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A Lower Bound on the Expected Distortion of
Joint Source-Channel Coding

Yuval Kochman, Or Ordentlich and Yury Polyanskiy

Abstract

We consider the classic joint source-channel coding problem of transmitting a memoryless source over a memo-
ryless channel. The focus of this work is on the long-standing open problem of finding the rate of convergence of the
smallest attainable expected distortion to its asymptotic value, as a function of blocklength n. Our main result is that
in general the convergence rate is not faster than n~Y2. In particular, we show that for the problem of transmitting
i.i.d uniform bits over a binary symmetric channels with Hamming distortion, the smallest attainable distortion (bit
error rate) is at least Q(nil/ 2) above the asymptotic value, if the “bandwidth expansion ratio” is above 1.

I. INTRODUCTION

Over the last decade there has been a great progress in understanding the rate of convergence to the asymptotic
fundamental limits in various communication and compression setups. Yet, there remain some setups where although
the asymptotic limits are known, the rate of convergence to those is not known. Two prominent examples are to
show that the Gaussian-type 1/+/n backoff, common to many settings, also arises in the joint source-channel coding
(JSCC) setup under expected distortion, and in the multiple access channel (MAC). The main difficulty in the JSCC
setup is that due to averaging, the Gaussian variations in source/channel quality may possibly be canceled out (as
in fact happens when the ‘not to code’ conditions of [2] are met). The fundamental issue in the MAC setup [3] is
that the multi-user interference, unless randomly-coded, should not in general satisfy the central limit theorem and
hence there is no reason to believe the back-off should be of 1/4/n order. This paper makes progress on the first
of these open problems.

Specifically, we consider the classical point-to-point joint source-channel coding problem, depicted in Figure [
In this setup, an encoder observes a sequence S™ = (S1,...,S,,) of m i.i.d. samples generated according to the
distribution Pg, and would like to send this sequence through n channel uses of the memoryless channel Qy|x.
To that end, the encoder maps the source sequence S™ to the channel input X™ using an encoding function
€ : 8™ — X™. The channel input X" is transmitted through the channel Q%len (y"2™) =TT, Qvix (yilx:)

and the decoder that observes the channel output Y, generates an estimate gm — (5’1, ceey S'm) of the source
sequence, using a decoding function D : Y™ +— S™. Let d : S x S — R be some distortion measure, and define

d(S™,S™) = " d(S;, 5i). M

For a given source-channel pair, one is interested in the statistics of the distortion d(S™, 5"”) that may be
obtained, as a function of the blocklengths m and n. It is convenient to think of the bandwidth expansion ratio
p = n/m as fixed (ignoring rounding effects), and then consider the performance as a function of n. As the full
statistics of the distortion are complicated, usually one of two figures of merit is considered: the expected distortion

D= iEd(sm,gm),
m
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Fig. 1. The (n, p, Ps, QY\X) joint source channel coding problem. It is assumed that n = pm.

or the excess-distortion probability, which for any threshold D is given by
1 .
e(D) =Pr |—d(S™,S™) > D] .
m

The focus of this work is the expected distortion, for which we define the fundamental limit for the JSCC problem
by the function

1 N
— min_ Ed(S™,5™). 2)
m &:S"x"

D:Y"—S™

D:; = D*(n7p7P57QY\X) £

By the separation principle [4]], we have that
D;o énlggoD*(nvpv PSvQY\X) = DPs(pC(QY\X))a (3)

where Dpg (R) is the distortion-rate function of a source with distribution Pg, and C'(Qy|x) is the capacity of the
channel Qy | x. We study the convergence of the expected distortion to its asymptotic value. To that end, we define
and study the quantity

A, = A*(n,p, Ps,Qy|x) = D;, — D5, 4

In terms of excess distortion, many facts are known about the convergence of the distortion to the infinite-
blocklength limit. For any threshold D > DX  we have that €(D) is exponentially small, with upper and lower
bounds on the exponents (which agree for low enough D) given in [3]. To the contrary, for any D < D} it holds
that 1 — ¢(D) is exponentially small [[6]. The dispersion, i.e., convergence of D to D?_ for fixed excess-distortion
probability, as well as finite-blocklength bounds, were derived in [7], [8].

For the average distortion case, however, one may argue that A* = o(1/+/n) as follows. In problems where the
error criterion is defined as a hard-constrained 0/1-loss (such as excess-distortion above), the Gaussian variations
in channel quality cannot be leveraged and the fundamental limit experiences a 1//n back-off from its asymptotic
values. However, in problems with averaging, the dispersion term disappears, for example [9], [L1O], [[L1]], because
these (mean-zero) Gaussian variations can be averaged out. This suggests that the true behavior of the fundamental
limit A’ should indeed be o(1/+/n).

As further evidence that A} may be o(1/+/n), consider the special case of the JSCC where Qy |y is a clean
bit-pipe of rate R, for which the problem reduces to lossy source coding. In this case, it is known [12], [[13]] that
for any discrete source and rate R > 0,

AF =0 <1°g”) .
n

Furthermore, for some source-channel pairs the optimal asymptotic distortion is already achievable using a scalar
scheme. See [2] for necessary and sufficient conditions. For example, this is the case for the problem of sending a
binary symmetric source (BSS) over a binary symmetric channel (BSC) under expected Hamming distortion with
p = 1. In light of this, one might hope that a low redundancy is possible in general.

Despite all this evidence for sub-/n convergence, this work proves that it is not the case, by showing that in

general A¥ =) ( ﬁ) More concretely, we study the very same symmetric binary-Hamming problem mentioned
above, but with p > 1, and derive a lower bound on Dj,.

Our approach to proving this result goes through a reduction to a JSCC broadcast problem. Let Qy‘ x be the
empirical channel realization in the point-to-point JSCC problem. The main observation in our distortion lower bound
is that a good JSCC code must achieve distortions close to D (p, Ps, Qy| x ) simultaneously for all “probable”
channel realizations. To show that this is impossible, we reduce the problem to that of broadcasting a source to
two users with different channel conditions, corresponding to one empirical channel that is better than Qy|x, and
one that is worse. An outer bound on the distortions, in the infinite-blocklength limit, was derived in [[14] for the
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Fig. 2. The n(p, §) binary joint source-channel coding problem. it is assumed that n = pm.

quadratic-Gaussian case, and was recently generalized by Khezeli and Chen [13], [16]. Here, we generalize these
bounds for our scenario of interest, and show that for the binary Hamming case, with p > 1, it is impossible to
design a JSCC code that will be optimal simultaneously for both channel conditions. Unfortunately, for the case
p < 1 this technique falls short of providing similar bounds, mainly because in this regime D, changes too slowly
with 6.

We note that it is still not clear whether the n—1/2

scaling of A* is achievable in general. In particular, a

separation-based coding scheme can only achieve A’ = Q ( 1°§ "> , and to the best of our knowledge no JSCC

coding scheme that achieves better scaling in general is known. See Section [VIl Thus, despite the progress made
in this work, the exact correct scaling of A remains an open question.

The structure of the paper is as follows. In Section [[Il we define the binary instance of the JSCC problem we
analyze, state the main result, and give a high-level sketch of proof. Section [IIl develops outer bounds on the
distortions that can be achieved when sending a source over a broadcast channel. The bounds from Section [IIIl are
then specialized in Section [[V] for the problem of sending a binary source over a binary additive spherical noise
broadcast channel. The full proof of our main result is given in Section [Vl The paper concludes with a discussion
in Section [VIl

II. MAIN RESULT AND MAIN TECHNICAL CONTRIBUTION

We study the binary symmetric joint source-channel coding problem, depicted in Figure 2| which is a special
case of the general problem introduced above. The source is binary symmetric S ~ Ber(1/2), the channel Qy|x

is BSC(d) with § < 1/2, the reconstruction alphabet is S = {0,1} and the distortion measure is Hamming, i.e.,
d(S,S) =154, such that

dH(Sm’ S’m) = Z ]1{51’#5'1’}'
=1

We use the binary entropy functionl]
hy(z) = —zlogz — (1 — z)log(1l — )
and its inverse restricted to the interval [0,1/2] as hb_l(-). For 0 < a,b <1 we also define the binary convolution
axb=a(l—0)+b(l—a).

The expected distortion for this problem is formally defined below. For two binary variables, or vectors, the notation
+ is to be understood as addition modulo-2.

Definition 1: Let S™ ~ Ber(1/2)®™, Y™ = X™ + Z" with Z" ~ Ber(§)®™ independent of X", and p = n/m.
The minimum expected Hamming distortion for transmitting S™ over the channel from X" to Y is defined as

1
(TL, P ) m £:{O,1}I7In1}£>l{0,1}" EdH(S 7D(8(S ) +7Z )) )
D:{0,1}"—{0,1}™
and its convergence rate function is

' Throughout, logarithms are taken to the natural base.



where

D(p,8) = hy ' (log2 — p(log 2 — hy(6))), @)

is the asymptotic value of D*(n, p,9).
In this problem, it is well known that A¥ = 0 for all n, when p = 1. Here, we will give a non-trivial lower
bound for p > 1. We will express our result in terms of the following functions:

2 1
®(0) £ + 8
O = 2108 (57) T 51— 0)10g? (52 (5
1 @)

0) & = , (8b)

100 = 5D, )

n(p.5) 2 2p 1% ('35 D) (A—f(p0) 1+ f(p,0) 80)
e 1-D(p.8)\ 2f(p,6) +4D(p,6) (1 — f(p,o )

10g( oo ) f(p,9) (p,0) (1= f(p.0))  f(p;9)
Our main result is the following.
Theorem 1: In the binary JSCC problem of Definition [I] for all p > 1 we have that
0(1—9

552 D*(n.9.8) - D(p.8) > \| 2= Dn(p,6) + O 10gm). ©

where 7(p, ) is as defined in (8d) and is strictly positive for D(p, d) > 0.
In particular, this binary symmetric example serves to show that in general,

N 1
A*(n, p, Ps,Qy|x) = (ﬁ) :
A. Outline of Reduction to JSCC Broadcast

The proof of Theorem [ relies upon the reduction of the binary JSCC problem to the problem of sending a binary
source over a broadcast channel, for which we then derive outer bounds on the achievable distortions region. We
now outline this reduction. The details are straightforward but cumbersome, thus they are relegated to Section [Vl
Here we use approximated equality or inequality, to say that the correction terms will be below the 1/+/n order of
interest.

We restrict our attention to 0 such that dn is an integer; this reduction is insignificant in our scale of interest. We
define the integer-valued random variable K = wy(Z™) — én, where wy(-) is the Hamming weight of a vector.
Let S, be the set of all length-n binary sequences with weight 0 < x < n. For a given encoder/decoder pair
(€,D) we define

W) = e o) £ B | L (57D (E(5™) + 2) | K =4

_E [%dH (5™ D (£(S™) + Uﬂ))} , (10)

where U" ~ Uniform(Ss,+k,n), although its dependence on k is not made explicit. We can then use iterated
expectation to assert

E [%dH (5™, D (£(S™) + Z"))] — E[¥(K)]

=K {E [\IJ(K) ‘ |K|”. (1n)

We then show that it is enough to consider a range of K around O that scales no faster than /n, and that within
this range

1 1
E {\IJ(K) ’ |K| = ko] R §\IJ(ko) + 5\11(—k0).
That is, we take A = |K|/y/n and consider bounded A. Thus,

E [IE {\I/(K) ‘ |K|” > %E [IE {%dH (5™, D (£(S™) + U{l))} +E [%dH (5™, D (£(S™) + U;))” ,
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Fig. 3. Binary spherical noise JSCC broadcast problem.

where U7 ~ Uniform <Sn ( s

A ) n) and U3 ~ Uniform (8 (

) ) . The outer expectation in the right hand
n )

o 5+
side is taken over A.

We now make the following relaxations: we let the encoder and decoder vary as a function of A, and further for
any value of A we allow different decoders for the channel with additive noise U]* and the channel with additive
noise U3'. Thus we have that

D*(n,p,0) L E[D(A)],

where

D(a) 2 L minE[dy (S™, Dy (E(S™) + UM)] + E [dur (S™, Ds (E(S™) + UD))], (12)

m
and the minimization is over all encoders £ : {0,1}™ — {0,1}" and decoders Dy : {0,1}" — {0,1}™, D5 :
{0,1}™ +— {0,1}"™. This last quantity is the sum-distortion in a problem of JSCC broadcast with spherical noise.
We will next consider JSCC broadcast, and prove in Theorem M that

2 n(p,5). (13)

D(a) £ 2D(p.5) + 7

Thus, A
E
D* 8) Z D(p,d) + —=n(p, 9).
(n,p,0) £ D(p,6) + 2\/577@ )
The result of the theorem follows since A is approximately the absolute value of a normal variable with zero mean
and variance §(1 — ¢), thus
20(1 -9
E[A] ~ /2020

T
which gives the stated result.

B. Sending a Source Over a Broadcast Channel

We now outline the derivation of (I3), stating the steps which we will prove in Section [Vl

We consider the problem of sending a source over a broadcast channel, or simply, the JSCC broadcast problem.
In this setup, an encoder observes a sequence S™ = (S1,...,S,,) of m i.i.d. samples generated according to the
distribution Pg, and would like to send this sequence through the broadcast channel Qy1n7y2n| xn, which may not
be memoryless, nor degraded. To that end, the encoder maps the source sequence S™ to the channel input X"
using an encoding function £ : S™ — AX™". The channel input X" is transmitted through the channel and the
first receiver, which observes the channel output Y7", generates an estimate 5'{” of the source sequence, using a
decoding function Dy : J' — S™, whereas the second receiver, which observes the channel output Y3*, generates
an estimate 5’2 of the source sequence, using a decoding function Dy : V3’ — S™. For simplicity we assume that
the reconstruction alphabets 81, S, are identical, and that the quality of the two reconstructions are measured with
respect to the same separable distortion measure d : S X S+—Ras

D; = iEd(Sm,S*;”), i=1,2, (14)
m
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Fig. 4. JSCC over a Broadcast Channel.

but the results easily go through to the more general case as well. See Figure (4]

For given m, n, Ps, and Qy vy x», a distortion pair (D1, Ds) is said to be achievable if there exist (£, Dy, Da)
such that E[d(S™, 5™)] < D; for i = 1,2. It will be convenient to express results using the bandwidth expansion
factor p = n/m. Our goal is to establish an outer bound on the achievable pairs (D1, D2).

For our results, we need the following functions of the source. We define an auxiliary variable U via a conditional
distribution Py;|s. By combining with the given Ps we obtain P = Pg 7. With respect to this distribution, we define:

Fp(t) & i :

p(t) = min  I(S;V|U), (15)
I(S;V)>t

Rp(D)2 min I(U;S). (16)
S :U-S-8
Ed(S,5)<D

Notice that when U = S the function Rp(D) reduces to the rate-distortion function Rp, (D) of the source S A
Furthermore, we define the following function of the channel Q™ = Qy» vy x» (y7, %3 |z"),
Gon(t) 2 1Y W). 17
o (t) W,X™ Wn—li)%—yl"—yf (Y25 W) an
L(X™ Y W)=t
Note the relation to the capacity region of the broadcast channel: If nR; and nRz bits can be communicated reliably
to the receivers Y;* and Y3, respectively, then nRy < Ggn (nR1) [18, Chapter 5.4.1] .
Let Rp, (D) be the rate-distorion function of the source Ps. We prove the following theorem.
Theorem 2: Consider the problem of transmitting m realizations of the i.i.d. source S ~ Pg, over the n-letter
broadcast channel Q™. If (D1, Dy) is achievable, then for any Py g we have that

— - Ggn (mFp (Rpy(D1))) (18)

where P = Pg Py s is the joint distribution on (S,U) induced by the choice of Pys.

The proof of this bound, which is based on generalizing a technique developed by Reznic, Feder and Zamir [14]]
for the Gaussian joint source-channel coding broadcast problem, will be given in Section [l We will also show
that for the memoryless degraded case, the bound single-leterizes, and can be obtained as a special case of [15,
Theorem 5].

While the functions Fp(t), Rp(D) and Rp, (D), involved in the evaluation of the bound from Theorem 2] only
require solving a single-letter optimization, the function Gg» requires solving, or bounding the solution of, an
n-letter optimization, which is in general a challenging task. Nevertheless, for our particular channel of interest,
where Q" is an additive spherical-noise broadcast channel (which is neither memoryless, nor degraded) we prove
the following.

Lemma 1: Let Q" = Qyp vy x»(y7', y5|z") be the additive spherical-noise broadcast channel Y7" = X" + U7,
Yy = X" + U, where UJ* ~ Uniform (Sps, ) and U3 ~ Uniform (S, (s, 46,),n)» (U, U3) L X™. Then,

1
~Gan(nt) <log2—hy (82 hy ' (he(81) +1)) + T (n, 62), (19)
where
0o n logn +1
A el — 2
I(n,ds) = - log (52> + o (20)

2We note that the function Rp (D) also arises as an upper bound on the communication rate required in order to perform a certain coordiantion
task, see [17].



Indeed, if we replaced the spherical noises by an i.i.d. noise with the same marginals, the channel would become a
BSC(61, 51 x02) degraded memoryless broadcast channel. In that case, the corresponding G/(t) function does single-
letterize, and equals log2 — hy (52 * h;l (hp(61) + t)), see Section Thus, Lemma [I] shows that the difference
between these cases is upper bounded by T'(n, d3). The proof of this lemma, which is given in Section[[V] is based
on replacing U3 with the noise U]" + Z", where Z" ~ Ber(d2)®", such that the obtained broadcast channel Q"
is degraded (though not memoryless), and its corresponding function Gén can be computed using Mrs. Gerber’s
Lemma [19]. The difference |G 3. (nt) — Gion (nt)] is essentially bounded by supp_,, |H(X"4+UP+Z")— H(X"+
U3')|, which can be bounded via a coupling argument introduced in [20] (see also [21]]). Using this technique, we
show that |G 5. (nt) — Ggn(nt)| S n-T'(n,d2). Note that for the purpose of bounding D(a), we are interested
in the regime where do = ©(n~'/?), and consequently I'(n,ds) = O(n~3/*logn) is below the n~'/? scale of
approximation we are after.

Thus, in order to apply Theorem 2] for obtaining an outer bound on the achievable (D1, Ds) pairs for the binary
spherical noise JSCC broadcast problem, we need only choose an auxiliary channel Py s and evaluate the functions
Fp(t), Rp(D) and Rpg (D). For the particular choice U = S + N, where N ~ Ber(q) is statistically independent
of X, evaluating these functions becomes particularly simple, and we obtain the following Theorem, proved in
Section [[V]

Theorem 3: Consider the binary spherical noise JSCC broadcast problem of transmitting a memoryless symmetric
binary source S™ over the channels Y* = X" + U7, YJ" = X™ 4 U3 under Hamming distortion, where U7 ~
Uniform (Sns, ) and Uy ~ Uniform (S,(5,45,),n)» (U7, U5) L X™. If (Dy,Dy) is achievable, then for any
0<g<1/2

hb(q * Dl) — hb(Dl)
P

log2 — hy(g* D2) < p {log2—hb (52*}%_1 (hb(51)+ >)] + pI'(n, 62), 21
where I'(n, d2) is as defined in 20).

Extracting a lower bound on D(a) from Theorem [3] is now merely a matter of algebraic manipulations. This is
done in Section [V-Bl where we prove the following theorem.

Theorem 4: Consider the binary spherical noise JSCC broadcast problem of transmitting a memoryless symmetric
binary source S™ over the channels Y* = X" + U7, YJ" = X™ 4 U3 under Hamming distortion, where U7 ~
Uniform (Sys,,n) and US ~ Uniform (S5, 45,),0). (UF,U5) L X™, and p = n/m > 1, where §; = 6 — T
01 %0y =10+ = for some positive a < log®(n). If (D1, Dy) is achievable, then

0
Dy + Dy >2D(p, ) + %\?) +O(n~%*logn), (22)
n

where 1(p, ) is as defined in (8d).

III. OUTER BOUNDS FOR JOINT SOURCE-CHANNEL CODING OVER A BROADCAST CHANNEL

In this section we prove Theorem [2] by analyzing the source and channel functions (I3)-(IZ). We also evaluate
the functions for some memoryless degraded examples and recover some previously known results as special cases.
We note that the setting of Theorem [2]is asymmetric: the source is assumed to be i.i.d., while the channel is neither
memoryless nor degraded; this is the most general form that we need for this work, and the extension for sources
with memory will become quite obvious in the sequel.

A. The Source Functions

First, we prove the following simple statements regarding properties of the functions Fp (I3) and Rp (I6).
Lemma 2: The function Fp(t) is monotone non-decreasing and convex. Furthermore, it tensorizes, i.e.,

Fpm (mt) = me (t)



Proof. Monotonicity of the function Fp(t) follows by definition. For convexity, let V4 and V; be random variables
(induced by the channels Py, ) that attain Fp(to) and Fp(t;) with equality. Let A ~ Ber(a), and define V' =
(A,Vy4). We have that
I(S;V) = I(S; Val A)
= (1 —a)I(S; Vo) + al(S; V1)
= (1—a)ty + aty,
and by definition of Fj(t),
E, (1 — o)ty + aty) < I(S; V|U)
— (1= Q)I(S; |U) + aI(S3 V4 U)
= (1= a)Fp(t)) + aFp(t1). (23)

We prove tensorization by induction. For any V' that satisfies the Markov chain U™ — S™ — V, we have

m m

(I(Sm-l;w +I<sm;v,sm-1>>
frg FP

m

—11(5m™ 1 1
=Fp (m (5™ V) + —I(Sm;v,sml)>
m m—1 m

_ m—1.
_m-1, (1(3 ,1V)

where we have used the convexity of ¢t — Fp(t) in the last inequality. Invoking the induction hypothesis, we have
I m.
pp (120
m

1 o 1 m—
< —Fpnes (IS5 V) + — Fp (I(Sm: V. S™71)

% [L(S™ 5 VU™ ) + 1(Sm; V, S U] (24)

1
) o (1S V5™ ).

IN

where the last inequality follows by definition of Fpm-1 and Fp and the fact U~ — S™~! —V and U,,, — S, —
(V,S™~1) are indeed Markov chains. Noting that

I(sm=hvigmTh) < 1(smThvio™),
and
I(Sm; V, 8™ HUw) = I(Sp; V, S™ HU™)
< I(Sm; VIS™TLU™),
which both follow since S™ is memoryless, we obtain
I(S™ L VIU™ Y + I(S,,; V, S HU,,) < I(S™;V|U™). (25)
Substituting into @4, gives

(™ V|U™) > mFp (W) , 26)

as desired. m R .
Lemma 3: Let S™ be a random vector satisfying the Markov chain U™ — S™ — S™ and Ed(S™, S™) < D, then

I(U™;8™) > mRp(D).

Proof. Since U™ is memoryless, we have that

U™ 8™) > > 1(U;; Si). 27)
=1



Note that = > Ed(S;; S;) < D by separability of d(S™;S™), and that the Markov chain U™ — §™ — §™
implies that U; — S; - S; is also a Markov chain. It is easy to see that the function D — Rp (D) is convex. Thus,
letting d; = Ed(S;; S;), we have that

I(um™;8m) > m— ZRP ) > mRp(D). (28)
i=1
]

We now evaluate these functions for a binary example that will be important in this work: we take S to be a
Bernoulli(p) source, and d(S;, S'j) to be the Hamming distortion measure. We define P g by taking U = S+ N,
where N ~ Ber(q) is independent of S.

Proposition 1: For 0 <t < hy(p)

Fp(t) >t = hy(q*p) + hy (g h™" (ha(p) = 1)), (29)
with equality for p = 1/2.
Proof. By the Markov structure, we have that I(S; V) = I(U; V) + I(S; V|U). Thus,
I(S;VIU) = I(S;V) = H(U) + H{U|V)
> 1(8;V) = H(U) + hy(q * k™ (H(S|V)))
=1(S;V) = H(U) + hy(q* h™ (H(S) — I(S;V)))
=I(8;V) = hy(q*p) + ho(g+ h™ ' (ha(p) = I(S; V),
where the inequality follows from Mrs. Gerber’s Lemma [19]]. Note that equality holds iff H(S|V = v) = H(S|V)
for all v € V, which is the case for p=1/2 and V = S + A, where A ~ Ber(h, '(1 - 1(S;V))). m
Proposition 2: For 0 < D <»p

Rp(D) = hy(q * p) — hi(q * D). (30)

Proof. For every PS|  satisfying the constraint E(S + S’) < D, we must have that

To see that this lower bound is tight, take the reverse test channel S = S+ V where V ~ Ber(D). m

B. The Channel Function and Derivation of Theorem

In the general (non-memoryless, non-degraded) case the channel function Ggn does not tenzorise. However,
we have the following basic properties.

Lemma 4: The function G~ (t) is monotone non-increasing and concave.
Proof. Monotonicity of G~ (t) follows by definition. For concavity, let (W, Xo) and (W7, X;) be random variables
that attain G (to) and G (t1) with equality. Let A ~ Ber(a), and define (W, X) = ((A,Wa), X4). We have
that

I(X;YA|W) = I(X 4;Y1|Wa, A)
= (1 — OL)I(Xo, Y1|W0) + OéI(Xl; Y1|W1)
(1 - Oé)to + Oétl, (31)



10

and by definition of Ggn (¢),
Gan(atg + (1 — )ty) = Gon (I(X; Y1|W))

> I(Yo; W)
= 1(Ya; A) + 1(Y2; WalA)

]

We are now in a position to prove Theorem 2l The proof is essentially a generalization of the technique developed
by Reznik, Feder and Zamir for the Gaussian joint source-channel coding problem [14]]. Their proof relied heavily
on the entropy power inequality, which is replaced by the functions Fip(t) and Ggn (t) in the proof below. We
remark that although Theorem [2] is stated and proved for channels without a cost constraint, such a constraint can
be included by constraining the distribution of X" in the computation of G~ (t), in the obvious way.

Proof of Theorem [2. Let S’{”, 5’5” be the estimates produced from the outputs Y7 and Y;", respectively. We have

mRp(Dz) < I(U™,S3") (33)
<I(U™;Yy") (34)
< Gon(I(X™ Y [U™)) (35)
< Gon (I(S™;Y'[U™)) (36)
< Gon (Fpm (I(S™;Y1"))) (37
=Ggn <me <7l (5 :;Yln)» (38)

< Gon <mpp <*’(5me>> (39)

< Ggn (mFp (R(DY))),

where (33) follows from Lemma[3] follows from the data processing inequality (DPI), (33) from definition of
Ggn, (36) from the DPI and monotonicity of Ggn, (37) from definition of Fpm, (38) from tensorization of Fpm,
and (39) from the DPI. m

Note that U™ plays a two-fold role here: in (33) we used the Markov chain U™ — X™ — Y* — YJ", whereas
in (36) we used U™ — S™ — Y7". Thus, the source function Fp(t), and the broadcast function G~ (t) are coupled
via the same auxiliary variable U™. This is also the main weakness of the bound above: Even though the same
U™, whose distribution is fixed once we choose the channel PU‘ s, appears in both Markov chains, in the transition
from (34) to (33), we have used the definition of Ggn, which involves a maximization with respect to U™.

C. Digression: Degraded Memoryless Channels

We now consider the special case where the channel Q" is degraded and memoryless. i.e., Q- Yo xn (Y1, yo|z™) =
172

[T Qviix (1ilwi)Qvapyy (Y2ily1s). Although this case is not required for our main result, we bring it as a
demonstration of the power of Theorem

We start with the the following lemma, which can be viewed as a restatement of the degraded broadcast channel
converse theorem.

Lemma 5: If Q™ is a degraded memoryless broadcast channel, the function Fiy tensorizes, i.e.,

GQn (nt) = nGQ (t).
Proof. We use induction. For any (W, X™) satisfying the Markov chain W — X" — Y* — Y3 we have
IX™ Y W) = 1Y XN W) + (X Yi [ W Y.



11
Consequently,

n

Go (I(X";Yl"IW)>

(1(1/1”1;X"1|W) + I(X; Y10 |W, Y{‘l))
n
n—1IY"" 5 XY W) I(Xn; Vi W, Y
= GQ + 2

n n—1 n

_ n—1, yn—1
Snlg (1(1/1 X |W))
n n—1

1 -
+ ~Gao (I(Xn; Y10 W, 17" 7H)) (40)

where we have used the concavity of ¢ — G(¢) in the last inequality. Invoking the induction hypothesis, we get

Go (I(X ;:1 IW))
_ Go IR XTW) + G (T Vi W, Y )
n

;! I(Ye W,y 1
> (Y3 5, W)+ I(Yon; W, Y )7 1)

n

where the last inequality follows from the definition of Ggn-1(t) and G (t) and the fact that W—X"—Y;* ' -Y;* !
and (W, Yln_1 )—X,,—Y1,,—Y>,, are indeed Markov chains. Note that we have the Markov chain Y3 , — (W, Yln_l)—
Yy, and therefore

T(You; W, Y1) > I(Yo s W, Y5 )

>
> I(Yo; WY, ). (42)

Substituting (42) into I) gives

I(xX™yr|\w
nGo <%> > 1Yy W) + 1Yo WY )

= 1(Y5 W),

as desired. m

The following corollary is an immediate consequence of Theorem [2] and Lemma

Corollary 1: Consider the degraded memoryless JSCC broadcast problem. If (Dy, Dy) is achievable, then for
any P = PgPy|g, defined by a choice of an auxiliary channel Pyg,

Rp(D3) <p-Gq <%(Dl))) . (43)

This bound can be obtained as a special case of [[15, Theorem 5] (see also [16]), by observing that the boundary of
the %egraded memoryless broadcast channel @ (without common message) is given by (C1, Gg(Ch)) [18| Theorem
5.2]

It is not difficult to see that the separation bounds for the extreme cases where only one distortion is of interest
are obtained by setting U = () or U = S for D; and Ds, respectively. When p = 1 and the “not to code” conditions
[22] hold, these choices give the tightest bound possible. Otherwise, other choices can give tighter bounds, as
demonstrated in the examples below.

3In fact, the techniques developed in [13] should suffice to establish our Theorem 2] We nevertheless found it more convenient to prove the
theorem using properties of the general functions Fp(t), Rp(D), and Ggn (t), as those functions have a major role in other problems in
network information theory, see [1] for more details.
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1) Quadratic Gaussian Case: Let S ~ N(0,02), and d(S;, S;) = (S; — S;)%. We choose U that is the output
of an AWGN channel with input S and noise that is Gaussian (0,42). Using the EPI, one can verify that the

corresponding source functions satisfy
1 62 2
Fp(t)=t— -log (i)

2 02 4 o2et

_ 1 62 + 02
Rp(D) = -1

p(D) =3 Og(52+D>’
where Fp is attained by taking V' that is the output of an AWGN with input S. Furthermore, let Q™ be the
(memoryless degarded) AWGN broadcast channel, Y7 = X + 71, Y = Y] + Zs, where Z; ~ N (0, Ny), Zo ~
N(0, Ny), (X, Z1, Z) mutually independnet, where the channel input is subject to a quadratic cost constraint P.
Using the EPI again, one can verify that

1 P+ N+ Ny
Gq(t) = 5 log (m) ,

where the function is attained by (W, X) that are jointly Gaussian. Combining with the source functions above
and with the quadratic-Gaussian rate-distortion function, and applying Corollary [1} we recover the Reznic, Feder,
Zamir outer bound [14, Theorem 1]: For all 4,

52 2 P r N1 + N.
52:; S<1+N+N> Y
TR (s e
2) Binary-Hamming Case: Consider first the case where Q™ is a (memoryless degraded) erasure broadcast

channel, i.e., Y; is X w.p. 1 —¢; and erased otherwise, for ¢ = 1, 2, where €2 > €7, and the source is i.i.d. Bernoulli
(p), and the Hamming distortion measure is used. One can verify that:

Galt) = ==

p

1—62

(log2 — €1 — t).

Combining with propositions [Tl and 2] and substituting in Corollary [T} one obtains the bound (for p = 1/2):
log2 — hp(D2 xq)  hy(D1 xq) — hp(D1)
(1 —e€2)log2 (1 —¢€1)log2 =P
which recovers the bound of [23]] (which was also recovered in [16]).
Next, we consider the (memoryless degraded) binary symmetric channel, Y7 = X + Z;, and Y> = Y] + Zo,
where Z; ~ Ber(61), Zo ~ Ber(d2), and (X, Z1, Zs) are mutually independent.
Proposition 3: For the binary symmetric degraded channel

Go(t) =log2 — hy (62 % hy " (ho(61) +1)), (44)

for 0 <t <log2 — hyp(d1).
Proof. For any (W, X) satisfying the Markov chain W — X — (Y] = X + Z;) — (Y2 = Y1 + Z2), we have
H(Y2[W) = hy (82 % by (H(Y1|W))

=hy (82 by " (H(Y1|X) + HYA W) — H(Y1| X, W)))

= hy (82 % by ' (H(Y1]X) + I(X;Y1|W)))

= hy (62 % by (he(01) + I(X; Y4|W)))
where the inequality stems from Mrs. Gerber’s Lemma and the fact that Yo = Y]+ Zs, with equality if X ~ Ber(1/2)
and W = X + A for A ~ Ber(n), where I(Y2; W) =log2 — hy(n * §1 * d2). Noticing that I(Ya; W) = H(Y2) —
H(Y2|W) <log2— H(Y3|W), with equality for X ~ Ber(1/2), the proof is completed. m

We can now combine this result with propositions [1| and [2] and substitute in Corollary |1} to obtain the following

theorem.

Theorem 5: For the JSCC broadcast problem with a Ber(p) source, Hamming distortion and a binary symmetric
channel, suppose that the pair (D7, D3) is achievable. Then, for any 0 < ¢ < 1/2, it holds that

hy(q % p) — hi(q* D2) < p [log2 — hy (62 * h;l(Al))] ,
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where

Ay = hy(61) + % [h(q* D1) — h(Dy) — h(g % p) + h(p)]

For p = 1/2, the bound significantly simplifies as on the left hand side hy(g*p) = log 2, while on the right hand
side

T hb(q * Dl) — hb(Dl)
; .
Following the treatment of the Gaussian-quadratic case in [14f], we consider the case were the distortion of the
“weak” user is optimal. That is, let D3 = D(p, §1 * d2), where the function D(p, ) is as defined in (@). For the
special case of Dy = DJ. We can take ¢ — 0 in Theorem[3 and applying some straightforward algebra, we obtain
the following.
Corollary 2: For the JSCC broadcast problem with a binary source and a binary symmetric channel, suppose
that the pair (D1, D3) is achievable, where D3 = D(p, 01 * d2). Then,

g(61)
9(D1) > g(p) + 9061 %63

A1 = hy(1) (45)

[9(D3) — g(p)] s (46)

where g(t) £ (1 — 2t)log (1).
Similarly, for the special case of D1 = Dj = D(p, 1), we can take ¢ — 1/2 in Theorem [3] and after applying
some straightforward algebra, obtain the following.

Corollary 3: For the JSCC broadcast problem with a binary source and a binary symmetric channel, suppose
that the pair (D7, Ds) is achievable, where D} = D(p, d1). Then,

(1 —=2D5)* < (1 —2-69% D})?
+(1-2p)* (1= (1—=2-0,% D})?). (47)

In particular, for p = 1/2,

IV. OUTER BOUNDS FOR THE BINARY SPHERICAL NOISE JSCC BROADCAST PROBLEM

In this section we derive a lower bound on the quantity D(a), defined in (I2)), as outlined in Section =Bl To
that end, we first establish Theorem [3] and then use it to prove the desired lower bound.

A. Proof of Theorem 3]

Recall that the binary spherical noise JSCC broadcast problem consists of a symmetric binary source S and Ham-
ming distortion, for which the corresponding functions Fp(t) and Rp(D) were already evaluated in Proposition [I]
and Proposition 2] under the choice U = S+ N, for N ~ Ber(q), statistically independent of S. The corresponding
additive spherical noise broadcast channel is Q" = Qy; vy x» (y7', % |z") with Y* = X" + U7, Yo = X" + Uy,
where UJ" ~ Uniform (Sps, ») and U3 ~ Uniform (S, (s, +5,),n) (UT,Us") L X™. The function Ggn (t) for this
channel is upper bounded in Lemma [Tl which we next prove. Combined with Proposition [T} Proposition 2] and
Theorem Pl Theorem [3] is immediately obtained.

Proof of Lemma [Il Let (W, X™) satisfy the Markov chain W — X™ — (Y* = X" 4+ U], Y3 = X" + U%). We
begin by writing

HYW)=HX"+Ul'+Z§|W)+ [HX" + U} |W) — HX" + U} + Z3|W)], (49)

where Z§ ~ Ber(d2)®™. We will upper bound the absolute value of the term in the square brackets via coupling.
Consider the following joint distribution on (U3, Uy + Z3):

e Let II be a uniform random permutation on [n] = {1,...,n}.

o Let T =Ty + Ty where Ty ~ Binomial(n(1 — d1),02) and T} ~ Binomial(nd;,1 — d2) are independent.

o Set Uy gy = 1 fori=1,...,(61 xd2)n and Uy = 0 for i = (61 xd2)n +1,..., 7.

o Set Ul,H(i) + Zgyn(i) =1fori=1,...,T and Ul,H(i) + Zgyn(i) =0fore=T+1,...,n.
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Clearly U3 and UT'+ Z3 have the correct marginal distributions. Moreover, the expected Hamming distance between
these vectors satisfies

EBwg (Us + (U' + Z3)) = E|T — n(01 * 62)]

— /(T — (61 + 52))°
< /Var(T)

= /Var(Ty) + Var(Ty)
= +/nd2(1 — )

< Vndy, (50)

where the first inequality follows from Jensen’s inequality and the fact that E(T') = n(d; * d2). Now, applying [20,
Proposition 8] (see also [21]]), we obtain for dy < 1/2

|H(X™ + UR|W) — H(X" + U + Z3|W)| < \/ndz log (;) : (51)
2

Thus, we can use Mrs. Gerber’s Lemma (MGL) to lower bound (49) as

HYJ|IW) > H(X™ + UP + Z}W) — \/né, log (61)
2
H(X"™+ UMW
> negs, (@) — /ndslog (ﬁ) ’ (52)
n 02
where s, (z) = hp(d2 * h=1(z)) is the MGL function. Further bounding, we have

HX"+UMNX")+HX"+UMNW)-HX"+ U3 X W n

_n%2<H(U1)+I(X P Yy +|W)>_\/n—5210g<5ﬁ>
2

n
hi(81) — (1 1 (X" YW
> NPs, (n 5(01) z(ogn—; )+ I(X" Y )>—\/7”L_5210g<%> 53
I(X™YMW)  logn+1
= Ns, (hb(51)+ ( n1| ) _ Og;ﬂ )—\/n_églog (%)
I(X™ YW 1 +1 (XYW

where in (33) we substitute [24, Chapter 10, Lemma 7] to lower-bound H(U7'), and in the last inequality we
have defined the MGL derivative ¢}, (z) = L5, (), and used the convexity of @ + ¢, (2) [19]. Recalling that
¢5,(z) < 1 due to [25, Theorem 2.6] (or alternatively, as can be seen directly from the expression for ¢, (z)
derived in [19]), we have obtained

H(YS' W) > nhy (52 * hy ! (hb(él) + w)) —nT(n,da), (54)

n

and the claim now follows since H(Y3") < nlog2. m

B. Local Analysis

Our next goal is to manipulate the bound from Theorem [3] in order to obtain a lower bound on D(a). The
first step is to derive a constraint on the achievable (D1, D) pairs for the binary spherical noise JSCC broadcast
problem. The proof of the following Lemma is brought in Appendix [Cl and is based on several auxiliary lemmas,
which are stated and proved in Appendix [Bl

Lemma 6: Consider the binary spherical noise JSCC broadcast problem of transmitting a memoryless symmetric
binary source S™ over the channels Y" = X" + U7, Y5' = X" 4 U3 under Hamming distortion, where U7" ~
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Uniform (Ss,,») and U3 ~ Uniform (S,(s,45,),2). (U, U3) L X™, and p = n/m. If (D1, D3) is achievable,
then then for any 7 > 0 we have

log (552) a(sy)

Dy - py < L2 pCO 200) = M EPL00) o 5,5, — ) — (1+n) 22,
log (1522 log (1522 ) #(P2) 9(Ds)
(55)
where ®(t) is defined in [8d), T'(n, d2) is defined in 20), and
C(t) = R(t) £ log2 — hy(t), (56)
g(t) = (1 —2t)log (?) = (1 —2t)hj(t). (57)

We will also need the following lemma, proved in Appendix
Lemma 7: Let ®(t) and D(p,d) be as defined in (8d) and (7), respectively. For every p > 1 and 0 < § < 1/2
for which D(p,d) > 0, it holds that

L1
UCDES <1 (58)

Finally, we will also need the next proposition, which is a simple variation of the source-channel separation
theorem for spherical noise.
Proposition 4: For any D, £ and k € [-nd, n(1 — §)] it holds that

\Il(k)zD<p,5+ E) +O<1°g”), (59)
n n

where U(-) was defined in (10).
Proof. By the definition of ¥ (k) and the binary symmetric rate-distortion function, we have that for any encoder
and decoder pair (£, D) it holds that

I(S™D(E(S™) + Uy)) = m(log2 — hy(¥(k))) . (60)
Using the data processing inequality we obtain
I(S™D(E(S™)+UR)) <I(E(S™);E(S™) +UR). oD
Recalling that [24, Chapter 10, Lemma 7]

k 1 1 k k
H(Uy) > nhe (6+—> - Ogn——log<27r<6+—) <1—5—_)>

> nhy (5+ 5) _logn 1 62)
n 2 2

we have that for any random vector X" in {0, 1}"

I(X™ X"+ UM <HX"+UP) - HUY)

k 1 1
<nlog2—hy[64+2) 428" 4~ 63)
n 2 2
Thus, combining (@0, (61), and (63D, and recalling that p = n/m, we have
k 1 1
log 2 — hy (W(k)) §p(10g2—hb (6+—> +0‘52L)7 (64)
n n

which yields the desired result. m

Using Lemma [6] Lemma [7] and Proposition ] we can now prove Theorem H] which is the main result of this
subsection.
Proof of Theorem [ First note that for ¢ > 0, we can approximate D(p,d + ) as

D(p,8 +¢) = D(p,0) + eD'(p,8) + O(?), (65)
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where

0 hi,(9) log (1529)
D'(p,8) & =D(p,8) = b = 0 L (66)
0= 550D = VD05 g (1529)
Taking € = %, where 7 = 1(p, d), this implies that
D(p,8) - D(p,5r) = “Lp'(ps)+ 0 L (67a)
Py p,01) = \/ﬁ Ps n
a 1
D(p.6182) = D(pud) = 200.5) +.0 (1) (67b)
and thus
2 1
D(p, 61  82) — D(p, 61) = %D’(MHO <ﬁ> (68)
Now, by Proposition [ we have:
1
Dy > D(p,6)) + O ( °§”> (69a)
1
Dy > D(p, 81 % 82) + O (%) . (69b)
Using (G7B) and (69B), we can assert:
Dy — D(p,6) = (D2 = D(p, 81 * 62)) + (D(p, 61 % 62) — D(p, 5))
a logn
>-—=D' ,
_ﬁp(p,5>+o< 2 ) (70)
We now claim that we can assume without loss of generality:
a
D1~ D(p,61) < 7% (71a)
D2 — D(p, 61 % 8) < % (71b)

To see why this is true, assume to the contrary that one of them, say the first, does not hold. Then, by (69B) and

(©8),
an
D1+ Do > D(p,01) + D2 + —=

n

a logn
2D<p,51>+D<p,61*52>+7%+0( e >

_ an logn

which is stronger than the desired bound.
We now proceed to bound the difference Do — D; invoking Lemma [6] and using (ZI). By the concavity of
t — hp(t) and (ZID) we have that

hb(Dg) =Ry (D(p, 01 * 62) + (Dg - D(p, 01 * 52)))

< hy(D(p, 61 * 62)) + %hgwm 51 % 83)), (72)

which implies that
pC (81 % 62) — R(D3) = pC(61 * d2) —log 2 + hy (D2))
< Zh(D(p. 81 % 62)

@
_an 1 — D(p, 61 * d2)
—ﬁ@@ﬁmm57 73
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Substituting in Lemma [6] we have for any 7 > 0:

an 1—-D(p,61%02) 1-§
D, p, < LT 2Dor 90 1og (L2815 4 pD(n, ) L2 tog (15 1) 06) | D)
~ 2D log (1 Dz) \/_log( ) ®(D») 9(D2)’

The functions ¢ +— log (1), t — ®(t), and ¢t — g(t) are continuous at 0 < ¢ < 1/2. Thus, recalling that
a < log? (n), by the assumption that 0 < D(p,§) < 1/2, (IId) and (ZIB), we have that

1-D(p,81%82)
log (‘ (p%1:52)2 ) 140 <log2 (n)>

log(1 D2) vn
log(l 61) ~ log (2) log? (n)
IOg(1 Dz) B log(lbé(g’)‘s)) +O( gi/ﬁ ))

o) (1 o (1)
p
300 = S5 (1 o (1%@))

= pf(p,9) (1+0 (mﬁ%)) ,

where f(-,-) was defined in (538). In addition, under our assumptions on &; and d2, we have that I'(n,d3) =
O(n=3/*1ogn). Thus, amounts to the following upper bound on the difference Dy — D;:

1 1+4+2D(p, )T
b= ( 2D(p,0)

Combining with (Z0) now yields
Dy + Dy — 2D(p, 5) = 2(D2 — D(p, 6)) - (DQ — Dl)

D, - +20D/(5.0)(p.0)(1 4 7)) + O~ log) a5)

2a L (12D 0T / 3/
> \/_D (p,8) — NG ( 2D, 0)r +2aD'(p,d)f(p,d)(1 —I—T)) +0O(n logn)
_ 1 , B o1+ 2D(p, )T _3/4
== (2000 1= 0,014 7)) — an S 2B O gy, (76)
Now, since 0 < f(p,0) < 1 by Lemma[ll we can take
S ALV 77
20 0) an
for which (76) becomes
Dy + Dy — 2D(p, 8) > Y129 L o =3/410g ), (78)

NG

as desired. m

V. PROOF OF THEOREM[I]

The outline of the proof was already given in Section [I-Al Here we give the complete proof. First, without loss
of generality we may restrict attention to § € %, %, ceey 1} as

D*(n,p,0) > D* (n,p, %) , (79)
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and we may therefore write

A*(n, p,0) = D*(n, p,d) — D(p,9)

) () o)
_ *(np, )+ () (80)

where the last equahty follows since D (p, Ln‘”) D(p,6) =0 (l)

n

3

As in Section [[ZAl we define the integer-valued random variable K = wg(Z™) — én, and for a given en-
coder/decoder pair (8 , D) we have that

B |- (™ D(ES™) + 27)| =B [0(E) | @81)
where
U(k)=Upe(k) £E [%dH (S™, D (E(S™) + U;?))} , (82)

and U} is uniform over Ssp4k,». In terms of this function, we have
A*(n,p,8) =E[V(K)— D(p,9)].
We proceed by partitioning K into two regimes:

K1={K :|K| < v/nlog’(n)}
Ky ={K : V/nlog®(n) < | K|},

and asserting:

2
A*(n,p,8) =Y Pr(K € K;)E[¥(K) — D(p,6)|K € Kj]. (83)
i=1
and lower bound each of the two terms.
To lower bound the the second term it suffices to note that Pr (K € K3) = O(L) and that ®(K) — D(p, ) is
bounded, such that its the total contribution is at most O(%) For the first term, define for all natural k
(k) = Pr(K =k)—Pr(K = —k)
=P K = k) + Pr(K = k)

(84)
and write:

E|w(K) - D(p.5) \ K| = k} — Pr(K = ko | K] = ko) [¥(ko) — D(p,5)]

+ Pr(K = —ko | |K| = ko) [‘I’(—ko) = D(p, )]
= 12109 k) — D)) +
: :<\If(k0) (p,5—|— )>+( (p,6+ ) (p,é))]
+1_+(k0)[<\1/(—k0) <p,5——> +<D< ) D(M))]
2
(v
o) ) o))

1+ (ko) (kO)[ U(—ko) — D(p,9)],
Lt 5(k)
Lt (k)
(s +2) i) (o) 0]

(85)

)
(ko) - (p,5+ )]+ 2 (k) -0 (s o
(15-

)
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In order to bound these quantities, note that

(D (p,5+ %) Dy, 5)) 4 (D (p,5 - %) Dy, 5)) —0 (:—(E) , (86)
(D (p,5+ %) _ D(p,a)) _ (D (p,5 _ %) _ D(p,a)) ~0 (%) . 87)

In addition, in Appendix [ we give Lemma [ showing that for ko < n2/3H
ko k3
v(ko) =0 (max (—0, —g)) ) (88)
n’'n

Applying (88)-(88) under the condition ko < v/nlog®(n), and noting that by Proposition @

U(ko) > D <p,5+ @) o <1°g”) ,
n n

and that

we see that (83) amounts to:

1] 0 (a0 62 (v (- 2))

8
+O(1°gn ") (89)

Now, applying (86) again, and recalling that (88) amounts to v(ko) = O (logjﬁ(")) in the regime k € Ky, we see
that (89) can be further bounded as

K| = ko} > 2 [(W(ho) +W(~ho) 2D (p,5)] (1 +0 <1°g6 W)) +0 (k’gj”> .

E {\II(K) — D(p,9)

E [\IJ(K) — D(p,9) NG

Letting a = ko/+/n we have that by definition of D(-) (I2), ¥(ko) + ¥(—ko) > D(a). Thus, the contribution of
K1 in (83) is at most:

Pr(K € K))E {Q (%) —2D(p,9) ‘ Ke ICl} <1 +0 <1°g\j%"))> +0 <1°gng"> . 1)

Now, using Theorem H] we have that for any fixed 0 < a < log? (n),

%n(p, 8) + O(n~/*logn) (92)

where 1(p, ) is as defined n (8d). Substituting in (O1)), we are left with:

D(a) = 2D(p,0) +

77(\%5) Pr(K € K1) E {%’ Keq (1+O(log\j%n)>> w(log;n)

/S 8n(p,9) log? (n) log? (n) log® (n) log® n
= 7n Pr<|W|< 5(1_5)>E[|W|'|W|< S 0) (1+O< N >)+O( - ),
93)

4A similar result can be shown for any distribution with a finite third moment using bounds on the (unsigned) Gaussian approximation error
such as a theorem By Essen which appears in [26, Theorem 5.22]. However, we prefer to present the explicit calculation for the binomial
distribution.
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1K
Vo(1—8) vV
By using non-uniform bounds on the rate of convergence in the central limit theorem such as the the theorem of
Bikelis (see [26l 5.10.4]) , we have that

Pr <|W| < %&) E l|W|'|W| < M] — Pr <|WG| < w> E [|WG|
1—9) 5(1=0) 5(1=0)
1
+o (%)
2 1
_¢;+0<W§. (94)

3(1—0)

2mn

where the random variable W = has zero mean and unit variance. Now let W be a standard Gaussian.

[We| <

log? (n)
3(1—0)

Thus we obtained

A*(n, p,8) > n(p,8) + O(n~*/*logn), (95)

as desired.

VI. DISCUSSION: THE REMAINING GAP TO ACHIEVABLE PERFORMANCE

In this work we have shown an example, where A¥ > Q (nil/ 2). It is natural, of course, to ask whether such
performance is also achievable.

Consider a separation-based scheme: the source is quantized to a rate R,, with expected distortion Dg . This
code is matched to a channel code with the same rate. Upon correct channel decoding we have distortion Dy ,,
while incorrect decoding gives disortion that is trivially upper bounded by 1. If the channel error probability is p,,
this scheme yields

Now we know that for the lossy source problem it is possible to achieve

1
mmSD@&»+O<%?),

Thus,
An S DO,n - D;o +pn [1 - DO,n]

— D(pR,) - D(pC) + O(p,) + O (1°§”)

1
:0@-R@+0@J+O(f") 97)
In order for both first terms to decrease, we must choose R,, in the moderate-deviations regime. Using [27]], [28]
we have that:

log p, = O(n(C — R,)?).

Substituting, we find that a separation-based scheme achieves

An_0<\/loﬂ>. (98)
n

Next, one can consider the combination of successive-refinement (SR) source coding with a digital channel
broadcast code, possibly with many layers to track well the channel quality, as done in the context of Gaussian
channels in different formulations regarding the high signal-to-noise ratio regime [29], [30], [31]. However, one
may verify that these techniques will not improve upon the order of convergence of a separation-based scheme
due to the following consideration. The first layer of the SR code will have to be allocated a rate that is the same
order below capacity as in the separation scheme. In order to reduce distortion, we will need a layer that will be
correctly decoded when the empirical channel is above capacity in the same +/logn/n order. But substituting in
the broascast channel converse, it turns out that this refinement layer will be able to carry a very low rate, failing
to reduce the distortion by the required amount.
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We see that the limitation of digital schemes stems from two effects.

1) A broadcast code for two empirical channels that are symmetric around capacity, carries a sum-rate that is
much lower than capacity.

2) The threshold effect: a digital JSCC scheme that performs well around capacity, cannot accommodate for bad
channel conditions.

Indeed, recalling that our converse bound is based upon bounding the channel function G that is intimately related
to the converse for the digital BC problem, it can be seen as reflecting the first effect. However, it does not reflect
the second, hence the remaining gap between the achievable and converse bounds, It remains to be seen, whether
this threshold effect indeed applies to all relevant schemes.

One indication that the threshold effect might be unavoidable are the results of [32], which show that linear codes
with any non-zero minimal distance necessarily admit medium-sized error vectors that result in maximal hamming
distortion for the input bits. One approach for finding codes with graceful-degradation (or adaptation to channel
conditions) was suggested in [33], see [34], [35] for more results.

As a possible coding scheme to improve upon separation, we can consider coding for the simplest case - a binary
erasure channel (BEC). In this case, we only need to produce a good lossy source code which produces from m
bits n coded bits with the following “fountain-code-like” property: if any subset of mR(D) of these coded bits
is available (i.e. these positions are not erased by the BEC) then the source can be reconstructed with distortion
mD, and this property should hold for a small range of D = D¥ =+ c¢/+/n. Since the channel returns nC + VnVZ
unerased bits (Z ~ N(0, 1)), by averaging we would get distortion D (1+0(1/4/n)). So the only remaining task
is to construct this “fountain-like” rate-distortion code. Whether such a code exists is an open problem, although
known results about multiple-description problem (see, e.g., [36] in a Gaussian setting) suggest that the required
property is not possible for all subsets of coded bits (without restriction on their size).

APPENDIX A
THE ASYMMETRY OF THE BINOMIAL DISTRIBUTION

Lemma 8: For nd € 7 define the integer random variable &' = Binomial(n, §) —nd. For any integer 0 < k < n?/3

it holds that
Pr(K =k) L, 10-2)[K 1 ko K
45(1—20) | n 35(1—9)) n o %\n2 )

Pr(K—k) +Pr(K=—k 2

Proof. Using the binomial distribution, we have

ns— kN (n(1 =8 +k)! [ § \**
)'((1—5)—k>!(1—5)

k i
n1—5))2k1_[?—1(1—<1_+)n+m)< § )2’“
(nd)2* [T, (1— & + ) 1-9

2k 1— k 4 7

] [ 1-9)n n(l—o

i=1 ~ on no
Letting b; = - — £, we have

2k 2k
1 1
logT = E log(1 + mbz) - E log(1 + gbz) (100)
i=1 i=1
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Recalling that log(1 + ) =z — %2 + o(x?), we see that

2k 2k
11 1 1 1 ) k3
Furthermore, we have

2k I it SPR
i=1 j=—(k—1)
2k k=1 .
k2 2 K 2 (k-1 -k-(2k-1) 24 k3
=299 S = - — 102b
; it j:0n2 2 e 6 3n2+0<n2> (102b)
Thus,
o L=20 k125 k(R
& T TS —0)n T (6(1—9))2 302 n2
(1-28) [K2 1 k =
- v Y . 1
S0 =5 |nma—oy | ntolmz (103)
Since €* = 1+ x + O(x?), it follows that
(1—28) [k 1 k k3
I'=1 — -1 - — . 104
TS0 | masa—e) n °\w (104)

Now, since the required result is T'/(1 +T'), it follows easily. m

APPENDIX B
AUXILIARY LEMMAS

Lemma 9 (MGL linearization): For any 0 < §1,02 < 1/2 and —hy(61) < x < log2 — hy(d1) we have that

01 %6
hy (62 * hb_l (hb((sl) + CL‘)) > hb(61 * 52) + %CE, (105)
where g(t) = (1 — 2t)log (1), as defined in (57).
Proof. Let s, (t) = hy (02 * h, t)) and recall that by [19] we have that ¢ — s, (t) is convex, and
/ d hy (02 * hy ' (£))
05, (t) = — s, (1) = (1 = 202) =————". (106)
Ut MO
Consequently,
hl (61 * 52)
5 (ho(01)) = (1 — 265) L —== 107
9052( b( 1)) ( 2) hz(al) ( )
(1 — 252)(1 - 251) hg(51 * 52)
_ 108
(-2 W) o
(1 — 2(51 * 52)) hg(51 * 52)
_ 109
T AR (109)
g(01 % 02)
= AR (110)
9(61)

Now, by convexity, we have
hy (62 % hy * (he(61) + @) > @5, (h(61)) + 5, (he(61)), (111)

and the statement follows by substituting (I10) into (IT1). m
Lemma 10 (Properties of g(t)): The function ¢ — g(t) = (1—2t)log (43) is convex in [0, 1/2] and its derivative
is given by

g'(t) = —g(t) = —k(t), (112)
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where

R 1— 1-2
n(t)_2log< tt)+t(1_f). (113)

Proof. Calculating ¢/(t) is straightforward. Furthermore, all three functions ¢ — 2log (1), t — 1 — 2t, and
t— ﬁ are decreasing in [0,1/2], so x(t) is decreasing, ¢’(t) increasing, and ¢”(¢) > 0. m

Lemma 11 (Properties of B,(t)): Let B,4(t) = hy(q * t) — hy(t). The function ¢ — S3,(t) is convex, and its
derivative satisfies

B4(0) = 5 Ba(t) = ~6(a 1), (14)
where
#(q,t) £ 2qlog <¥) + (1 —2q)log (%) . (115)
Furthermore, for ¢ € [0,1/2]
¢(q,t) = q- k(1) - v(g,1), (116)
where x(t) is as in (I13), and
v(g,t) £ 11:]%- (117)
Moreover,
Be(t) < qg(?). (118)

Proof. Convexity follows by noting that 5,(t) = I(X; X + Z), where X ~ Ber(q) and Z ~ Ber(t). Calculation
of f;(t) is straightforward. In order to lower bound ¢(q,t), we note that

1—9¢ 1-2¢
log (1+q )Zq L— (119)
t 14 ¢
1—2¢ 1—2¢
—1og<1—q1_t)2q1_t, (120)
and therefore
1+q=2 1—2¢ [(1—-2t 1-2t
1—2¢)1 ! > 121
( q) 0g <1_q11_2tt = q1+q1_tgt n =+ 1—¢ ( )
1—-2t 1-—2¢
= 122
qt(l_t)l_Fql_tQt? ( )
which gives
1—t 1—-2t 1-—2¢q
t)>q| 21 123
otz (2108 () + 2 o) (123

= o (2100 (L= +1—2t 1—-2q
=4 S\t t(l—t)) \1+¢52 )"

k(1) v(g,t)

To prove (I18), we apply the concavity of ¢ — h;(t) to obtain
Bq(t) = hu(gq = t) — hy(t)
= ho(t +q(1 = 2t)) = h(?)
< q(1 —2)h(t)
= qg(1).



APPENDIX C
PROOF OF LEMMA [6]

By Theorem 3] we have that for any 0 < ¢ < 1/2

log2 — hy(q* D2) < p [logQ — hy (52 s hy ! (hb(él) 4 MolaxDy) = hb(Dl)))] + pL(n, 83).

p
Now, applying Lemma [9] we can write
hy, (52 «hy! (hb(51) + fulgx D) - hb(Dl))) > hy(01 * 02) + 9001 * 32) ﬂQ(Dl),
p 9(61) p
where f3,(-) is as defined in Lemma [[1] By combining (124) and (I23), we obtain
9(61 % 62)
g9(61)

logy —hy(D2) — [hu(q * D2) — hy(D2)] < p(log2 — h(01 * 02)) —
which, recalling the definition of C'(t) and R(t), reduces to

g(61 * b2)
pC (61 % 62) — R(D2) > T51)

By Lemma the function ¢ — ¢(t) is convex, and consequently

g(01 % d2) = g(d1 + (1 = 201)d2) > g(d1) + 02 - (1 — 201)g" (61).

Bq(D1) — By(D2) — pL'(n, 62).

Thus, we obtain

mx&*&>—Ruh>zﬂADn—ﬁADﬂ+ﬁ§31§%%@ﬁﬂADn—pmnﬁa

= Bq(D1) — Bq(D2) — ¥(01)0284(D1) — pL'(n, 02),
where
(1—2t)g'(t)
g(t)

K(t)
=(1-26)755,

OES

where k(-) is as defined in Lemma [[0] By Lemma [I1] the function ¢ — (,4(¢) is convex, and consequently

Bq(D1) = By(D2 + (D1 — D2))
> B4(D2) + By(D2)(D1 — Do)
= B4(D2) + ¢(q, D2)(D2 — D1),
where ¢(-,-) is as defined in Lemma [T1l We have obtained
[pC (61 % 62) — R(D2)] + 1(81)d284(D1) + pI'(n, 02)
¢(q, D) .

By Lemma [[1l we have that 3,(D1) < qg(D;1), and consequently

pC(d1 * 02) — R(D2) + pI'(n, d2) n ¥(61)29(D1)
¢(q, D2) #(q, D2)/q
P01 82) = B(Do) + 0 30) | (o o o

2qlog (1 DQ)

Dy — Dy <

Dy — Dy

IN

$(01) g(D2) 1 g(Dy)
1-— 251 K/(DQ) V(q, D2) g(DQ)7

where in the last inequality we have used the identity o = m the fact that ¢(q, D2) > 2qlog (1BD 2

by (II3) and that ¢(q, D2) > q - k(t) - v(q,t) by (ITD. Let
A q
(1 - 2Q)D2’

Bq(Dl) + pr(na 62)7
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(124)

(125)

(126)

(127)

(128)

(129)
(130)

(131)

(132)

(133)

(134)

(135)

(136)
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such that m =1+r7,and g = IJFDQ%ZT. Since (I33) holds for any 0 < ¢ < 1/2, we have that for any 7 > 0
pC(d1 * 02) — R(D2) + pI'(n, d2) Y(01) g(D2) g(Dn)
- D, < - .
D3 Di < 2Ds>1 lo (1—D2) + (51 * 52 61) 1-— 261 K(Dg) (1 + T)g(Dg) (137)
T+2D.7 08\ "D,
Note that
R0
1-2t  g(t)
2 1
1w T o fE=)
1—2t  #(1—1t)log (1)
11—t
— log <T) B(t), (138)
where ®(t) is defined in (8a). Thus, (I33) can be written as
log (1*51)
Dy D, < pC(01 #02) — R(Do) + pL'(n, 0) (61 %03 — 61)p 5 ) 1 ®(61) (1 +T>9(D1) (139)
7 ey os () 20 D)

which establishes our claim.

APPENDIX D
PROOF OF LEMMA[7]

For any 0 < 6 < 1/2 we have that f(1,) = 1. Thus, it suffices to show that p — f(p, ) is monotone decreasing.
Let p = p(d) be such that D(p, ) = d > 0, which is well defined for d > 0. It is easy to see that

_log2—hy(d)  R(d)

= = . 140
P = e T0) ~ RO) (140)
Recalling that d < § for p > 1, our claim is equivalent to the claim that for any 0 < d < § it holds that
R(d)
—=®(d) > ®(9), 141
(5 2 > 20) (141)
which is equivalent to the claim that
I(t) £ @(t) - R(1), (142)
is monotone decreasing in ¢, which we now establish.
To this end, note that we can write
V()
I(t) = , (143)
© g3 (t)
where
() = (1= 20)R(t)s(t), (144)
and k(t) = —g'(¢) is as defined in (IT3). We therefore have that
1
V' (t) = 70 [?(t) (t) — 29(t)g" (t)y(t)]
1 /
=70 gy (1) + 26(t)(1) | - (145)

¢(t)
Since g(t) > 0 for all 0 < t < 1/2, we have to show that ((¢) < 0. We write
Y (t) = k(t)(1 —2t)R'(t) + c(t)R(E)[(1 — 2¢)'] + (1 — 2t)R(t)x'(t)
= —k(t)g(t) — 26(t)R(t) + (1 — 2t)R(t)K'(t), (146)
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where the last equality follows since R/(t) = —log (1), and therefore (1 — 2¢)R/(t) = —g(t). Furthermore, as
(1 =2t)k(t) =2¢9(t) + 4-20% " \ve also that

Hi—t)
_9g)2
k() (t) = 29(t)k(t)R(t) + %m(ﬂ}%(f). (147)
Thus,
6(6) = ~n(E)g°(0) = 200 R0+ (1 = 20OV R (1) + 49 R0) + 25—ttt
= —r(t)g*(t) + 29()k(t)R(t) + (1 — 2t)g(t)R(t)x'(t) + 2%&@)1‘2@). (148)
Evaluating '(t) gives
o 2 1—2t+2¢
)= T aa e
1
G e
Substituting into (I48), gives
() = ~x(05"() + 2000 - HGHLEE 2 2R
- R(#)(1 — 28) (1—26)
=—g(t) -/q(t)g(t) —2k(t)R(t) + D 2t(1 ~#)1og (55) Kk(t)R(t)
B [ R(t)(1—2t) 4RM®(1-2t)  2RH)(1 - 2t)?
- _g(t) -H(t)g(t) - 2H(t)R(t) + (t(l — t))2 - t(l — t) - t2(1 — t)2 log (%)‘|

R(t)(1 —2t)3 2R(t)(1 — 2t)*
A —0)2 21 -1?log (L)

— o) |sg(t) — 200 R + FRA=20° [1 s (t + @)]

(t(1—1))?
Aj(t) SN———
A2(t) As(t)

It remains to show that the function A(t) = A;(t) + A2(t)As(t) is positive in 0 < ¢ < 1/2. To this end, one can
easily verify that A(0) = oo and A(1/2) = 0, and therefore, it suffices to verify that ¢ — A(¢) is decreasing in
0 < t < 1/2. Indeed, it is straightforward to verify that t — Ay (¢), t — A2(t) and ¢t — A3z(t) are decreasing, and
the details are omitted.
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