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Hypercontractivity: definition

e L,-norms of random variables: A(X)
151, ( [ 1P’
Ul = (E[|UP])»

e Let Pyy — joint distribution.
Define Ty | x — stochastic (Markov) averaging operator

Ty /() 2 E[f (V)X = o]
— | TF]lp < ||l by Jensens.
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Hypercontractivity: definition

e L,-norms of random variables: A(X)
151, ( [ 1P’
Ul = (E[|UP])»

e Let Pyy — joint distribution.
Define Ty | x — stochastic (Markov) averaging operator

Ty|x f(z) £ E[f(Y)|X = 2]
= |ITfllp < ||f|lp by Jensen’s.
e T is hypercontractive if | T||,—q =1 for p < ¢:
HTfllq
YT

T f gains integrability! (by smoothlng peaks)

o T is HC for some p <= T'is HC for all p.
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Hypercontractivity: examples

Nelson-Gross: (X,Y’) — jointly Gaussian:

[EFMIXs < f M)l = p(X,Y) < 13
e Bonami-Gross: (X,Y) ~ 1 [1 g d 1 i 5} £ BSS(6):
B < IS0 = 2> -2

Bonami-Beckner:

[Tllpsqg =1 <= ”T®an—>q =1

Ahslwede-Gécs: for finite X, Y pretty much any Ty |y is HC
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What is HC good for?

Canonical example:
o Estimate probability of a rectangle P[X € A,Y € BJ, where

PX € A|~PY € B =0 < 1.
e Spectral gap (expanders, etc): 1 =01(T) > oo(T) > ---
PX € A, Y € B|<60?+020(1 —0) ~0a-0
e Hypercontractivity:

PX € AY € B = (14,T1p)
< [tallg1T1slle < 1ally 15l

1,1
=0T =0t < o0l (1)
Note: Used 0/1 nature of indicator functions.
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Hypercontractivity and KL-divergence

N oA S
X Y
Qx Qv

e Apply to typical sets:

27 POXIP)  PIX™ € Ty 1, Y™ € T, ]

< 9~ D(@Qx[IPx) =13 D(@Qy I Py)

e So we get:

ITyixllp»g =1 = |D@v[Py) < {D(@x[Px) VQx
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Hypercontractivity and KL-divergence

Ny S
X Y

Qx Qv

e Apply to typical sets:

27 POXIP)  PIX™ € Ty 1, Y™ € T, ]

< 9~ D(@Qx[IPx) =13 D(@Qy I Py)

e So we get:

1Ty xllp—sg =1 z D(Qy[|Py) < §D(Qx|1Px) YQx
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Hypercontractivity and KL-divergence

Px Py
N xS
X Y
/ N

Qx Qy

e For fixed Pxy, KL-contraction ratio:
D(Qy||FPy) I(U;Y)

ki(Pxy) £ sup ——— =2 = sup —"—~
() ox D@x|[IPx)  v-xsy I(U;X)
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Hypercontractivity and KL-divergence

Px Py
N xS
X Y
/ N

Qx Qv
e For fixed Pxy, KL-contraction ratio:
P 1(U;Y
nkr(Pxy) = SUP D@QvlIFy) _ sup (L:Y)

D(Qx||Px)  vsxoy I(U; X)

Theorem (Ahlswede-Gacs)

nkL(Pxy) = lﬂf{q 1Ty x lp—q = 1}

e Roughly:
vQx : D(QvIIPy) < rD@QxIPx) = [[Tyixllyor = Lp > 1
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Hypercontractivity and KL-divergence

[Nair'2014]:
e Apply HC to typical sets of arbitrary QQxy to get

1Ty |xllpsqg =1 =

sD(Qy||Py) < :D(Qx||Px) + D(Qy x| Prix|Qx) YQxv

Yury Polyanskiy Hypercontractivity in Hamming space 7



Hypercontractivity and KL-divergence

[Nair'2014]:
e Apply HC to typical sets of arbitrary QQxy to get

1Ty |xllpsg =1 <=

sD(Qy||Py) < :D(Qx||Px) + D(Qy x| Prix|Qx) YQxv

e Proof: Take ||gi|l1 =1 and let f = (gl)% €L,
o STP: || Tf]l4 < 1.

Ahlswede-Gacs: Nair:

Tf(x)? Qx () = ... same ...
ITrIg W)
Qyix (Wl2) = Py x (y]) Qv |x (ylz) = Py|X(y|2) TF(2)

log |T'fllqg < ;D(QyIPy)— 3 D(Qx | Px)~D(Qy x| Pyix|Qx) < 0

Qx (z) = Px (z)
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Hypercontractivity and KL-divergence

[Nair'2014]:
e Apply HC to typical sets of arbitrary QQxy to get

1Ty |xllpsg =1 <=

sD(Qy||Py) < :D(Qx||Px) + D(Qy x| Prix|Qx) YQxv

e Proof: Take ||gi|l1 =1 and let f = (gl)% €L,
o STP: || Tf]l4 < 1.

Ahlswede-Gacs: Nair:

Tf(x)? Qx () = ... same ...

1T 111§ P fy)
Qyix W) = Py x (v]2) Qv |x (ylz) = Y|X(y|1) TF(2)

log | Tfllg < 5 D(Qy [|Py)—; D(Qx||Px)~D(Qy x| Py x|@x) <0
e Note: For p > 1 both have Qy|x ~ Py|x.

Qx (z) = Px (z)
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L, — L, norm as measure of dependence

[Tl
Ty |x ||lp—q measures dependence:
e |nvariant to relabeling
e Satisfies data-processing 14 , lg | BSS5(9)
e Unusual: “sticky at 1". 0 2 1
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L, — L, norm as measure of dependence

[Tl
Ty |x ||lp—q measures dependence:
e |nvariant to relabeling
e Satisfies data-processing 14 , — B55(9)
1
e Unusual: “sticky at 1". 0 2 1

e Turns out the last one is a general phenomenon:

All operators T sufficiently noisy are p — ¢ HC. ‘
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Semenov-Shneiberg' 88

Theorem Space of T : L,,(Py) — Ly(Px)
For any ¢ <2 < p there is e = €(p, q) s.t. [T llpsq > 1
simultaneously for all Pxy :

I Tyx —Eyllpsg <€ = [[Tyixllpsg =1

where Ey f £ 1x - E[f(Y)].

Remarks:
e Also for general ¢ < p with extra condition: ||T" — El|j2—,2 < €
e Also for other operators of the type:

TlY = 1X7 (IXaT) = (1XaE)

e Orig. result is for Px = Py, but proof easily generalizes.
e For finite (X,Y), suff. to check

|Pxy — PxPy|lrv <€ =€(p,q, Px, Py)
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Semenov-Shneiberg'88: Proof

Proof for ¢ < 2 < p:
e WLOG can take f =1+ Z with Z 1 1. Decompose T'=E + A.
STP:
(x) 1+ AZ[g <1+ Z]lp
e Cool fact: 3 universal 7,a,b s.t.
I+ Zlly <1+alZl;  if|Zllg<7
T+ Zlp, =2 1+0012]5 W Z], <7
o Whenever ||A[2,, < band ||Z|, < T

1+AZ)llg <1+allAZ|G < 11+ Z]lp
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Semenov-Shneiberg'88: Proof

Proof for ¢ < 2 < p:
e WLOG can take f =1+ Z with Z 1 1. Decompose T'=E + A.
STP:
(x) 1+ AZ[g <1+ Z]lp
e Cool fact: 3 universal 7,a,b s.t.

I+ 2Zlly <1+allZlf 2] <7
||1+ZHp>1+bHZH§ if || 2]l <7
o Whenever ||A[2,, < band ||Z|, < T

1 +AZ)Hq <1+alAZ|; <11+ Z],p

e Large Z: Another cool fact: 3 universal 3,(-)

11+ Z|, > 1+ B,(1Z]]p) , and %M—increasing

So (*) holds if [|Allp_g < 22

p=
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Spherical averages in Hamming space

e Hamming space [} with uniform probability

e Bonami-Gross operator

Nsf(z) 2 E[f(w+ Z),  Z ~Bern(s)"
e Spherical average:

Tsf(z) £E[f(x+ Z)],  Z ~ Unif(Ss,)

where S; £ {y : wt(y) = j}.

Theorem (P'13)
Vo # L andp=1+ (1—26)2 there is a dim-independent C,, 5 s.t.

1T5fll2 < Cosll £l

Remark: Bonami-Gross | N fll2 < 1-|fllp
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Hypercontractivity of Ts: exact version

1+(1-20)2<p<2 F
F=<(6p): 0<6<1 X )
p#1 0 : 1

Theorem (P'13)

For any compact subset K C F there is a constant C'i s.t.

| Tslps2 < Ckx  V(6,p) € K,

where T(;f = f * Pz, PZ = Unif(Sgn).
Forp=1,6 =1/2:

1
1T [lp—s2 = 6(nt).

Note: for Bernoulli noise || Nj||,—2 = 1 everywhere on closure of F.
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Proof: Prelim remarks

Why is constant not 17
o Let lepen, = 1{z : wt(x)-even}
e Then:
Tsleven = leven (or 1oqa)

e So: L
| Tollpsq > 2777 > 1.
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Proof: Prelim remarks

Why is constant not 17
o Let lepen, = 1{z : wt(x)-even}
e Then:
Tsleven = leven (or 1oqa)

e So: L
| Tollpsq > 2777 > 1.

Beautiful methods that failed:
e Tensorization (7T not a tensor power)
e Semigroup method, aka % (Ts not a semigroup)

e Comparison of Dirichlet forms (not useful for § > %)

Ugly method that worked:
e Direct computation of eigenvalues of T
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Proof: Orthogonal decomposition

e Ts and Ny are S,-equivariant =

f(z) = poly((=1)",..., (1)) = Y fa(2),
a=0

where f,(x) = degree a part of the poly.
e By odd/even trick can assume f, =0 for a > n/2.
e Have:
Nsfo=(1-28)"-f,
Tsfa=( 7" )-fa
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Proof: Orthogonal decomposition

e Ts and Ny are S,-equivariant =

f(z) = poly((=1)",...,(=1)™) = fa(@),
a=0

where f,(x) = degree a part of the poly.

e By odd/even trick can assume f, =0 for a > n/2.
e Have:

Néfa = (1 - 25)a : fa
T(Sfa = ’i(Sn(a) 'fa

and kgp,(a) — Krawtchouk polynomial of degree dn.
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Proof (cont'd): Eigenvalues of Ny vs Ty

Asymptotic spectra of Ts and Ny 3=0.1

0 T T T T T T T
_ _ Bernoulli noise Ny
N Spherical average T6
-0.05-
g -0.1r
o
3]
g
5
o
>
i=a
K<)
B -0.151-
2
—0.2F
-0.251~ b
Il Il Il Il Il Il Il Il Il
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

an
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Proof (cont'd): Eigenvalues of Ny vs Ty

Asymptotic spectra of Ts and Ny 3=0.1

-0.05

T T
_ _ _ Bernoulli noise Ny

____Spherical average T6

% -0.1 Sl E
L For any eigenspace a e
= —0.151- S~ ]
B [Aa(T5)] < Aa(Ns)
02} 1
-0.25p I I I I I I I I I ]
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Proof (cont'd): Eigenvalues of Ny vs Ty

Asymptotic spectra of Ts and Ny 3=0.1

-0.05

-0.1

-0.15

(1/n) log(Fourier coef.)

-0.25

T T
_ _ _ Bernoulli noise Ny

____Spherical average T6

For any eigenspace a
|Aa(T5)| < Aa(Ns)

But only for § < 0.17!

Il Il Il Il
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
an
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Proof (cont'd): Failure for § 2 0.17

Asymptotic spectra of Ts and Ny 3=0.25

0 T T T T T T
____ Fourier projection norm ||I'Ia||

p()->2
- — — Bernoulli noise N6

-0.05~ b
Spherical average Ts

-0.1r

-0.15

-0.21

-0.25

(1/n) log(Fourier coef.)

-0.3

-0.35

Il Il Il Il Il Il
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
an
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Proof (cont'd): Failure for § 2 0.17

(1/n) log(Fourier coef.)

Asymptotic spectra of Ts and Ny 3=0.25

° ‘ ‘ ‘ ‘7 Fourk‘er projectio‘n norm |||'|a||p(§)7>2
_ _ _ Bernoulli noise N6
005 —Spherical average Ty )
-0.1 4
-0.15 4
-0.21- N -
. |When 6 > 0.17 and a large |
-0.3f |/\a (Td) ’ > )\a (NJ) —_—
~oasf Fortunately: || fall2 < || fll2 1
-0.4 N
0 O.BS 0.‘1 O.‘15 012 0.‘25 D‘.S O.‘35 0.‘4 :)‘45 0.5
ain
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Proof (cont'd): Overall argument

e Know:

INs£113=> (1 =20 fall3 < Il by Bonami!

a

e Need to show:

IT5£115 = Z/ﬂan ?lIfall3 < CIFI

® a < derit!

> wn(aP Il £ O 300 - 20 ful}

a<acrit

= C|Nsfl3 < ClIfIl;

e a> a.i. Need extra estimate:

—c
Kon (@)l fall2 S e " fllp
= D a>e,,,n CONtributes < C’||f||12,.
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Proof (cont'd): Overall argument

e Know:

INsf15 =D (1 —28)*| fall3 < [If; by Bonami!

a

e Need to show:

IT5.£13 = Zﬂan ?llfallz < CISI

o a < it For 6 < 0.17: acrit = n /2!

Y mon(a)?lfald < CY (1 —26)% full3

C"Sasrit

= C|INsfl3 < ClFl;
e a > aqq: Need extra estimate:

—C
Kon(a)| fall2 S e " fllp
= D u>¢..n CONtributes < C’||f|]72),
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Application to additive-combinatorics

Known fact:
Subspace L C F% s.t. |L N Ssp| ~ |Ssn| implies dim L ~ n.
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Application to additive-combinatorics

Known fact:
Subspace L C F% s.t. |L N Ssp| ~ |Ssn| implies dim L ~ n.

Let A C Fy be a subset s.t. sumset A+ A intersects some S, with
average multiplicty > A\|A|. Then

|A] > A 2n.

Proof:

e Statement means
2"(1ax1a,1s,,) > A |A] - [Ssnl

e Rearrange (14 *14,1s) = (T514,1A)
e Apply Holder and HC.

Yury Polyanskiy Hypercontractivity in Hamming space 18



Thank you!
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Dobrushin coefficient

e total variation

1
IP=Qlhy =5 [ 1P~ dQ

e Dobrushin coefficient

||PY _QYHTV
Ty = Sup = = Sup || Py|x=y — Py|x=op'lpy-
Porox IPX = Qxllpy g T YISV

e Original motivation: mixing of Markov chains
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Contraction coeffs and mixing of Markov chains

Consider a M.C. with invariant dist. P*:
X()—>X1—>X2—)--'

Contraction:

I1Px, — Pl < (nrv)"” (Dobrushin)
X (Px, [|[P*) < (ny2)™ - X*(Px, || P¥) (spectral gap)
D(Px, ||P*) < (nkL)" - D(Px,||P*) (log-Sobolev)
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Contraction coeffs and mixing of Markov chains

Consider a M.C. with invariant dist. P*:
X()—>X1—>X2—)--'

Contraction:

I1Px, — Pl < (nrv)"” (Dobrushin)
X (Px, [|[P*) < (ny2)™ - X*(Px, || P¥) (spectral gap)
D(Px, ||P*) < (nkL)" - D(Px,||P*) (log-Sobolev)

TODO: add mixing estimate via HC
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From TV to KL ... and further

Theorem (Cohen-lwasa-Rautu-Ruskai-Seneta-Zb3ganu'93)

KL < NV
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From TV to KL ... and further

Theorem (Cohen-lwasa-Rautu-Ruskai-Seneta-Zb3ganu'93)

KL < NV

Fun application:

e Let T — kernel of a finite-state M.C. with invariant distribution P*.
Let E be indep. M.C.: Ef £ [ fdP*
If |T(x,-) — E(z, )], <1/2 then

”TV

ey = max ||T(z,) = T(@', )|, <1

Then nkr, < 1. By Ahslwede-Gacs 3¢ > 1

||Tf||q < ||f||pv P=7KL q9<¢q (hypercont)
= There is a ball around E s.t. for all T ||T'||z, 7, = 1.
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From TV to KL ... and further

Theorem (Cohen-lwasa-Rautu-Ruskai-Seneta-Zb3ganu'93)

KL < NV

Fun application:

e Let T — kernel of a finite-state M.C. with invariant distribution P*.
Let E be indep. M.C.: Ef £ [ fdP*
If |T(x,-) — E(z, )], <1/2 then

”TV

ey = max ||T(z,) = T(@', )|, <1

Then nkr, < 1. By Ahslwede-Gacs 3¢ > 1

||Tf||q < ||f||pv P=7KL q9<¢q (hypercont)

= There is a ball around E s.t. for all T ||T'||z, 7, = 1.
= Every (mixing) M.C. eventually (hyper-)contracts L, — L,.
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From TV to KL ... and further

Theorem (Cohen-lwasa-Rautu-Ruskai-Seneta-Zb3ganu'93)

KL < NV

Fun application:

e Let T — kernel of a finite-state M.C. with invariant distribution P*.
Let E be indep. M.C.: Ef £ [ fdP*
If |T(x,-) — E(z, )], <1/2 then

”TV

ey = max ||T(z,) = T(@', )|, <1

Then nkr, < 1. By Ahslwede-Gacs 3¢ > 1

||Tf||q < ||f||pv P=7KL q9<¢q (hypercont)

= There is a ball around E s.t. for all T ||T'||z, 7, = 1.

= Every (mixing) M.C. eventually (hyper-)contracts L, — L,.
Euclidean space: planar face of the ball of Fourier multipliers:
[Segal'70], [Fefferman-Shapiro'72], [Semenov-Shneiberg'88]

Yury Polyanskiy Hypercontractivity in Hamming space 22





