item Leteig(R(kL)) = (A1,..., Aq) be the eigenvalues of R(kL), such that Z?Zl A =
do*(kL), and ||R(kL)||% =Y, A2. Let Z ~ Uniform(V,). Since Vol(V,) = Vard;(xL), we have that
d
1
log det ((2me)R(kL)) = Z 3 log(2meA;), (236)

i=1

log Vyrde (kL) = h(Z) <

l\')\n—\
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where the upper bound follows since the Gaussian distribution maximizes entropy under covariance constraints.
Thus,

d
Zlog()\i) > 2log Vyrds (kL) — dlog(2me) (237)
i=1

d/2

— 2log (Vj/ drgﬁ(nL)) — dlog(2re) (238)
V242 (kL
= dlog <dreff(’i)> (239)
2me

1 VY42 (kL)
=dlog | — 4" 62(kL 240
o8 <27re o?(kL) (kL) (240)
= dlogo?(kL) — dlog2me - N(xkL), (241)

where N (kL) = (L) i the normalized second moment (NSM) of a lattice <L in R?.

V22 (kL)
Denote 6(kL) ='ore" G(kL) — 1, and |R(kL)|2 = max;=1,. . A;. We now show that
14
22 A S (0% (kD) + 20(kL) | R(<L)I3 (242)
i=1

Indeed, in the range 0 < = < ||R(kL)||2 the second derivative of = — Inz is upper-bounded by Thus,

1

IR(<L)[I3

from Taylor’s expansion around x = o%(kL) we have

)\i — JQ(KL) _ 1 (
o?(kL) 2| R(<L)|3

In)\; <Ino?(kL) + N — o%(kL))?.
Summing over i and using the facts that a) >, \; = 0*(xL) and b) %Zle In\; > Ino?(kL) — In(1+ 6(xL))
we get after rearranging terms

2ARDIF (L +(61) 2 § 300 = o (b))? = 300 (07

3

completing the proof of (242). ,
To complete our statement, it remains to show that §(kL) < cz% and ||R(kL)||2 < c3log d%, for some
universal constants ¢z, c3 > 0. This will imply, by 242), that

2 2
SIRGL)E < (02(nE))? + 20035 tog?(a) - (o)) )

2\ 2 3
< (; ((1 + Clogd) meff(L)> > : (1 + 2c2c§1°gd d) , (244)

where we have used Items [T] and 2] in the last inequality.

For bounding 6(xkL), we use 0?(kL) < 1rZ (kL) and write

2me 12, (kL) 2me

cov
av2/4 rg(L) = qy2/e

where in the first inequality follows since L € E., .,, and in the second inequality we have used the fact that

Zre, =1+ 0('=5¢)

We now upper bound the operator norm || R(kL)||2 = max,cgn—1 E(v' Z)2, for Z ~ Uniform(V,r). To that

end, let 04 = 1/ W. For any v € S"~! we have that

1
(cod™)¥? <1+ ¢ —Og d (245)

2me - N(kL) <

E(w"Z)? = E [|vll*||1 Z]|? cos®(£(v, Z))] (246)
< rfov (kL)E [COSQ(Z(U7 Z))} (247)
< i (kL) (67 + Pr(| cos(£(v, Z)| > ba)) (248)
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Let A= {ze R : vz < dy}, and Z ~ Uniform (((1 + Clogd) H’I‘eﬁf(L)B). From Item applied with
a =0 and § =1, we have

Pr(| cos(£(v, Z)| > 8q) = Pr(Z ¢ A) < d°Pr(Z ¢ A) = d° Pr(| cos(L(v, Z)| > bq) (249)
= d° Pr(| cos(£(v, ZB)| > ba), (250)
where Zp ~ Uniform(B). Thus,
E(v'Z)? <12 (kL) (65 + d° Pr(| cos(£(v, Zg)| > a)) (251)
<12 (kL) <2(O+;)1°gd +d°Pr <| cos(L(v, Zg)]) > W)) (252)
cov (KL)

< ezlogd - Leov (253)

d )

where (233) follows since Pr (| cos(Z(v, Zg)|) > 4/ 2EHead) < e~ S — 1=(C+1) which follows from

the fact that a spherical cap of height 1 — ¢ has volume (w.r.t. to S"~!) at most e4*/2 for 0 < e < L [69,

V2
Section 7.2]. =
Proof of Lemma (7, For r > 0,x > 0 and z € RY, let
N*(kL,rB,z) = |((kL\ {0}) + ) NrB)|. (254)
Note that for any r > 0 we have the inclusion of events
{r € rB,N*(kL,rB,—xz) =0} C {x € Vi }, (255)
which implies that
{x ¢V} C{z ¢ rB} U{N*(Axr,rB,—x) > 0}. (256)
Let X = ol + BZ. For any given lattice L, we therefore have that
P.(L)=Pr(X ¢ Vi) <Pr(X ¢ rB) + Pr (N*(kL,rB,—X) > 0) (257)
<Pr(X ¢ rB)+Ex[N*(kp,rB,—X)], (258)

where the last inequality follows since Pr(/N > 0) < E[NV] for a random variable N supported on the non-negative
integers. Taking the expectation with respect to L ~ p,, gives

E[P.(L)] <Pr(X ¢ rB) + ELEx[N"(kL,rB,—X)], (259)
Applying Siegel’s summation formula, we have
Vol(rB) r d
E..Ex[N*(kL,rB, —X)] = Ex|E.[N*(kL,rB, —2)|X = z]] = = , 260
B[N (<L, .~ )] = Ex BN (6L B - X =l = 2B — (L) a0
so that

d
E[P.(L)] < Pr(X ¢ rB) + (T(l)> . (261)

KT eff
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Let 72 = d(a?ry +5%r)(1+¢), for 0 < & < - and let us upper bound the first term. Recalling that X = alUU+5Z,

we have f

Pr(X ¢ rB) = Pr((aU + BZ)? > 1?) (262)

=Pr(a?||U|* + 82| Z|? + 228U " Z > 1?) (263)

<Pr ( a2ry + B2ry) + 208U T Z > d(a?ry + B2ry) (1 + 5)) (264)

—Pr (mﬁUTZ > d(a?ry + B2ry)e ) (265)

< Pr (Qaﬂd\/MCos( (U, 2)) > d(a®ry + ﬁ%«b)a) (266)

(cos W&) (267)

< Pr (cos(£(U, 2)) > ) (268)

< e-dfz/ 2 (269)

where (268) follows from (a. /7, — B+/T5)? > 0, and the last inequality follows from the fact that a spherical cap
of height 1 — € has volume (w.r.t. to S"~ 1) at most e~ %°/2 for 0 < e < L [69 Section 7.2]. We have therefore
obtained that

E[P,(L)] < e~"/2 4 g=dlog o (270)
Taking
2 7 2 \/d(a?ry + B2mp)
K>ez =(l1+¢)ez , 271)
Teﬁ‘(l) ( ) ’r’eff(l)
gives
E[P,(L)] < 2¢79°/2, 272)

Thus, using Markov’s inequality, we obtain the claimed result. m

APPENDIX C
BOUNDING THE EFFECT OF OVERLOAD EVENTS

Proof of Proposition 3} Let

eoL = U[—dr]f/[d] — 0[—(;]7idea1‘7[d],idealv (273)
such that
€ = €ideal + Q€OL. (274)
With probability 1, we have that
leow| < [TVl + 10 saea Vidnideall < 10l - Vgl + 107a iaeatll - [ Vidg saeal (275)
< Teov(Ae) + (\/ﬁ+rcov(Af))2, (276)
where the last inequality follows since U[d] ] € VA, by definition, and since
101 idcanll = 1Ua) + 21| < IIU[d]H H 2 < U+ 121 < Vit reov (Ag), @77

and ||V[d]7idea1|| is bounded similarly. With probability 1, we also have that

leiaeat] = 10U sqeaVidlideat = U V] < ol Up saeat Vidideatl + U7V < 0| Ugsacall - Vi ideatll + [oln (278)
< a(yvn+reov(Af))? + |pln (279)
< (VR4 Teov(Af))? + 1, (280)

where (279) follows from 277), and (280) from 0 < «, |p| < 1.



40

Note that max{y/n,reov(Af)} < M(Ac), since A, C Ay, and therefore Vi, C Vj,. It therefore follows that
with probability 1 we have

leor| < 5M?(A.), |eidea] < 5M?(A,). (281)
Consequently,
E(e*) = E(Cient) + @’E(ehr) + 20E[eo eideal (282)
< E(efear) + 75 Pr(OL)M*(A,), (283)
as claimed, where we have used 0 < o < 1 again. m
APPENDIX D

PROJECTIONS OF RANDOM UNIFORM ORTHOGONAL VECTORS

Recall that S ~ Uniform(O,,(R)) and we denote U = 1/nS1, Z = \/nSs and V = pU++/1 — p2Z. Furthermore,
d = |kn], and we denote Ujy = (Uy,...,Uq)" and similarly Vig = /pUjq) + /1 — p?Zq). We have

E[(UpgVia)®] = El(ollUg]1* + V1 = 02Uy Z1a))?] = P’El|Uq[I* + (1 = p*)E[(Up Z1a))*] (284)
where the last equation follows since E[||Upg H2U 7 (@] = 0 from symmetry. For d = n we trivially have E||U||* =

n? and then E[(UT Z)?] = 0. We proceed to compute E||Uq* and then ]E[(U[d] 4))?] for general d < n.
It holds that (using the fact that E(U?) = 1)

E||Ug* = d. (285)
By symmetry, we also have
E(Uyy Zq) = 0. (286)
We will further use the fact that E(U}') = -2 [70]. To compute E||U}4||*, we first note that, by symmetry
n? =E|U|* = (Z U2> = nE(U}) + n(n — DEULUS), (287)
which implies
—EU) n
E(U2U2) = 1) _ ) )
(U7U3) n o1 S (288)
With this, we can write
E||Upg||* = Z U2 | =dE(UY +d(d — V)E(UUZ) = ——d(d + 2). (289)
n+2
We move on to calculate ]E(U[ d Zi4))*. We have that
2 4
E(UyZi4 <ZUZ> =Y E(U?Z})+ Y EB(UU; ZZ;) = dé + d(d — 1)v, (290)
i=1 i
where
§=E(UZ}), v=E(llrZi2), (291)
and the last equality in (290) follows by symmetry. Taking d = n, we get that U[ ] =U"Z =0wp. L
Invoking (290) therefore gives
0:n§+n(n71)1/:>1/:fn§1. (292)

Substituting this into (290), we obtain
d—1 dn—d
E(UigZq)® = d (1 - ) g= =) (293)

n—1 n—1
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In order to compute &, define e = U — Z. Note that the symmetry and orthogonality of U and Z implies that
e ~ Uniform(1/2nS"~1), where S*~! is the unit sphere in R™. It therefore follows that

E(e}) = 4E(U}). (294)
On the other hand

4

4 . .

E(e}) =E(U1 - Z1)* =) <i)]E(U{Zf1) =EU}) +E(Z}) + 6E(UFZY) + AE(UL Z3) + 4E(U Z1). (295)
=0

By symmetry, we clearly have that E(Z}) = E(U}). We claim that E(U; Z3) = 0. To see this, note that given Z,

the distribution of U is invariant to negation (in other words py|z—.(u) = py|z=.(—u)). By symmetry, this also
implies that E(U;Z;) = 0. We therefore have that
4E(U}) = E(e}) = 2E(U}) + 6¢ (296)
E(UY) n

—=f="0t = —. (297)

Substituting this into (293), we obtain
n(n — d)

T 2 _
Consequently, by (284), (289) and (298), we have
n—d
BlURVin?] = o (P42 + 0= 22T 299)
_nd on(d+1)—2 n—d
n+2< n—1 Jrn—l) (300)
dd+1 dn—d
< 2@t  dn—d) 301)
n n

where in the last inequality we have used the fact that < % for all n > 2. This establishes our claim.

(n— 1)n(n+2)

APPENDIX E
TAIL PROBABILITY OF Ulq,

Proposition 4: Let U be uniformly distributed on /nS"~?, and let Ujq) = (Uy,...,Ug) " be its projection on
the first 1 < d < n coordinates. Then, for any 0 < & < 1

2

Pr(|Ug |2 > (1+e)d) < 2¢~(752) 35 < 9= Fd (302)

Proof. Let Z ~ N(0, I,,) and note that U has the same distribution as \/ﬁﬁ Let

d
X1=Y 7, (303)
=1
X, = zn: Z2 (304)
2 — 7
i=d+1

and note that X; and X, are independent chi-squared random variables with d and n — d degrees of freedom,
respectively. We therefore have

>(1+ 5)d) =Pr((n—(1+e)d)X; > (1 +e)dXs) (305
1 d € 1
1+€_n—d1+5)dX1> (306)

(Lo
et (5 (1) )
(o

£ )lxl). (308)

_1+6n—d d
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Note that for = - %5 > 1 the probability above is zero. Thus, for the remainder of the proof, we assume
10 g < 1. For any ¢ > 0 we have that
T (HU[d]H2 > (1+e¢)d) <Pr le >t)+Pr LXQ <(1--=5 r t]. (309)
- d n—d =7 l+en—d
Lett =1+ ¢ for some 0 < § < 1, and let
€ n
¥=1-(1- 1496). 310
( l+en— d) (1+9) (310)
By standard Chenroff bounds on the tail of the chi-squared distribution
1 1 d dé?
Pr{-X1>t)=Pr(=X1>1+0) <exp<-(In(1+0)—9); <exp ——= ¢, 311)
d d 2 16
where we have used In(1 + 0) — % for all 0 < § < 1. Similarly, if 0 < ¢’ < 1 we have
1 1 n—d
Pr{—X 1— — X <1-4|< —— (In(1 =) +¢ 312
r(nd 2<( 1+5n— ) (nd 2 )—eXp{ 5 ({1 —d)+ )} (312)
(n —d)6"™
< —_— . 313
< exp { 6 (313)
We will choose
1+n? 5 d
=g = —— =4/ — 314
81—&—17—5’(1—1—772)’ cT1ge n—d’ (314)
such that
dé?  (n—d)d"?
= P 315
16 16 (315)
and ¢, > 0. Note further, that
1+ 7?
§>¢ > e'2(v2 - 1), 316
Z€ T, 2 ( ) (316)
and we therefore have that
(n—d)§”?  do? (V2 —-1)% _ de”?
L = >t > 17
16 6= 14 “ o G17)

yielding the claimed result. m
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