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Minimum Energy to Send k Bits Over
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Abstract—This paper investigates the minimum energy
required to transmit k information bits with a given reliability
over a multiple-antenna Rayleigh block-fading channel, with
and without channel state information (CSI) at the receiver.
No feedback is assumed. It is well known that the ratio between
the minimum energy per bit and the noise level converges to
—1.59 dB as k goes to infinity, regardless of whether CSI is
available at the receiver or not. This paper shows that the lack of
CSI at the receiver causes a slowdown in the speed of convergence
to —1.59 dB as k — oo compared with the case of perfect
receiver CSI. Specifically, we show that, in the no-CSI case, the
gap to —1.59 dB is proportional to ((log k) /k)l/ 3 whereas when
perfect CSI is available at the receiver, this gap is proportional
to 1/«/%. In both cases, the gap to —1.59 dB is independent of
the number of transmit antennas and of the channel’s coherence
time. Numerically, we observe that, when the receiver is equipped
with a single antenna, to achieve an energy per bit of —1.5 dB in
the no-CSI case, one needs to transmit at least 7 x 107 information
bits, whereas 6 x 10* bits suffice for the case of perfect CSI at
the receiver.

Index Terms— Channel coding, energy efficiency, minimum
energy per bit, multiple-antenna fading channels, nonasymptotic
analysis.

I. INTRODUCTION

CLASSIC result in information theory is that, for a wide

range of channels including AWGN channels and fading
channels, the minimum energy per bit Ey required for reliable
communication satisfies [1], [2]

Ey

—1log,2 = —1.59dB. (1)
No min S

Here, Ny is the noise power per complex degree of freedom.
For fading channels, (1) holds regardless of whether the
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instantaneous fading realizations are known to the receiver or
not [2, Th. 1], [3].!

The expression in (1) is asymptotic in several aspects:

« the blocklength n of each codeword is infinite;

« the number of information bits k, or equivalently, the

number of messages M = 2F is infinite;

« the error probability € vanishes;

« the total energy E is infinite;

o E/n vanishes.

For many channels, the limit in (1) does not change if we allow
the error probability to be positive. However, keeping any of
the other parameters fixed results in a backoff from (1) [2],
[41-(8].

In this paper, we study the maximum number of information
bits k that can be transmitted with a finite energy E and a
fixed error probability € > 0 over a multiple-input multiple-
output (MIMO) Rayleigh block-fading channel, when there is
no constraint on the blocklength n. Equivalently, we determine
the minimum energy E required to transmit k£ information bits
with error probability €. We consider two scenarios:

1) neither the transmitter nor the receiver have a priori

channel state information (CSI);

2) perfect CSI is available at the receiver (CSIR) and no

CSI is available at the transmitter.
Throughout the paper, we shall refer to these two scenarios as
no-CSI case and perfect-CSIR case, respectively.

Related work: For nonfading AWGN channels with
unlimited blocklength, Polyanskiy et al. [8] showed that the
maximum number of codewords M*(E, €) that can be trans-
mitted with energy E and error probability € satisfies”

E 2FE
log M*(E,€) = — loge — .| =—— 0 (¢) loge
No No

1 E
—log— +O(1), E @
+2%M+ (1) —o00. (2)

Here, Q~!(-) denotes the inverse of the Gaussian Q-function.
The first term on the right-hand side (RHS) of (2) gives
the —1.59 dB limit. The second term captures the penalty
due to the stochastic variations of the channel. This term
plays the same role as the channel dispersion in finite-
blocklength analyses [7], [9]. In terms of the minimum energy

lKnowledge of the fading realizations at the transmitter may improve (1),
because it enables the transmitter to signal on the channel maximum-
eigenvalue eigenspace [2].

2Unless otherwise indicated, the log and the exp functions are taken with
respect to an arbitrary fixed base.
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per bit E7(k, €) necessary to transmit k bits with error prob-
ability €, (2) implies that, for large E,
Ej(k,e) 2log,2

Ny log, 2 + X Q0 (e) 3)
i.e., that the gap to —1.59 dB is proportional to 1/+/k. The
asymptotic expansion (2) is established in [8] by showing that
in the limit £ — oo a nonasymptotic achievability bound
and a nonasymptotic converse bound match up to third order.
The achievability bound is obtained by computing the error
probability under maximum-likelihood decoding of a code-
book consisting of M orthogonal codewords (e.g., uncoded
M -ary pulse-position modulation (PPM)). The converse bound
follows from the meta-converse theorem [7, Th. 27] with
auxiliary distribution chosen equal to the noise distribution.
Kostina et al. [10] generalized (2) to the setting of joint source
and channel coding, and characterized the minimum energy
required to reproduce k source samples with a given fidelity
after transmission over an AWGN channel.

Moving to fading channels, for the case of no CSI, flash
signalling [2, Definition 2] (i.e., peaky signals) must be used
to reach the —1.59 dB limit [2]. In the presence of a peak-
power constraint, (1) can not be achieved [11]-[14]. Verdu [2]
studied the rate of convergence of the minimum energy per bit
to —1.59 dB as the spectral efficiency vanishes. He showed
that, differently from the perfect-CSIR case, in the no-CSI case
the —1.59 dB limit is approached with zero wideband slope.
Namely, the slope of the spectral-efficiency versus energy-per-
bit function at —1.59 dB is zero. This implies that operating
close to the —1.59 dB limit is very expensive in terms of
bandwidth in the no-CSI case. For the scenario of finite
blocklength n, fixed energy budget E, and fixed probability
of error €, bounds and approximations on the maximum
channel coding rate over fading channels (under various CSI
assumptions) are reported in [15]-[21].

Contributions: Focusing on the regime of unlimited
blocklength, but finite energy E, and finite error probability €,
we provide upper and lower bounds on the maximum number
of codewords M*(E,¢) that can be transmitted over an
m¢ x my MIMO Rayleigh block-fading channel with channel’s
coherence interval of n. symbols. For the no-CSI case, we
show that for every € € (0, 1/2)

log M*(E, €)
2/3 1/3
miE mE mE
= Io e—Vo-( (0] (e) (lo )
No & No ) & No
E?3loglog E
=2 27 ) E—> o 4)
(log E)?/3
where
IN1/3
Vo = (12‘/3 + (5) ) (log e)?/3 . )

Note that the asymptotic expansion (4) does not depend on the
number of transmit antennas m; and the channel’s coherence
interval n.. The fact that the first term does not depend on rn.
and m; follows directly from [2, Eq. (52)] by noting that an
my x m; block-fading MIMO channel with coherence interval
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nc is equivalent to an mn¢ X myn, memoryless MIMO fading
channel with block-diagonal channel matrix [2, p. 1339]. Our
result (4) shows that the same holds for the second term
in the expansion of log M*(E, €) for E — oo. In terms of
minimum (received) energy per bit Ef(k, €), (4) implies that,
for large E,>

Ep(k,€)
No

log,

13
) (e@) e 2
©®

i.e., the gap to —1.59 dB is proportional to ((log, k)/k)'/3.

We establish (4) by analyzing in the limit £ — oo
an achievability bound and a converse bound. The
achievability bound follows from a nonasymptotic
extension of Verdd’s capacity-per-unit-cost achievability
scheme [S5, pp. 1023-1024]. This scheme relies on a
codebook consisting of the concatenation of uncoded PPM
and a repetition code, and on a decoder that performs
binary hypothesis testing. The converse bound relies on the
meta-converse theorem [7, Th. 31] with auxiliary distribution
chosen as in the AWGN case. The resulting bound involves
an optimization over the infinite-dimensional space of input
codewords (recall that in our setup there is no constraint
on the blocklength n). By exploiting the Gaussianity of
the fading process, we show that this infinite-dimensional
optimization problem can be reduced to a three-dimensional
one. The tools needed to establish this result are the
ones developed by Abbe et al. [22] to prove Telatar’s
minimum outage probability conjecture for multiple-input
single-output (MISO) Rayleigh-fading channels. Indeed, both
problems involve the optimization of quantiles of a weighted
convolution of exponential distributions.

The asymptotic analysis of achievability and converse
bounds reveals the following tension: on the one hand, one
would like to make the codewords peaky to overcome lack
of channel knowledge; on the other hand, one would like to
spread the energy of the codewords uniformly over multiple
coherence intervals to mitigate the stochastic variations in the
received signal energy due to the fading.

For the case of perfect CSIR, we prove that for every
€ e€(0,1/2)

~ log, 2+ V()-(

2m.E

E
logM*(E, ¢) = %loge— N 0 () loge
1 meE
+§log N —i—(’)(\/logE), E — .
0

@)

Note that the asymptotic expansion (7) is also independent
of the number of transmit antennas my; and the channel’s
coherence interval n.. Furthermore, apart from an energy
normalization resulting from the array gain, this asymptotic
expansion coincides with the one given in (2) for the AWGN
case up to a O(y/Iog E) term. In terms of minimum (received)

3By considering the received energy per bit instead of the transmit energy
per bit, we account for the array gain resulting from the use of multiple receive
antennas.
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energy per bit, (7) implies that (3) holds also for the perfect-
CSIR case.

To establish (7), we show that every code for the AWGN
channel can be transformed into a code for the MIMO block-
memoryless Rayleigh-fading channel having the same proba-
bility of error. This is achieved by concatenating the AWGN
code with arate 1/N repetition code, by performing maximum
ratio combining at the receiver, and then by letting N — oo.
We obtain a converse bound that matches the achievability
bound up to third order as £ — oo by using again the
meta-converse theorem and then by optimizing over all input
codewords. The asymptotic analysis of the converse bound
reveals that spreading the energy of the codewords uniformly
across many coherence intervals is necessary to mitigate the
stochastic variations in the energy of the received signal due
to fading.

In both the no-CSI and the perfect-CSIR case, the asymp-
totic analysis of the achievability bound is based on a standard
application of the Berry-Esseen central-limit theorem (see,
e.g., [23, Ch. XVL5]). The asymptotic analysis of the converse
part in both cases is not as straightforward. The main difficulty
is that, unlike for discrete memoryless channels and AWGN
channels, we can not directly invoke the central-limit theo-
rem to evaluate the information density, because the central-
limit theorem may not hold if the energy of a codeword is
concentrated on few of its symbols. To solve this problem,
we develop new tools that rely explicitly on the Gaussianity
of the fading process. Specifically, for the no-CSI case, we
exploit the log-concavity of the information density to lower-
bound its cumulative distribution function (cdf). The resulting
bound allows us to eliminate the codewords for which the
central-limit theorem does not apply. For the perfect-CSIR
case, we show that the distribution of the information density
is unimodal and right-skewed (i.e., its mean is greater than
its mode). Using this result, we then prove that to optimize
the cdf of the information density, it is necessary to reduce its
“skewness”, thereby showing that the optimized information
density must converge as E — oo to a (non-skewed) Gaussian
distribution.

By comparing (7) with (4), we see that, although the min-
imum (received) energy per bit approaches (1) as k increases
regardless of whether CSIR is available or not, the convergence
is slower for the no-CSI case. For the case m; = 1, our
nonasymptotic bounds reveal that to achieve an energy per bit
of —1.5 dB, one needs to transmit at least 7 x 107 information
bits in the no-CSI case, whereas 6 x 10* bits suffice in the
perfect-CSIR case. Furthermore, the bounds also reveal that it
takes 2 dB more of energy to transmit 1000 information bits
in the no-CSI case compared to the perfect-CSIR case.

Notation: Upper case letters such as X denote scalar
random variables and their realizations are written in lower
case, e.g., x. We use boldface upper case letters to denote
random vectors, e.g., X, and boldface lower case letters for
their realizations, e.g., x. Upper case letters of two special
fonts are used to denote deterministic matrices (e.g., Y) and
random matrices (e.g., Y). The symbol N denotes the set of
natural numbers, and R denotes the set of nonnegative real
numbers. The superscripts T and H stand for transposition
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and Hermitian transposition, respectively, and - stands for the
complex conjugate. We use tr(A) and det(A) to denote the
trace and determinant of the matrix A, respectively, and use
|Allg £ Vtr(AAH) to designate the Frobenius norm of A. For
an infinite-dimensional complex vector x € C*, we use || x|,
to denote the £,-norm of x, i.e., [[x], £ (Zfﬁl |x,-|p)1/p.
The (oo-norm of x is defined as ||x| = sup|x;|. We

use e; to denote the infinite dimensional vector that has 1
in the jth entry and O elsewhere, and use |, to denote the
identity matrix of size a x a. The distribution of a circularly
symmetric Gaussian random vector with covariance matrix A
is denoted by CN'(0, A). We use Exp(u) to denote the expo-
nential distribution with mean wu, and use Gamma(a, b) to
denote the Gamma distribution with shape parameter a and
scale parameter b [24, Ch. 17]. For two functions f and g,
we use f % g to denote the convolution of f and g. Fur-
thermore, the notation f(x) = O(g(x)), x — 00, means
that limsup,_, | f(x)/g(x)| < oo, and f(x) = o(g(x)),
x — 00, means that limxﬁoo’f(x)/g(x)} = 0. For two
measures ¢ and v, we write 4 <« v if u is absolutely
continuous [25, p. 88] with respect to v. Finally, | - |7 £
max{0, -}.

Next, we introduce two definitions related to the perfor-
mance of optimal hypothesis testing. Given two probability
distributions P and Q on a common measurable space W,
we define a randomized test between P and Q as a random
transformation Pz|w : W — {0, 1} where O indicates that
the test chooses Q. We shall need the following performance
metric for the test between P and Q:

min
Pziw:[ Pziw (1| w)P(dw)=a

fu(P, Q) 2 /PZ\ w(1] ) Q(dw)

()

where the minimum is over all probability distributions Pz |w
satisfying

/PZ|W(1 | w)P(dw) > a. ©

The minimum in (8) is guaranteed to be achieved by the
Neyman-Pearson lemma [26]. For an arbitrary set 7, we define
the following performance metric for the composite hypothesis
testing between Qy and the collection {Py|x—y} er:

w(F.00) Zinf [ Pay(nQy@y). (10
Here, the infimum is over all conditional probability distribu-
tions Pzy : W — {0, 1} satisfying

inf [ Py (1) Pris—sldy) = v an
xeF

II. PROBLEM FORMULATION

A. Channel Model and Codes

We consider a MIMO Rayleigh block-fading channel
with m; transmit antennas and m; receive antennas that stays
constant over a block of n. channel uses (coherence interval)
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and changes independently from block to block. The chan-
nel input-output relation within the ith coherence interval is
given by

Vi = Uil + Z;. (12)

Here, U; € C"*™t and V; € C"*™r are the transmitted
and received signals, respectively, expressed in matrix form;
H; € C™>"r js the channel matrix, which is assumed to
have ii.d. CN(0,1) entries; Z; € C"*™ is the additive
noise matrix, also with i.i.d. CAN (0, Np) entries. We assume
that {H;} and {Z;} are mutually independent, and take on
independent realizations over successive coherence intervals
(block-memoryless assumption). In the remainder of the paper,
we shall set N9 = 1, for notational convenience.

We are interested in the scenario where the blocklength is
unlimited, and we aim at characterizing the minimum energy
required to transmit k information bits over the channel (12)
with a given reliability. We shall use U® and V* to denote
the infinite sequences {U;} and {V;}, respectively. At times, we
shall interpret U as the infinite-dimensional matrix obtained
by stacking the matrices {U;}, i € N, on top of each other. In
this case, the matrix U has m columns and infinitely many
rows, and its rth column vector represents the signal sent from
the rth transmit antenna. The energy of the input matrix U*
is measured as follows

o0
JU[E = 2" Iuiliz.
i=1

Furthermore, we denote the set of all input matrices U* by A
and the set of all output matrices V°° by 5. Finally, we let H
be the set of channel matrices H*.

Next, we define channel codes for the channel (12) for both
the no-CSI and the perfect-CSIR case.

Definition 1: An (E, M, ¢€)-code for the channel (12)
for the no-CSI case consists of a set of codewords

(13)

{C1,...,Cum} € AM satisfying the energy constraint
2 ;

ICi|lr<E, jefl,...,M} (14)
and a decoder g : B — {1, ..., M} satisfying the maximum
error probability constraint

r{laxM}P[g(Voo) #jlU®=Cj]<e (15)

S
Here, V*° is the output induced by the codeword U* =
C; according to (12). The maximum number of messages
that can be transmitted with energy E and maximum error
probability € is

M*(E,€) £ max{M : 3(E, M, €)-code}. (16)
Similarly, the minimum energy per bit is defined as
1
Ef(k,€) = —inf{E : H(E,Zk,e)-code} . 17

Definition 2: An (E, M, €)-code for the channel (12) for
the perfect-CSIR case consists of a set of codewords
{C1,...,Cuy) € AM satisfying the energy constraint (14), and
a decoder g : Bx H — {1,..., M} satisfying the maximum

error probability constraint
max P[g(V®,H*) # j|U® =C;] <e.

18
je(l,...M} (18)
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The maximum number of messages that can be transmitted
with energy E and maximum error probability € for the
perfect-CSIR case is defined as in (16).

As we shall show in the next section, one can derive
tight bounds on M*(E,¢) (for both the no-CSI and the
perfect-CSIR case) by focusing exclusively on the memoryless
single-input multiple-output (SIMO) scenario n, = m¢ = 1.
Therefore, we shall next develop a specific notation to
address this setup. In the SIMO case, the input-output relation
reduces to

Vii=Hrjui +2Z,;, refl,...,m}, ieN (19

Here, V,; € C denotes the received symbol at the rth receive
antenna on the ith channel use, and H,; and Z,; denote the
fading coefficient and the additive noise, respectively. We shall
set u £ [uy,uz,...] and V, £ [Vi1, Vi,.. 1.

B. An Equivalent Channel Model for the No-CSI case

Focusing on the no-CSI case, we define next a channel
model that is equivalent to (19). Observe that, given U = u,
the output vectors V, ..., Vy,, are i.i.d. Gaussian, i.e.,

o
Py, u=u = [[CNO, (1 + ui?), re{l,....m}. (20)

i=1
Since the {V .} depend on the input symbols {u;} only through
their squared magnitude {lu;|*}, we can reduce without loss
of generality the input space to R°. We also note that, given
U = u, the joint conditional probability distribution of the
random variables {V,;} in (19) does not change if we multiply
{V,.i} with arbitrary deterministic phases. This means that the
{IVr,i|2} are a sufficient statistics for the detection of u from
(V). Letting x; £ |u;|> and Y,; 2 |V,;>, r € {1,...,m},
i € N, we obtain the following input-output relation, which is
equivalent to (19):

Yii=0+x)S, refl,....m}, ieN. 21

Here, the input x; and the output Y,; are nonnegative real
numbers, and {S,;} are i.i.d. Exp(l)-distributed. We shall
denote the input of the channel (21) by x L [x1,x2,...]€ R
and denote the output by the matrix Y, whose entry on the
rth row and the ith column is Y,;. Since |[x||; = ||u||% and
since ||X]oco = ||u||go, we shall measure the energy and the
peakiness of an input codeword x for the channel (21) by its
{1-norm ||x||1, and by its {so-norm ||x ||, respectively.

III. MINIMUM ENERGY PER BIT

We shall now characterize M*(E, €) for both the no-CSI
and the perfect-CSIR case. The organization of this section is
as follows. In Section III-A, we first present nonasymptotic
achievability and converse bounds on M*(E,¢) for general
channels subject to a cost constraint. In Section III-B, we
then particularize these bounds to the channel (12) for the
no-CSI case. Both the converse and achievability bounds in
Section III-B are derived by reducing the MIMO channel (12)
to the SIMO channel (21). We then show in Section III-C
that these bounds match asymptotically as £ — oo up to
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second order, thus establishing (4). In Section III-D, we derive
bounds on M*(n, €) for the perfect-CSIR case and prove the
asymptotic expansion (7). Finally, the nonasymptotic bounds
for both the no-CSI and the perfect-CSIR case are evaluated
numerically in Section III-E.

A. General Nonasymptotic Bounds

We consider in this section general stationary memoryless
channels (X, Py|x, )) with input codewords subject to a cost
constraint. As in [5], we use b[x] to denote the cost of the
symbol x in the input alphabet X'. We shall also assume that
there exists a zero-cost symbol, which we label as “0”. With a
slight abuse of notation, we use E to denote the cost constraint
imposed on a codeword. An (E, M, €)-code for this general
channel consists of a set of M codewords ¢; = [c},1,¢j2,...],
Jj=1,..., M that satisfy the cost constraint

(.¢]
> blejd<E, j=1,...M
i=1

(22)

and has maximum error probability not exceeding e.
We next present two achievability bounds on M*(E, ¢€)
that are finite-energy generalizations of Verdid’s lower
bound [5, pp. 1023—-1024] on the capacity per unit cost.*

Theorem 1: Consider a stationary memoryless channel
(X, Pyjx,)) that has a zero-cost input symbol. For every
N € N, every 0 < € < 1, and every input symbol xgp € X
satisfying b[xo] > 0, there exists an (E, M, €)-code for which
E = b[xo]N and

T

M —1> sup . 23)
0<r<e Bi-cre(PX_yp» PYix—0)
Here, B(,)(:, ) is given in (8), and
ngzx 2 Pyjx=x X -+ X Py|x=x (24)

N times
for every x € X.

Proof: As in [5], we choose the codewords ¢; € X,
j=1,..., M, as follows:

¢; £10,...,0,x0,...,%0,0,...]. (25)
N e’
(G—-1DN N

Fix an arbitrary 7 € (0,¢). For a given received signal
Y € Y*, the decoder runs M parallel binary hypothesis

tests Zj, j =1,..., M, between Py |x—¢ and Py | X=c;- Here,
Z; = 1 indicates that the test selects Py | x—¢ ;e The tests {Z;},
j=1,..., M, are chosen to satisfy
PlZ;j=1|X=cj]l>1—€+7 (26)
P[Zj =1]1X =0] = Bi—e+:(Py| x=c;> Py |x=0). (27)

The existence of tests that satisfy (26) and (27) is guaranteed
by the Neyman-Pearson lemma [26]. The decoder outputs the
index m if Z,, =1 and Z; = 0 for all j # m. It outputs 1 if
no such index can be found.

4For stationary memoryless channels, the capacity per unit cost is given by
lim lim (log M*(E,¢€))/E.
E—o0

e—0
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By construction, the maximum probability of error of the
code just defined is upper-bounded by

PZ =0|X =c1]+ (M - DP[Z; =1]X =0] (28)
€ =1+ M —Dp1—et+:(Py| x=c;> Py|x=0). (29)

Here, (28) follows because for each test Z; (j # 1) satisfy-
ing (26) and (27),

PIZ; =1|X =¢1] =P[Z; = 1|X = 0]
= P[Z, = 1|X = 0]

€=
=

(30)
€19

and (29) follows by (26) and (27). From (29), we conclude that
T

M—-1=> . (32)
Br—e+c (Py| x=c,> Pr|x=0)
The proof is completed by noting that
Br—et:(Py | x=c» PY|x=0) = B1—cts (P?&:xo, P?&:O)
(33)
and by maximizing the RHS of (32) over 7 € (0, €). [ |

The proof of Theorem 1 is based on the same binary
hypothesis-testing decoder that is used in the proof of the
kf bound [7, Th. 25]. In fact, if Py;x=y, < Py|x=0, a
slightly weakened version of (32), with M — 1 replaced by M,
follows directly from the xf bound [7, Th. 25] upon setting
Qy = Py | x=0 and choosing the set F as

F = {xeXoo:x:[0,...,0,x0,...,xo,O,...]
—_— —— —

(=N N

for some j € N}. (34)

Since f1—c+:(Py|x=x, Qy) takes the same value for all x €
JF, to establish this looser bound it is sufficient to show that
(proof omitted)

K (F,Qy) =7

where x((-, -) is given in (10).

Using the same codebook as in Theorem 1 together with
a maximum likelihood decoder, we obtain a different achiev-
ability bound, which is stated in the following theorem.

Theorem 2: Consider a stationary memoryless channel
(X, Py|x,)) that has a zero-cost input symbol. For every
N € N, every 0 < € < 1, and every input symbol xo € X
satisfying b[xg] > 0, there exists an (E, M, €¢)-code for which
E = b[x¢]N and

€< E[min{l, (M—l)]P’[lN(xo; YNy < in(xo; IA/N) | YN]}].

(35)

(36)
Here, Pyyyn VN, 3V) £ PEY_, ™M) PHY_o(PY) and
QN
Y|X=
i (s y) 2 log — =5 (V) (37)
Y|X=0
with PRY_ . x € X, defined in (24).
Remark 1: For AWGN channels with cost function

b[x] = x2, one can recover [8, Eq. (15)] from (36) by setting
N =1 and xo = JVE.
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Proof: We use the same codebook as in Theorem 1,
together with a maximum likelihood decoder. Let

)- (38)

leXx
7P (

Let YN =[Y1,..., Yy] Qenote the vector containing the first
N entries of ¥ and let YV ~ P?&:o be independent of Y.
The probability of error € is upper-bounded as follows:

1(x, y) = log —————

M
€= Pyix=e | J {1 =1, 1)) (39)

j=2

M
=E|P U{z(cl,Y)fz(cj,Y)}‘YN (40)

j=2

IA

[min {1, (M — 1)1?[1@1, Y) < i(ca, Y)‘YN] }] (41)

[min{l, (M — I)P[zN(xo; YV) < in(eo: 7YY | YN]}].
(42)

E
E

Here, (39) follows because all codewords have the same
error probability under maximum likelihood decoding; (41)
follows by choosing the tighter bound between 1 and the union
bound; (42) follows because ¢; = [xg, ...,x0,0,...,0,0,...]

——

N N
and ¢ = [0,...,0,x0,...,x0,0,...], and because, under
—_———

N N

Py | x=c,, the sequence YI%/L has the same distribution as
YN ~ PY& o- Furthermore, Y2V, is independent of Y since
the channel is stationary and memoryless. ]

On the converse side, we have the following result, which
follows by applying the meta-converse theorem [7, Th. 31]
with Qy = Py | x=o0.

Theorem 3: Consider a channel (X, Py|x,)) that has a
zero-cost input symbol. Every (E, M, €)-code with codewords
satisfying the cost constraint (22) satisfies

1
,Bl—e(PY|X:x, Py|x=0)

M <  sup (43)

x: Z b[x;]1<

The bound (43) is in general not computable because
it involves an optimization over infinite-dimensional code-
words. As we shall see in the next section, in the MIMO
Rayleigh block-fading case it is possible to reduce this infinite-
dimensional optimization problem to a three-dimensional one,
which can be solved numerically.

We would like to remark that the general bounds developed
in this section apply to both the no-CSI case and the perfect-
CSIR case. For the perfect-CSIR case, we view the pair (V, H)
as the channel output, and identify the channel law with
Py = PuPy m,u. For the no-CSI case, we view V as
the output and identify the channel law with Pyy, which
is obtained by averaging Py g,y over the fading matrix H.
In both cases, the channel is stationary and memoryless.

B. Nonasymptotic Bounds: the No-CSI Case

Particularizing Theorems 1 and 2 to the channel (12) for the
no-CSI case, we obtain the achievability bounds given below
in Corollaries 4 and 5.
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Corollary 4: For every E > 0 and every 0 < € < 1, there
exists an (E, M, €)-code for the MIMO Rayleigh block-fading
channel (12) for the case of no CSI satisfying

T

M—-1=> sup (44)
O<z<e, NeN PGy > (1 + E/N)é]
where Gy ~ Gamma(mN, 1) and ¢ satisfies
PGy <¢l=€—1. (45)

Proof: Every code for the memoryless SIMO Rayleigh-
fading channel (m; = n. = 1) can be used on a MIMO
Rayleigh block-fading channel with m¢ > 1 and n. > 1.
Indeed, it is sufficient to switch off all transmit antennas but
one, and to limit transmissions to the first channel use in
each coherence interval. Therefore, it is sufficient to prove
that (44) is achievable for the memoryless SIMO Rayleigh-
fading channel (21). In the SIMO case, we have (see (21))

®N
log dPyx_y, (yN)
N
dPyix—o
x0log e < N
= i —m¢Nlog(1l + xp). 46
1+ x0 ;;ym r g( 0) (46)
Let xo = E/N for some N € N. Then, under Pﬁj)\(/ —xo? the
prY
random variable log Y‘X ~%0 (Y V) has the same distribution as
Y\X 0

E

NGN loge —m;Nlog(l + E/N) 47)
where Gy ~ Gamma(mN, 1), and, under P;?ll)\(’:o, it has the
same distribution as

E Gnloge

—————— —myNlog(l + E/N). 48

N1+E/N m;Nlog(l1 + E/N) (48)

The proof of (44) is concluded by using (47) and (48)
in (23) together with the Neyman-Pearson lemma [26], and
by optimizing over N € N. [ ]

Corollary 5: For every M > 0 and every 0 < € < 1, there
exists an (E, M, €)-code for the MIMO Rayleigh block-fading
channel (12) for the case of no CSI satisfying

€< IrvneigE[min {1, (M—l)P[GN =1+ E/N)GN‘GN]}]
(49)

where Gy and Gy are i.i.d. Gamma(m,N, 1) random vari-
ables.
Proof: We proceed first as in the proof of Corollary 4.

Then, we use (47) and (48) in (36). [ |

Numerical evidence (provided in Section III-E) suggests
that (49) is tighter than (44). However, (44) is more suitable
for asymptotic analyses.

We now provide a converse bound, which is based on
Theorem 3.

Theorem 6: Let {S;} be i.i.d. Exp(l)-distributed random
variables. Every (E, M ,e)-code for the MIMO Rayleigh block-
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fading channel (12) for the case of no CSI satisfies

e.¢]
ian[ > (x,-S,- loge — log(1 —i—x,-)) < 77i| —€
* i=1

1
> sup

M neR exp(n)

(50)

The infimum in (50) is over all x € RS taking one of the
following two forms:

x=[513,512,~«,51294190,09~~] (51)
[ —
N
or
x=[529-«-,572951»-«~aélaO,Oa~-~]« (52)
S —
N> Ny

Here, N € N and 0 < g1 < g2 < g3 satisfy g1 + Ng2 + q3 =
meE. Fu{thermore, Ni,N € Nand 0 < g1 < ¢ satisfy
Ni1G1 + N2ga» = m:E.

Remark 2: The optimization over infinite-dimensional
codewords in the converse bound (43) is reduced
in (50) to a three-dimensional optimization problem.
This makes (50) numerically computable. In words, the
conditions in (51) and (52) imply that i) the entries of x can
take at most three distinct nonzero values, and that ii) if the
entries of x take exactly three distinct nonzero values, then
both the largest and the smallest nonzero entries must appear
only once.

Proof: Without loss of generality, we can assume that each
codeword matrix C; satisfies the energy constraint (14) with
equality. Indeed, for an arbitrary code C, we can construct a
new code C’ by appending to each codeword matrix C; in C
an extra n. x my block of energy E — H C; |||2: (recall that the
number of transmitted symbols is unlimited). The resulting
code C’ has the same number of codewords as C and each
codeword of C’ satisfies (14) with equality. Moreover, the error
probability of C’ can not exceed that of C.

We continue the proof of (50) by using Theorem 3, which
implies

— > inf

> P1—e(Pys | yse—yoo, Py |goe—p). (53)
M ™ yxeA: Jue|i=E

For a given U® = {U;}, let U® = {U;} where U; € Rie™™
is a diagonal matrix whose diagonal elements are the singular
values of U;. We shall next show that

P1—e(Pye |yoo—yse, Py |yo=g)

= Br—e(Pyoe | goo—joes Pvoe | U%=0)- (54)

This implies that to evaluate the RHS of (53), it suffices to
focus on diagonal matrices {U;}. Note also that when the input
matrices {U;} are diagonal, the m; x m; MIMO block-fading
channel (12) decomposes into min{mg, n.} noninteracting
memoryless SIMO fading channels with m, receive antennas.
Therefore, exploiting the equivalence between (19) and (21),
we conclude that the RHS of (53) coincides with
inf  Bi1—e(Py|x=x> Py|x=0)

xeR:||x [l =E

(55)
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where Py, x is the conditional distribution of the output of
the channel (21) given the input.

To prove (54), we note that given U; = U;, the column
vectors of the output matrix V; are i.i.d. CN(O, I, + U,-U?)-
distributed. Therefore, the probability distribution Py, |y,=y;
depends on U; only through UiUE{. In particular, it is invariant
to right-multiplication of U; by an arbitrary m X m unitary
matrix G. Furthermore, since the noise matrix Z; is isotropi-
cally distributed [27, Definition 6.21], for every n. X n unitary
matrix G and every U € C"<*™t the conditional distribution
of V; given U; = U coincides with that of GHYV; given
U; = GU. Therefore, for every i € N, and every unitary
matrices G and G, we have

ﬁl*E(PVi | U;=U> PV;‘ ‘Ui:())
= fi-e (PéHvi Ui=Gua> Fany,; |1U;=0)
= ﬂ1_€ (PV,- \U,-:GUG’ PVi |[U,‘:0) .

Here, the second step follows because fj_¢(-,-) stays
unchanged under the change of variables V; — GHV;. Since
G, G, and i are arbitrary, and since the channel Pys|ye is
block-memoryless, (57) implies (54).

Next, we lower-bound fi_¢(Py|x=x, Py|x=0) in (55)
using [7, Eq. (102)]. Specifically, we fix an arbitrary # € R
and obtain

(56)

(57)

B1-e(Py | x=x, Py|x=0)
> eXp(_"/)(PYlX:x[l (x,Y) <nl— 6)

where 1(-, -) was defined in (38). Under Py|x—y, the random
variable 1 (x, Y) has the same distribution as

(58)

my 00
>y (xi S,.i loge — log(1 + xi)) (59)
r=1 i=l1
where {S,;} are 1iid. Exp(l)-distributed. Substitut-
ing (59) into (58), and then (58) into (53), we obtain
my o0
inf]P’|: > (x,-S,,,- loge — log(1 —+—x,~)) < 77:| —¢€
2o ¥ r=1i=1
M~ exp(n)
(60)
o0
iI;fIP|: > (xiSi loge — log(1 + xi)) < ;71| —€
> =l . (61)

exp(17)

Here, the infimum in (60) is over all x € RZ° satisfying
xlli = E, the infimum in (61) is over all x € R
satisfying ||x||; = m:E, and {S;} in (61) are again i.i.d.
Exp(1)-distributed. The inequality (61) follows because the
feasible region of the optimization problem in (60) is contained
in the feasible region of the optimization problem in (61).

Lemma 7 below, which is proven in Appendix I, sheds light
on the structure of the vectors x* that minimize the RHS
of (61).

Lemma 7: Let x* be a minimizer of

o]

inf EP[Z(xiSi loge—log(l—i—xi)) 517]. (62)

xeRP:|x[l1=m; i1
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Assume without loss of generality that the entries of x* are
in nonincreasing order. Then, x* must be of the form given
in (51) or in (52).

The proof of Theorem 6 is concluded by using Lemma 7
in (61) and by maximizing the RHS of (61) over 7. [ |

Remark 3: The proof of Lemma 7 relies on an elegant
argument of Abbe et al. [22], used in the proof of Telatar’s
minimum outage probability conjecture for MISO Rayleigh-
fading channels. Indeed, both [22] and Lemma 7 deal with
the optimization of quantiles of a weighted convolution of
exponential distributions.

C. Asymptotic Analysis

Evaluating the bounds in Corollary 4 and Theorem 6 in
the limit £ — oo, we obtain the asymptotic closed-form
expansion for M*(E, €) provided in the following theorem.

Theorem 8: The maximum number of messages M*(E, €)
that can be transmitted with energy E and error probability € €
(0, 1/2) over the MIMO Rayleigh block-fading channel (12)
for the case of no CSI admits the following expansion

log M*(E, €)
2/3
=m;Eloge —Vj - (mrEQ*1(6)> (log(m:E))
E?3loglog E
( (log E)?/3

Here, Vj is given in (5).
Proof: See Appendix III. ]
The intuition behind (63) is as follows. It is well known that
in the no-CSI case, to achieve the asymptotic limit —1.59 dB,
it is necessary to use flash signalling [2]. If all codewords
satisfy a peak-power constraint ||x||.o < A in addition to (14),

then log M(E, €)/(m:E) converges as E — oo to (see [13]
and [14, Eq. (59)])

1/3

yEﬁw. (63)

log(1+ A)
T
The second term in (64) can be interpreted as the penalty due
to bounded peakiness, which vanishes as A — co. When the
energy E is finite, as in our setup, it turns out that for larg E

loge (64)

log M(E, €) ~1

log(1 + A) A
- — ./ loge.
i E oge 1 mrEQ (€)loge

(65)

The second term on the RHS of (65) captures the fact that
codewords that satisfy (14) for a finite £ are necessarily peak-
power limited. The third term captures the penalty resulting
from the stochastic variations of the fading and the noise
processes, which cannot be averaged out for finite E. This
penalty increases with the peak power. Coarsely speaking,
peakier codewords result in less channel averaging. To sum-
marize, peakiness in the codewords reduces the second term
on the RHS of (65) but increases the third term. The optimal
peak power A* that minimizes the sum of these two penalty
terms turns out to be

Wit

A* = (; 07'(e) logff’)_‘(mrE)% log’ (m;E) + o(E"). (66)
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Substituting (66) into (65) we obtain (63). See Appendix III
for a rigorous proof.

D. The Perfect-CSIR Case

In this section, we provide achievability and converse
bounds on M*(E, €) for the case of perfect CSIR. To state our
achievability bound, it is convenient to introduce the following
complex AWGN channel

Yi=X;+Z;, ieN. 67)

Here, {Z;} are i.i.d. CN(0, 1)-distributed random variables.
Theorem 9 below allows us to relate the performance of
optimal codes for the AWGN channel (67) to the perfor-
mance of optimal codes for the MIMO Rayleigh block-fading
channel (12).

Theorem 9: Consider an arbitrary (mE, M, €)-code for the
AWGN channel (67). There exists a sequence of (E, M, ey)-
codes for the MIMO Rayleigh block-fading channel (12) with
perfect CSIR, for which limy_.» €y < €.

Remark 4: Theorem 9 holds also if the fading is not
Rayleigh, provided that the entries {H; ;} of H; are i.i.d.
and satisfy E[lH,-,j,klz] =1

Proof: As in the proof of Corollary 4, it is sufficient to
consider the case m; = n. = 1. Take an arbitrary (m.E, M, €)-
code for the AWGN channel. We assume without loss of
generality that only the first M entries of each codeword are
nonzeros. This is because, for the AWGN channel, the error
probability under maximal likelihood decoding depends only
on the Euclidean distance between codewords, and because
we can embed the M codewords in an M-dimensional space
without changing their Euclidean distances.

Next, we transform the SIMO memoryless fading channel
(with perfect CSIR) into an AWGN channel as follows. Fix an
arbitrary N € N; for every codeword u = [uy,...,upm,0,...]
for the AWGN channel, we generate the following codeword @
for the memoryless SIMO fading channel (19)

= (68)

ug, .. S Uz, . ...

N N

m LU, up, .

By construction, ||f4||% = ||u||%/mr. For a given channel out-
put {V,.;} (see (19)), the receiver performs coherent combining
across the m, receive antennas and the length-N repetition
block:

- 1 N
v, £ ZZHr,(j—I)N+in,(j—1)N+i (69)
meN T
U my N
j 2
— H. .. .
mrNZZI r(Gi—1N+il
r=1i=1
1 my N
+ Z Z Hy,(j-1)N+i Zr,(j—1)N+i>
meN T
j=1,...,M. (70)

If we let N — oo, the first term in (70) converges in
distribution to u; by the law of large numbers, and the second
term converges in distribution to Z; ~ CAN(0,1) by the
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central limit theorem. Therefore, \7j converges in distribution
touj+Z;j. Thus, Pymym_,m converges in distribution to an
AWGN channel law Pﬁyng:uM =CN @M, ly)as N — oo.

We next evaluate the error probability ey of the code that
we constructed above. Let D; denote the decoding region for
message j, 1 < j < M, and let Int(D;) denote the interior
of D;. It follows that for every 1 < j <M

ngnoo1 —ey = ]}gnw Pymigy—y; D] (71
= lim Py, It (72)
= PY [y, I0t(D;)] (73)
= Py [ m—y,[D)] (74)
>1—e. (75)

Here, (73) follows because Pyum yn_,, converges in distri-

bution to P"}y?gM:w and because Int(D;) is open; (74)
follows because the {)oundary of the maximum likelihood

decoding region D; has zero probability measure under
PAWGN -
yM | yM =u;’
Note that the proof of Theorem 9 above requires perfect
CSIR. The approach just described does not necessarily work
if only partial CSI is available at the receiver. For example,

consider the following partial-CSI model [28]
Vi=(H+H)Ui+Z;, ieN (76)

where H; ~ CN(0, p), p € (0,1), Hi ~ CN(0,1 — p), and
{H;} and {ﬁi} are independent. We assume that the receiver
has perfect knowledge of {H;}, but knows only the statistics
of {ﬁ,-}. The random variables {H;} and {ﬁ,-} can be viewed
as the estimation of the channel coefficients and the estimation
errors, respectively [28]. Following steps similar to the ones
in the proof of [2, Th. 7], one can show that flash-signalling is
necessary to achieve the —1.59 dB limit. Hence, spreading the
energy as it is done in the proof of Theorem 9 is not first-order
optimal.

For the case where perfect CSI is available at both the trans-
mitter and the receiver, and where the fading distribution has
infinite support (e.g., Rayleigh distribution), it is well known
that the minimum energy per bit E} (k, €) converges to 0 in the
limit k — oo and € — 0 [2, p. 1325]. Using the approach used
in the proof of Theorem 9, one can show that Ef(k,e) = 0
for every k and € > 0. Indeed, since both the transmitter
and the receiver have perfect CSI, they can agree to use the
channel only if the fading gain |H|? is above a threshold T .
By doing so, we have transformed the original fading channel
into a channel with a fading distribution Py that satisfies
IE};H[lH |2] > TI'. Proceeding as in the proof of Theorem 9,
we conclude that every (E, 2¥, €) code for the AWGN channel
can be converted into an (E/IE};H[|H|2], 2k, €) code for the

fading channel with distribution Py. Since I' can be taken
arbitrarily large, we conclude that the minimum energy per
bit E¥(k, €) is 0.

Theorem 9 implies that the asymptotic expansion (2) with E
replaced by m;E is achievable in the perfect-CSIR case.
Theorem 10 below establishes that, for 0 < € < 1/2, the
converse is also true.
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Theorem 10: The maximum number of messages M*(E, €)
that can be transmitted with energy E and error probability
0 < € < 1/2 over the MIMO Rayleigh block-fading chan-
nel (12) for the case of perfect CSIR satisfies

log M*(E, €) = m:Eloge — /2m:EQ ™' (¢) loge

1
+ 5 log(m: E) + o(,/log E) 7
as E — oo.
Proof: See Appendix IV. [ ]
Unlike Theorem 9, the converse part of Theorem 10 relies
on the Gaussianity of the fading coefficients and does not
necessarily hold for other fading distributions. Indeed, consider
a single-input single-output (SISO) on-off fading channel
Py gy where the channel coefficients {H;} are ii.d. and
satisfy
PlH;=0]=¢, PlIH=1/1-e)=1-¢ (18
where 0 < ¢ < €. Such a fading distribution satisfies
E[IH;|*] = 1. Set now N = 1, xo = VE, and

1 2E -1f 4 e—¢  [2(1—¢€)
M_Q l—e/+Q _1—6’+ E '

(79
Let

dPy H\U=u

1(u; v, h) £ log (v, h). (80)

dPy Hiu=0

By Theorem 2, there exists an (E, M, €¢”)-code for which the
maximal probability of error ¢” is upper-bounded as follows:

¢ < E[min{l,

M — 1)@[; (xo: V, H) < 1(xo; V, H) |V, H]}] 81)

IA

€+ —e’)E[min[l, M -1

N 1
'P[l(xo; V, H) < 1(xo; V,H)‘V,|H|2= 1 /i|”
— €

(82)
, fe—¢€ 12(1 — €')
e—}—(l—e)(l_e/— 5
+,/%(1+0(1))), E = co. (83)

Here, in (81) and (82), Pp,p(h,0,0) =
PH(h)Pv\H’U(l)V’l,xo)Pv|HjU(l’)\|h,0), and (83) follows
from [8, Egs. (33)-(40)]. For sufficiently large E, the RHS
of (83) is less than e. This implies that M*(E,¢) > M for
sufficiently large E. Furthermore, by [8, Eqs. (47)-(49)], we
have

IA

El
log M*(E,€) > logM > 1 og

/e +OWE), E— .
(84)

— €
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Achievability (Corollary 4)
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Fig. 1. Minimum energy per bit versus number of information bits; here
€=10"3% and m = 1.

TABLE I

MINIMUM ENERGY E AND OPTIMAL NUMBER OF CHANNEL USES N* VS.
NUMBER OF INFORMATION BITS k FOR THE CASE € = 1073.

Cor. 4 Cor. 5 Asymptotics
E E/Ng | N© E/Ng | N© E/Ng | N©
10T 98 25 67 18 120 50
102 | 2.6 x 102 39 2.4 x 102 38 2.9 x 102 63
103 | 1.3 x 102 96 1.3 x 103 96 1.4 x 103 | 124
10 | 9.6 x103 | 304 | 9.6x10% | 304 | 9.7x10% | 336
10° | 8.2 x 10% | 1089 | 8.2 x 10* | 1090 | 8.2 x 10* | 1137

Clearly, the RHS of (84) is greater than the RHS of (77)
(computed for m; = 1) for large E.

In Theorem 11 below, we present a nonasymptotic converse
bound, which we shall evaluate numerically in Section III-E.

Theorem 11: Fix n > 6, E > 0, and 0 < € < 1/2. Let
x1(n) > n be the unique solution of

1 2 —X
@y (M =Y o1
4ﬁe - l(ﬁJr xl)_Q(«/H)' (85)

Furthermore, let

o(( - V), x> x1 (),
g =1 (ﬂ—m(n)) x < x1(n) (%0
) S\ V2w ) T

Every (E, M, ¢)-code for the MIMO Rayleigh block-fading
channel (12) for the case of perfect CSIR satisfies

logM < nloge—10g|g,1(mrE)—e|+. 87
Proof: See Appendix V. ]

E. Numerical Results

Fig. 1 shows® the achievability bounds (Corollary 4 and

Corollary 5) and the converse bound (Theorem 6) for the
channel (12) for the no-CSI case and when ¢ = 1073 and
my = 1. Specifically, the energy per bit E, =
E/log, M*(E, €) is plotted against the number of information
bits log, M*(E, €). For the perfect-CSIR case, we plot the

5The numerical routines used to obtain these results are available at
https://github.com/yp-mit/spectre
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converse bound (Theorem 11) together with the achievability
bound provided in [8, Eq. (15)] for the AWGN case. As proved
in Theorem 9, this bound is also achievable in the perfect-
CSIR case. As expected, as the number of information bits
increases, the minimum energy per bit converges to —1.59 dB
regardless of whether CSIR is available or not. However,
for a fixed number of information bits, it is more costly to
communicate in the no-CSI case than in the perfect-CSIR
case. For example, it takes 2 dB more of energy to transmit
1000 information bits in the no-CSI case compared to the
perfect-CSIR case. Additionally, to achieve an energy per bit
of —1.5 dB, we need to transmit 7 x 107 information bits in
the no-CSI case, but only 6 x 10* bits when perfect CSIR is
available.

The codebook used in both Corollary 4 and Corollary 5
uses only one symbol x; of the input alphabet in addition to 0.
In Table I we list the number of channel uses N* = E/x; over
which the optimal input symbol x;j is repeated, as a function
of the number of information bits k. For comparison, we

2/3
also list the number of repetitions N* =~ %Q’l (e)%)

predicted by the asymptotic analysis (see (195)).

IV. CONCLUSIONS

In this paper, we established nonasymptotic bounds on
the minimum energy per bit EZ(k, €) required to transmit
k information bits with error probability € over a MIMO
Rayleigh block-fading channel. As the number of information
bits k goes to infinity, the ratio between E}(k, €) and the noise
level converges to —1.59 dB, regardless of whether CSIR is
available or not. However, in the nonasymptotic regime of
finite k£ and nonzero error probability €, the minimum energy
per bit required in the no-CSI case is larger than that in the
perfect-CSIR case (see Fig. 1). Specifically, as k — oo the gap
to —1.59 dB is proportional to ((logk)/k)'/? in the no-CSI
case, and to 1/+/k in the perfect-CSIR case.

The optimal signalling strategies for the two cases are differ-
ent: in the no-CSI case, the transmitted codewords must have
sufficient peakiness in order to overcome the lack of channel
knowledge; in the perfect-CSIR case, the energy of each
codeword must be spread uniformly over sufficiently many
fading blocks in order to mitigate the stochastic variations on
the received-signal energy caused by the fading process.

Throughout the paper, we have focused on the scenario
where the blocklength of the code is unlimited, i.e., the spectral
efficiency is zero. From a practical perspective, generalizing
our analysis to the case of low but nonzero spectral efficiency
is of interest. In the asymptotic regime k — oo, this can
be done by approximating the spectral efficiency by an affine
function of the energy per bit, and by characterizing the slope
of the spectral efficiency versus energy per bit function at
—1.59 dB (wideband slope) [2]. A generalization of Verdd’s
wideband-slope analysis to the finite-k case seems to require
more sophisticated tools than the one used in the present
paper (see [29, Sec. V.C] for some preliminary results in this
direction).
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APPENDIX I
PROOF OF LEMMA 7

The proof relies on [22]. In particular, we shall make
repeated use of [22, Corollary 1 and Lemma 2], which are
restated below for convenience. For a continuous random
variable A, let f4 denote its probability density function
(pdf), and let f} and f} denote the first and the second
derivatives of fy4, respectively. Furthermore, let S and S, be
independent Exp(1)-distributed random variables, which are
also independent of A. Then, for every x,qi1,q2 € R [22,
Lemma 2]:

(512 - q1)f,{4+q151+q252 (‘x)'
(88)

fa+qs,(X) = fatgys,(x) =

This identity can be readily verified by computing the

Fourier transform of both sides. Setting ¢g» = 0 in (88),
we obtain [22, Corollary 1]
fatqs; (x) — falx) = _Q1f,fq+qlsl (x). (89)

The proof of Lemma 7 consists of four steps.

1) We first restrict ourselves to the finite-dimensional setup,
i.e., we assume that x € RY for some m € N. We shall
derive a necessary condition a minimizer x* € R must
satisfy, by deriving the Karush-Kuhn-Tucker (KKT)
optimality conditions (see, e.g., [30, Sec. 5.5.3]).

2) Building upon these conditions, we show that the entries
of x* can take at most three distinct nonzero values.

3) We prove that if the entries of x* take exactly three
distinct nonzero values, then the maximum and the
minimum nonzero value must appear only once, i.e., x*
is of the form (51). If the entries of x* take less
than three distinct nonzero values, then x* satisfies (52)
trivially.

4) Finally, we take m to infinity to complete the proof.

Departing from our convention, in this appendix we shall use
log to denote the natural logarithm.

A. The KKT conditions
Let

m

p(x,s) 2 Z (x,-s,- — log(1 +x,~)).

i=1

(90)

Using (90), we can express (62) for the case x € R} as

inf — Plp(x, ) <l

xeRY:|x|1=E

o1

By the KKT optimality conditions, if x* is a minimizer
of (62), then there must exist a 4 € R such that for all
k=1,...,m

oPlp(x, S) < 7]

Oxk ©2)

=2, ifx{>0
x > A, otherwise.

Let S be an Exp(1)-distributed random variable that is
independent of S. Let (x,S) £ >7™, xS, and let 7 =
n+ Z _ilog(l + xj). The partial derivative in (92) can
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be computed through a Fourier analysis as in the proof
of [22, Lemma 1]. This yields

oPlp(x,8) <nl  fu,501) .
oz = 1+ - f(x,S)erkS‘k(n)' (93)
From (93), it follows that
oPlp(x,8) < nl  oPlp(x,S) < 5]
0x; OX
= f(x,S)-I—ka'k(ﬁ) - f(x,S)+xj§'j(;])
(k=) fix,5) ()
4
T a0 +xy) o9
_ . S,y (1)
= (= xk)(f esrnderns D T T +xn) @

where in the last step we used (88).

B. The Entries of a Minimizer Can Take at Most Three
Distinct Nonzero Values

As in [22], our proof is by contradiction. We shall assume
without loss of generality that m > 4. Let x* be a minimizer
of (91), and assume that the entries of x* take more than

three distinct nonzero values, the smallest four of them being
0 < x] <x3 <xj < xj. Then, by (92) and (95),

S ()

(I +x; ) f! () = Ut =2,3,4.

(x*,8 +x*S1+x*S
(96)

By (89), the left-hand side (LHS) of (96) can be expressed as
follows:

*
(14 x? )fx* Sy, @)
- f(x* S>+x:‘§1+x;§j(’7) + f(x*,s>+x;f§l(’7)
= Fien 8 bat §yars (- 97)

Since the RHS of (96) does not depend on j, by substitut-
ing (97) into (96) and by taking the difference between the
case j =2 and the case j = 3, we obtain

0= f(x* S)+x*S1+x*Sg(’7) fx* S)+x*Sl+x*Sg (77)
- (f(x* S)+x*§1+x§52(’7) fx* S)+xf Sl+x S3 (77)) (98)

= (3 — XZ)(f Syt Syagds (D

/7
_f( S)+xTS1+x§‘S2+x*S3(rl)) ©9)
Here, (99) follows by (88). Set
A2 (x*,8) +x78 +x3$s. (100)
Since x5 # x5 by assumption, (99) can be rewritten as
P s, D = £, @ =0. (101)

Following the same steps as in (98)—(101), we also have that

(102)

A+x*S (77) A+x*S (’7)
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Next, we show that (101) and (102) cannot hold simultane-
ously. This in turn implies that the entries of x* must take at
most three distinct nonzero values. Let

A " AN / ~

8O = [y D= 14,0 (103)

where § ~ Exp(1). Since (101) and (102) imply that

g(x3) = g(x}) = 0, to establish a contradiction between (101)

and (102), it suffices to show that the function g(¢) has at most
one zero on (0, 0c0). Observe that g(¢) can be rewritten as

g0 =), s —fy,,s0 (104)
= (i * 15) @ = (4 £15) 6D (105)

;/0’7 (ff/{(ﬁ —2) = fali = Z))e‘z/’dz. (106)

Since the kernel e~%/! is strictly totally positive [31, p. 11]
on [0, 7] x [0, 00), it follows from [31, Th. 3.1(b)] that the
number of zeros of g(¢) on (0, o0) cannot exceed the number
of sign changes of z = f}(z) — f(z) on (0, 7), provided that
the latter number is finite. Thus, to prove that g(¢) has at most
one zero over (0, 00), it suffices to show that £ (z) — f}(z)
changes sign at most once on (0, 7). In fact, we shall prove
that it changes sign at most once over an interval that contains
(0, 7). By [22, Lemma 3], f}(z) is continuous on R, and there
exists a z > 0 such that f,(z) > 0 for all z € (0,Z). Let
7 = arg Zrer%(e)u%] f4 (). Since f}(0) = 0 (which follows because

f4(z) =0 for all z < 0 and because f(z) is continuous) and
since fj(z) > 0 for all z € (0,Z2), we have that 0 < z < 1.
This implies that
/ / : /
6= 16 = 6 - [ f:
> fa@) —Zfi(@) = 0.

(107)
(108)

By Lemma 12 in Appendix II, f4 is strictly log-concave
on (0, 00), which implies that z +— f}(z)/fa(z) is strictly
decreasing on (0, co). This in turn implies that there exists a
unique zo > 0 such that f} (z0) — fa(zo) = 0. It also implies
that f}(z) — fa(z) > 0if z € (0,20) and f}(z) — fa(z) <O
if z > zo. We shall now prove that

1) fi(z) — f4(z) changes sign at most once on (0, zo);
2) 0,7) C (0,z0), ie.,

Wi < z0. (109)

1) The function f}(z) — f4(z) changes sign at most once
on (0, zo): It suffices to prove that f(z) — fa(z) is unimodal
on (0, zp). This is done by induction. Recall that f, is the
convolution of exponential pdfs (see (100)), i.e., A can be

written as Y, a;S; for some a; > 0,i = 1,...,m’, and
2 <m <m+2. Let B, k =1,...,m, denote the partial
sum ZLI a;S; and let zx, k = 2, ..., denote the solution of

S ék (zk) — fB, (zk) = 0. Recall that, by the strict log-concavity
of fp,, we have that z; is unique and that fék @) —fB@)>0
if z € (0,z%) and fék(z) — fB,(2) < 0if z > z¢. It can be
verified that féz — fB, is unimodal on (0, z2). Assume now
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that fl/ik — fB, is unimodal on (0, zx) for some k > 2. We next
show that fl/;kﬂ_ By, 18 unimodal on (0, zx+1). Note that

/ /
I8 = JBist = (Fp, = B * Jari1Sean-

Since fp — fB, and fq,,,s,,, are smooth and strictly positive
on (0, zx), it follows that (f}_fgk+1 — fBiy1)(zk) > 0. This implies
that zx+1 > zk. Since fék — fB, 1s positive and unimodal
on (0,z¢), and since fy, s, is log-concave, it follows
that fl;k+l — fBin .is positive anfi unimodal on (O’Zk).[.n]'
Furthermore, the strict log-concavity of fp, and the definitions
of zx and zx41 imply that, for every z € [zk, Zk+1),

(fl/f/kﬂ - fl;k+l)(z)
(/5,0 = 8 ~( 4, @ ~ fae@))  (111)

<0 >0

(110)

1
Ak+1

< 0. (112)

The first step follows by applying (89) twice. The inequal-
ity (112) implies that fl’gk+1 — fBy,, is unimodal on (0, zx+1).
Hence, by induction, f} — fa is unimodal on (0, zo).

2) Proof of (109): It follows from (96) that f(7) > 0,
which implies by [22, Lemma 3] that f,(r) > 0 for all
t € (0, 77). Therefore, we have

Friags, @ = (fax fig5,) @) > 0. (113)
By the strict log-concavity of f, ok 3(-) and by (101),
/ ~ 14 ~
fA+x§‘§ (;7) fA+x;‘§'(;7) _
— > - — = 1. (114)
fAergﬂs(”/) fA+x§‘§(rl)
Moreover, by (89) and (101),
FaGD) = Fppss, ) = FG) = f g (D (119)
Using (114) in (115), we conclude that
fa@) = fa@@) > 0. (116)

This implies (109).

C. The Minimum and Maximum Nonzero Values
Must Each Appear Only Once

We focus on the case when the entries of x* take exactly
three distinct nonzero values. Assume without loss of gener-
ality that x* has the following form

*

x*=[xf, .1, xy, Xy, x5, ., x5,0,...,0] (117)

Ny Ny N3
where x{ N1 + x3N2 +x3N3 = E, 0 < x| < x3 < x3, and
N1, N2, N3 > 0. We shall prove that if N7 > 1, then
0Pl (x}, S) < 7]
092

<0 (118)
0=0
where x§ £ x* 4+ de; — der. Since this contradicts the
assumption that x* is a minimizer, we conclude that N| = 1.
Using a similar argument, one can show that N3 = 1.
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We first compute the LHS of (118) Assume N1
so that [x*]; = [x*], = x}. Set 7js = n + Z log(1 + [x31;).

Proceeding similarly as in the proof of (93) we obtain

> 1,

oP[p(x}, S) < 5]

00
- (f (x5,8)+(xf+0)S @) = f, <x(s,S>+(xT—6)32(ﬁ6))
foz.(10) Sy (o) (119)
I+xf+0 14+xi—0
26f xx.5)(715)
= 25f +(x*+5)51+(x _5)5‘2 (776) m (120)

Here, (120) follows from (88). Taking the derivative of the
RHS of (120) with respect to J and then setting 6 = 0,
m

we obtain (recall that 7 = # + > log(1 + [x*];))
i=1

’Plp(x}, S) < 1l
062

o

From the KKT condition (96), we know that

fors) ()
(I +xHA+x5

0=0

i) Jixr, S)(ﬁ)) (121)

/ ~
f(x*,S)+xi‘§1+xi‘§'z( ) (1 *)2

/ i
e syaarsinss 0D = (122)

where § ~ Exp(l) is independent of all other random
variables. Let T £ §; + S». Subtracting the LHS of (122)
from (121), we obtain

1 2Plo(x}, S) < 7]

2 002 520
> f(x*,S)(ﬁ)
= (x} — x1)(f o)t 8D~ T
(123)
’

= ~ f( *S>+X*51+X*S(rl)

= (-XZ )C]) f *S)+x T+X*S(r])_ 1+
(124)

_ x; — xik ”

1 —i—x;k (f( *8)+xf T+x*S(77) fx* S)+xt T+x*S(77))
(125)

Here, in (123) we used (88); (124) follows from (122); and
in (125) we used (89).

We shall next make (125) depend on x3. Note first that
by (89),

1
f(x* S)+x*T+x*S(’7) fx* S)+x*T+x*S(77)
+ fx* S)+xf T+x§S+x*S; (’7) f(x* S)+xf T+x§S+x*Sz (’7)

_ "
= (f( )+ T+xg S+x*53(;7) f (X% 8) X F Tk S4x3 Sa(rl)>
(126)
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Also by (89) and (101),
f(/J/t/*,S>+x;‘T+x;S+x;Sg( = fx* S)+xf T+x§‘S+x*Sz('7)
= %(f(/x*S)+x*T+x§‘S+x*S3(’7) f//*S)+x*T+x§‘S+x*S3(rl))
(127)
Combining (126) and (127), we conclude that
V[T 1) Rl (R 1)
- %(ﬁ 5S)+xf T+x§s+x*s3(’7)
- f(/;”iS)+xTT+x;§'+x§§3(ﬁ)). (128)

Substituting (128) in (125), we obtain

1 0%Plp(x%, S) < n]‘
2 002 5=0
_ (-

f

(x*, S)+x*T+x*S+x*S3 (’7)

*)(xg - x*)(
xy(1+x)
" ~
_f(x*,S>+xTT+x§§+x§§3(77))- (129)

Since (x5 — x7)(x3 — x1) > 0, to establish (118), it remains
to prove that

< 0.
(130)

Let A £ (x*, §) + x5S + x485. The LHS of (130) can be
rewritten as

, -
f( *S)+x*T+x2S+x Sg( ) f x*S +x*T+x§‘S+x*S3(rl)

/ -~ " -~
f§+x{‘T(77) - fg_;’_XTT(r])
_ _ // " ~
1 '? .
—_ _ —z/x
=% 0( s 1= = fa s, (1 z)) tdz.
(132)
Since A + x$S3 ~ A + x}8;, by (101),
/
sy ) =I5 e, G = (133)
Note that, for every ¢ € (0, 77), we have
QHWO—QHSU
- / (F12) — f@))e =iy (134)
0
t
= [ - fgeneiaz. a3
0

2n(r)

In Appendix I-B1, we have shown that the function f;’{ —

2 changes sign at most once over the interval (0, 7).

h (f5(0) - f2(1))e'/*T changes sign at

Therefore, h'(t) =
most once over the 1nterval 0, 7). But since h() =
(i) ) = 0 = h(0), the function h

i/xy
e (fA+ 5, D = 11 e,
does not change sign on (0, 7). Indeed, there are three possible
cases:
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1) h'(t) =0 for all ¢ € (0, 77); in this case h(¢) = O for all
t € (0, 7).
2) there exists a 7y € (0, ) such that 2’(+) < 0 on (0, tp),
h'(to) = 0, and h'(t) > 0 on (tg, 77); in this case h(r) <0
for all 1 € (0, 7).
3) there exists a o € (0, 77) such that A'(r) > 0 on (0, fp),
K (t9) = 0, and h'(¢) < 0 on (g, 77); in this case h(r) > 0
for all ¢ € (0, 7).
In all three scenarios, h(¢) does not change sign on (0, 7).

This implies that fj?+ —f£ X+ 1, does not change sign on
X

(0, 77) either. Furthermore

/ fAer 8 (Z) a fA+x*S (Z) <

= fA+x*51 () — fX+XT§1 ()
P © = s, ©) (136)
=0
< 0. (137)
Here, the first step follows because fA+ 5, o) =
i (0) = 0 [22, Lemma 3], and the second step follows

A+x *S
from (114) We establish (130) by using the following chain
of inequalities

ff%+xf‘T (;7) A+x*T (}7)

67;7/)51F ﬁ B

=5 | (s, G0 = 1.5, =)z (139
<0. (139)

Here, (138) follows from (132) and because e~ >
e 1 > 0 forall z € (0, 7); (139) follows from (137).

D. Extension to RS

Consider the following chain of equalities:

o0
inf EP[; (xiSi — log(1 +xi)) = ’7:|
i

xeRY:||x|ly=m;

m
= 1 inf P :S; —log(1 4+ x1)) <
mgnmxeﬂgﬂ;ﬁg‘l:m”g |:§(x, i og( +xz)) —77:|
(140)
m
= lim_ 1anP’|:ZI: (x,-s,- — log(1 +x,-)) < n] (141)
1=

o0

= ian[z (xiSi — log(1 —i—xi)) < q} ) (142)
i=1

Here, both (140) and (142) follow from the monotone conver-

gence theorem [25, Th. 2.14]; the infimum in (141) and (142)

is over all x (in R’} and RS, respectively) of the form (51)

or (52). This concludes the proof of Lemma 7.

APPENDIX II
CONVOLUTION OF EXPONENTIAL DISTRIBUTIONS

In this appendix, we summarize some results about the
convolution of exponential distributions that are needed in
Appendices [, III, and IV.
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The first lemma deals with the log-concavity of the convo-
lution of exponential distributions. Recall that a function f is
called log-concave if log f is concave, and it is called strictly
log-concave if log f is strictly concave. Since the exponential
distribution is log-concave, and log-concavity is preserved
under convolution [32], it follows that the convolution of
exponential distributions is also log-concave. Lemma 12 below
shows that this distribution is in fact strictly log-concave.

Lemma 12: Fix an integer m > 2. Let Sy, ..., S, be ii.d.
Exp(1)-distributed random variables, and let ay, ..., a, be
positive real numbers. Furthermore, let B £ Zl’-”zl a;S;. Then,
the pdf fp of B is strictly log-concave on (0, 00).

Proof: The proof is based on induction. Through algebraic
manipulations, it can be verified that f,,5,14,5, is strictly log-
concave on (0, oo) for every aj,ar > 0. Suppose now that
the pdf of By £ ZLI a;S; is strictly log-concave for some
k > 2. We have

SBet (1) =/f3k(t —8) farp1 S () ds, 1> 0. (143)

Lg(s.1)
It follows that the integrand g(s,#) in (143) is (jointly)
log-concave in (s,?) on Rﬁ_ and it is strictly log-concave on
the subspace {(s,?) € ]Ri : s < t}. Note that by the Prékopa
Theorem [33], [34, Sec. 3] for each a, b > 0,

b b
ka+1(a—2+_ ) :/g(s,a;_ )dS
172 172
> (/g(s,a)ds) (/g(s,b)ds) (145)
= 1/f3k+|(a)f3k+|(b)' (146)

This implies that fp, , is log-concave. Following the proof
of the Prékopa Theorem in [34, Sec. 3], and using that the
function (s, 1) > fp(t —5) far. 5.1 (8) is strictly positive,
smooth [22, Lemma 3], and strictly log-concave for 0 < s < ¢,
we can verify that the inequality in (145) is strict for every
a, b > 0. This in turn implies that fp,, is strictly log-concave
on (0, 00). By induction, fp is strictly log-concave on (0, co)
for every m > 2. |

The next lemma characterizes the optimal convex combi-
nation of exponential random variables that minimizes the
probability that such combination does not exceed a given
threshold.

Lemma 13: Let n € N, let Si,...,S8, be iid.
Exp(1)-distributed random variables, and let A, £ {x RY :
lxll1 <1,x1 > x2>...> x,}. Then, for every t € R, there
exists a k € {1, ..., n} such that

arg min P[leSl<t:| [;,...,%,O,...,O]. (147)

xeA,
k

(144)

In particular, if ¢ € (0, 1], then

n
1 1
arg min P S <t =[—,...,—]. 148
gxe.An [;Xz i = :| n n ( )
Proof: The equality (147) follows directly

from [22, p. 2597]. To prove (148), it is sufficient to
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show that for every k € N and every ¢ € (0, 1
inequality holds:

k+1
[Z S; < tk:| > P[Z S; <tk + 1)} (149)

i=1 i=1

], the following

Let fi(x) 2 xke™*.
(in)equalities

k k+1
P[z S < tki| - P[z S; <tk + 1)}
i=1

i=1

Consider the following chain of

K fro1(x) 1D £ (x)
. G 1)!dx —A I dx (150)
1 tk t(k+1)
= (/0 kfi—1(x)dx —/0 fk(x)dx) (151)
1 t(k+1)
=4 ( fi(tk) — / fr (x)dx) (152)
1
> k—(fk(tk)
(k) fL(ek)
/ I x — tk) loge)dx)
(153)
]7
_ Stk 1 —te ™" (154)
k! 1—1¢
> 0. (155)

k
Here, (150) follows because the random variable > S; is

i=1
chi-squared distributed with pdf fi_1(x)/(k — 1)!; lin (152)
we used integration by parts; (153) follows because fi(x) is
log-concave, which implies that for every x > 0

log fi(x) < log fi(tk) + ]kaE k;( —tk)loge;  (156)
finally, (155) follows because t + fe!™ is monotonically
increasing on (0, 1], and because tel_’|t:1 = 1. This
proves (149). |

The following lemma provides a uniform lower bound on
the cdf of the weighted sum of exponential distributions.

Lemma 14: Let {S;} be i.i.d. Exp(l)-distributed random
variables. Let x = [x1, x2,...] € RY satisfy 0 < [|x||; < oo.
Furthermore, let

1 o0
L(x é—( x-S-—x)
(x) D ; ]l

and denote the cdf of L(x) by Fr(x)(t). Then, for every
t € (—o0,0],

(157)

+

1
FL(x)(l) > 5 +t (158)

Equivalently,

_ 1 1
FL(L)(G) se-3 forall 0 <e < 5 (159)
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Proof: Since ||x|; > 0, we can assume without loss of
generality that x; > 0. Let x, denote the vector that contains
the first n entries of x, let

Ly(x) £ (160)

(lesl ||xn||1)
and let F,,(x)(t) denote the cdf of L, (x). Through algebraic
manipulations, it can be shown that Fy ) (f) converges point-
wise to Fpx)(t) as n — oo. Hence, to prove (158), it suffices
to show that for every n € N and every ¢ € (—o0, 0]

+

%12

1
FrL,o() > R (161)

We first show that (161) holds when ¢t = 0. Indeed, we have
that

n
Fr,x)(0) = P[zxisi < ||xn||1i|
i=1
n
P[Z yiSi < ||xn||1] (163)
i=1

(162)

> inf
YeRL:lyllhi=llxnll

n
= P[n‘||xn||1 > oSsi< ||xn||1} (164)
i=1
> ! (165)
-

Here, (164) follows from (148); (165) follows because
Z?:l S; is chi-squared distributed, and because the median of
a chi-squared distribution is smaller than its mean [24, Ch. 17].

We next prove (161) for the case r < 0. By definition, L, (x)
has zero mean and unit variance. Moreover, by Lemma 12
the pdf fi,x) of L,(x) is log-concave. Hence, we have
that [35, Lemma 5.5] [36, Proposition 2.1]

sup fr,x) () < 1. (166)

teR

Then, the bound (161) holds because
0 0
FLw® = [ fuwdr - [ fueodr a5
—— <1
>1/2

> ! +t (168)

z 5 .
The last step follows from (165) and (166). [ |

Consider the random variable obtained by summing finitely
many independent but not necessarily identically distributed
exponential random variables. The next lemma establishes that
the derivative of the pdf of the resulting random variable,
computed at the mean value, is negative. Since the convolution
of exponential distributions is unimodal, this implies that the
mode of this random variable is smaller than its mean, i.e., its
probability distribution is right skewed.

Lemma 15: Letm € N, letay, ..., a, be positive real num-
bers, and let Sy,..., S, be i.i.d. Exp(1)-distributed random
Variables Furthermore, let u = Zm 1 @i, Omin £ min;{a;},
Amax = max;{a;}, and A = 3", a;S;. Then,

fi(u) < —2min JAGD
dmax U

(169)
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where f, denotes the derivative of the pdf of A. Moreover,
the first inequality in (169) holds with equality if and only if
aj=--=day.

Proof: Note that the {S;}, i = 1,...,m, have the same
distribution as {X2 + sznﬂ} i = 1,...,m, where {X;},
i=1,...,2m, areiid. N(0, 1/2)-distributed. Let a,,; £ a;,

i =1,...,m. Then, A has the same distribution as

2m
AL za,‘Xiz.
i=1

Next, we prove that fé(,u) < 0 by using [18, Lemma 22],
which provides expressions for the pdf and the derivative of
the pdf of functions of random variables. We first give some
definitions. Let X £ [Xi,..., Xom], and let fx denote the
joint pdf of X1, ..., Xom. Let p(x) : R? — R, be defined as

2m
p(x) & Z aixl?.
i=1

Let Vg and Ag be the gradient and Laplacian of ¢, namely,

(170)

(171)

0
Vo) £ | =), ..., =—0(x) (172)
0X1 O0Xom
and
2m 52
Ap) & > — 2<p(x). (173)
i=1
Finally, let ¢ ~!(x) denote the preimage {x € R*" : p(x) =

u}, and let dS be the surface area form on ¢~ !(u), chosen
so that dS(Vg) > 0. Note that fy is smooth and that the set
¢~ () is bounded. Moreover, for every x € ¢~ ()

IVox)II3 = Z4a >4p min {aj}> 0. (174)
Then, by [18, Eq. (407)],
ds
() = 175
T () /(/,—'(,,)V/Ilv(pllz (175)
where [18, Eq. (422)]
- Vol3, v
o (Vix. Vo) + fx - Ap  fx(VIIVeliz, Vo) (176)

IVoll3 IVoll3
The first term on the RHS of (176) is equal to zero. Indeed,

(Vfx, Vo) + fx - A

m 2m
= Z —2x;i fx - (2a,~x,~) + fx - zzai

(177)
i=1 i=1
m 2m
=4fx (Zai —Zaixiz) (178)
i=1 i=1
= 0. (179)

Here, the last step follows because for every x € ¢~ !(u)

2m m
2, —
ajix; = pn = a;.
i=1 i=1

(180)
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The second term on the RHS of (176) can be computed as
follows:

fx(VIIVel3, Vo) 1632, ajx; (181)
4 = 2 2
Vel (Zigl 4“1'2"12)
2m 2.2
a Z.: X4
> e R
Amax 1 Zi:l a; x;
_ Gmin fX (183)
Amax MU

Note that the inequality on the RHS of (182) holds with
equality if and only if a1 = --- = ay,. Finally, using (179)
and (183) in (175) we conclude that

T
p~(u)9max H IVoll2

Here, the last step follows from [18, Lemma 22]. The
second inequality in (169) follows because f;(u) > 0
(see [22, Lemma 3]). |

Amin fj ()

dmax U

(184)

APPENDIX III
PROOF OF THEOREM 8

A. Achievability
To prove that (63) is achievable, we start from the inequality
T

1>
~ Pr—e+o (Py | x=¢,» Py | x=0)

which is equivalent to Theorem 1 (see (25) for a defini-

tion of ¢y). First, we upper-bound B¢y (Py|x=c,> Py |x=0)
as [7, Eq. (103)]

(185)

Bi-ecte(Py|x=c,» Py x=0) <&~ (186)
where & > 0 satisfies
Py|x=cl1(c1,Y) <logll=¢€—7 (187)

and 1 (-, -) was defined in (38). The LHS of (187) can be lower-
bounded as follows:

Py | x=¢, [1x,v(c1,Y) < log¢] (188)

E\ E"N
- P|:—mrN 1og(1 + N) z Siloge < log§j| (189)

- Q(_logf + m:N log(1 + E/N) — mrEloge) _ const
- m:N - (E/N)loge VN
(190)

Here, const denotes a positive constant® independent
of E and N, (189) follows from (47), and (190) follows from
the Berry-Esseen Theorem (see, e.g., [23, Ch. XVL5]).

Next, we set 7 = 1/+/E in (187) and consider the asymp-
totic regime E — oo. We shall choose N as a function of E so

6Thr0ugh0ut the remainder of the paper, we will use const to denote an
arbitrary constant whose exact value is irrelevant for the analysis. Its value
may change at each appearance.
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that N — oo as E — oo with N/E — 0. Substituting (190)
into (187), and solving for log¢ we obtain

E
logé > myEloge — merog(l + N)

B \/m_:/ENloge Q_l(e B L const) (191)
= m;Eloge — merog(l + )
JmiEloge _, ( 1 consty E )
_ NTrEPeC O =
oo 7) 7
(192)
= El —m:N 1 (1 + E)
= myEloge — m;N log N
_ /miEloge (E)
7\/N 0 ' (e)+0O v ) (193)

Here, (192) follows by operating a Taylor-expansion of Q' (-)
around ¢, and (193) follows because N/E — O.

We next maximize the dominant terms on the RHS of (193)
by choosing

N = N* £ arg min {merog 1+ £
NeN N

n JmiEloge
VN

After some algebraic computations, we obtain

(m:E)loge 2/3 0 E*3loglog E
log(m.E) (log E)3/3
(195)

Substituting (195) into (193), then (193) into (186), and
finally (186) into (32) we conclude that

log M*(E, €)
1 2/3 1/3
> m;Eloge — Vp - (mrEQ (e)) (log(mrE))

E?3loglog E
(log )/

where V) is given in (5).

0O} o

*_LE —1
N—WQQ(Q

(196)

B. Converse

It follows from (61) that for every # € R
logM*(E,€) <n

(@]
iI;fIP’I:z (x,-S,- loge — log(1 —i—x,-)) < 77i| —
i=1

+
— log

(197)

where the infimum is taken over all x that are of the form
specified in (51) and (52).

Before proceeding to further bound (197), we introduce
some notation. To every x € RS satisfying |lx|; = mE,
we assign the random variable

) (198)

(ZXS

|| ll2
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Let Fr(x)(t) be the cdf of L(x). By construction, L(x) has
zero mean and unit variance. Let 77 (x) : R?® — R be defined
as follows:

o0
E(x) 2 mEloge — Zlog(l +x7)
i=1

+ Fr (€ + E7'?)lxl2loge.  (199)
We shall choose # so that
n=ng = supig(x) (200)
X

where the supremum is again over all x that are of the
form specified in (51) and (52). Substituting (200) into (197),
we obtain

log M*(E, €)
< sup Az (x) — 1og’igf Fra (Fpiy e+ E7V/%) - e‘ (201)
X

1
sup ne(x) + = log E. (202)

To conclude the proof, it remains to show that for every x
that is of the form specified in (51) and (52)

ne(x) < myEloge — Vy - (mrEQ*I(eLf))Z/S(lozcg(mrE))l/3

E?3loglog E
(Fir)

To this end, we consider the following three cases separately.

1) The vector x takes the form (52), and N, > E!/6;

2) The vector x takes the form (51);

3) The vector x takes the form (52), and N, < EV/S.

Case I: By assumption, x has at most two distinct nonzero
entries 0 < ¢ < G2, and N» > E'/°, Suppose that we can
approximate F L(x) (e+E~'2) by —07!(e) in the limit E —
oo (in a sense we shall make precise later on). The proof
is then concluded by using the result in Lemma 16 below,
together with (194) and (195), in (202).

Lemma 16: For every positive constant a, we have that

(203)

o
inf Zlog(l +x;) +allx|2
i=1

xeRC:||x |l =m: E
N 14 mE + miE
= min N lo a——.
Nen 8 N JN
Proof: See Appendix III-C.

It remains to show that we can indeed approximate

L(x)(e + E- 1/2) by —Q7(e). Since L(x) is the normal-
ized sum of N; + N, independent random variables, and
N, — oo as E — o0, it is natural to use the central-limit
theorem to establish this result. More precisely, we apply the
Berry-Esseen Theorem [23, Ch. XVL5] to F7(x)(-) and obtain
that, for an arbitrary & € R,

Fr(©)
= m C[lzsl-i-qzleJer

const(N1 @3 + N2(5]2)3)

(N1@G)? + Na(32)2)”

(204)

mE | <{ | (205)

> 0(=¢) —

(206)
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The second term on the RHS of (206) can be evaluated as
follows

Ni(G1)* + N2(§2)°
(N1@G1)? + Ma(@2)?)

<—2 (207)
(N1(q1)* + N2(32)?)

<N;'? (208)

< E7V12, (209)

Here, (207) follows because (§1)° < (§1)%G2, and in (209) we
used that N» > E& 6 Using (209) in (206), selecting ¢ such
that the LHS of (205) equals ¢ + E —1/2 and using that the
function Q(-) is monotonically decreasing, we conclude that

¢ = Figo(er£77) (210
< —Q_l(e + E7V2 4 const - E—l/”) @211)
-0 o)+ O(E—l/lz) . (212)

Here, (212) follows by applying Taylor’s theorem to Q' (-)
around €.

Case 2: By assumption, x contains three distinct nonzero
entries 0 < g1 < g2 < g3, and g1 and g3 each appear only
once. For this case, we shall use a different approach from
that used in Case 1. The main differences between the two
cases are as follows:

o In order to use the central limit theorem, we need to show
that the x that maximizes #jg(x) contains sufficiently
many nonzero entries, and that the available energy m, E
is spread evenly over these nonzero entries as £ — oo.
These properties are satisfied in Case 1 by definition.
In Case 2, however, we need to verify that they hold.

o Intuitively, since g; and g3 appear only once in x,
we expect that they do not contribute to the dominant
terms in (202). As a result, we can approximate the
second and the third term on the RHS of (202) directly
without using Lemma 16.

We proceed now with the proof. The idea is to upper-
bound (202) using (159) (Lemma 14 in Appendix II), and
then compare the resulting bound with the achievability
result (196). Since 0 < € < 1/2, and since we are interested in
the asymptotic regime E — oo, we can assume without loss
of generality that € + E~'/2 < 1/2. Applying (159) to (199),
we obtain

o0
ne(x) < myEloge — ZIOg(l + x;)
i=1

—(1/2 —e— E’1/2> Ixl2loge + O(og E).  (213)

Since we are interested in upper-bounding sup, 7 (x),
we focus without loss of generality on the x for which 77 (x) is
greater than the RHS of (196). By comparing (213) with (196),
we conclude that such x must satisfy

||x||2 < M

= (1/2—¢€)loge (s )2/3( IOg(mrE))1/3+0(E2/3)

(214)
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and
> g +x1) < Vo - (meEQ™" (€)™ (log(m: E)) '
i=1
+o(E).

We next refine the bounds (214) and (215) by exploiting
that x is of the form specified in (51). By (214) and (51),
we have the following estimates

(215)

3
g3 = ¥l < Ixl2 = O(E*3(10g £)'°)  16)
and

113

N+2> -1 217)
llx 15

2/3 —-2/3
> const- E“°(log E) ~". (218)

Here, (217) follows because x has N + 2 nonzero entries and
because ||la|l; < /N + 2|a|» for every (N + 2)-dimensional
real vector a; in (218) we used (214) and that ||x|; = m;E.
Since g1 + g2 N + g3 = mE, it follows from (218) that

E
a1 <q< % < O(E1/3(10g E)2/3). (219)
The bound (215) implies that
Vo - (mEQ (€)' (log(m, E)) ' + 0(E2/3)
o
> > log(l + x) (220)
i=1
> Nlog(l + q2) (221)
E—qg —
_ Nlog(l . i £} Ai“ 3 ) (222)
mE — O(E2/3(log E)1/3)
> Nlog| 1+ (223)

N

Here, in (223) we used (216) and (219). Solving (223) for N,
we obtain
N < const - E2/3(10g E)_Z/B.

Using (218) and (224) back in (223) we obtain

(.¢]
ZIOg(l + x;)
i=1

Nlog(

(224)

mE _ 3
> N )+N10g(1—O<E 1/3(10gE)1/ ))
(225)
- Nlog( ) +(’)(E1/3(1og E) 1/3). (226)

Here, the last step follows by Taylor-expanding the log func-
tion in the second term on the RHS of (228) around 1.
We are now ready to provide a refined estimate for the term
L(x) (e + E~'/2) ||x|l> on the RHS of (202). Let

va[mE | mE o ]
N+2

N+2

mE
N+2

(227)
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By Lemma 13 (see Appendix II) and by (198), the following
inequality holds for every y € (0, m:E]:

N+1

—mE
FL(x)(y”Thr) = ]P’[éhSl + z q28i +q3Sn+2 < )’]
i=2

(228)

g N2
> P ! S < 229
> [N+2 ; ,_y} (229)

y —mrE)

= FrnlY— ). (230)

“’”( EE

Since ¢ + E~1?2 < 1/2 and since, by Lemma 14
(see Appendix II), Fp(0) > 1/2, we have FL_(}W) (€ +
E~Y2) <0.Sety =mE + F[(i/)(f + E7'2)|Ix |2 < mE.
Then, by (230),

Fron(e+ E7V)xlla < Frpn (e + E72) ol (231)

Applying the Berry-Esseen central-limit theorem similarly as
in (205)-(212), we obtain

Fion(e+E7?) <=0 o) + O(L) . 232

VN
Furthermore,
1 = B (233)
2T /N12
miE 1
_ " o(—)) . (234)
N ( N

Substituting (232) and (234) into (231) and using (218)
and (224), we obtain

Fron(e+E72)x]
mE 1/3 2/3
< "2 o1 —|—(’)(E log E )

N (log £)
Finally, substituting (226) and (235) into (202), we conclude
that

(235)

mE loge

-1
Nici 0 ()

E
fE(x) < mEloge — Nlog(l + m}rv )

+0(EY(10g £)'7). (236)

The proof is completed by maximizing the RHS of (236) over
N € N and by using (194) and (195).

Case 3: By assumption, x_has at most two different nonzero
entries 0 < g1 < g2, and N < E 176 Since the multiplicity
of g2 in x is less than E 1/6 it can be shown that all entries
of x that are equal to g do not contribute to the dominant
terms in (202). The analysis follows steps similar to the ones
for Case 2.

C. Proof of Lemma 16
Let

la(x) £ > log(1 +xi) + allx)2 (237)

i=1

6849

with x; standing for the ith entry of x, and let x* be a
minimizer of

inf la(x).

xeRP:||x|ly=m:E

(238)

In order to prove Lemma 16, it suffices to show that all
nonzero entries of x* must take the same value. This is proved
by contradiction.

Assume that there exist indices i, j for which
0 < xf < xfLeth £ xf+xh, ¢ & X605
and d £ ZZ#L,{# log(1 + x;). Consider now the function
f :10,b] - R defined as

f(t) 2 log(1 +1)+1log(l +b—1)

+ave+ 12+ b —1)?*+d.

Note that f(¢) is symmetric around ¢t = b/2, and that f(x}) =
£ = lax").

Standard computations reveal that the minimum of f () over
[0, b/2] is achieved at one of the boundary points, i.e.,

F(t) > min{£(0), f(b/2)}, forallt e (0,b/2). (240)

Let x (resp. x2) be the vector obtained from x* by replacing
the ith and jth entries with O (resp. b/2) and b (resp. b/2),
respectively. Clearly, ||x1]l1 = |[x2]l1 = mE. Then, (240)
implies that

(239)

L, (x*) > min{l, (x1), L, (x2)}.

This contradicts the assumption that x* is a minimizer. There-
fore, the entries of x* cannot take more than one distinct
nonzero values.

(241)

APPENDIX IV
PROOF OF THEOREM 10

The achievability of (77) follows from Theorem 9
and [8, Th. 3]. Next, we prove a converse. As in the proof
of Theorem 6, we assume without loss of generality that each
codeword U for the channel (12) satisfies the equal-energy
constraint

Ju=|z = E. (242)
Let Pyscopoe |y = Ppgoo Pyoo | yoope. By the meta-converse
theorem [7, Th. 31] applied with Qyeope = Pysogee | yeo—0,
we obtain

> inf ﬁl —€ (PVooHooono:Uoo, QVooHoo). (243)

M*(E,e) ~ U
Here, the infimum in (243) is over all matrices U e C*™
that satisfy || U°°||,2: = E. Proceeding similarly to the proof of
Theorem 6, we observe that the RHS of (243) does not change
if we focus on diagonal input matrices. This implies that for
the purpose of evaluating (243), the MIMO Rayleigh block-
fading channel (12) is equivalent to the memoryless SIMO
Rayleigh-fading channel (19). Let now # and (V, H) denote
the input and the output of this SIMO channel, respectively.
Then, the RHS of (243) is equal to

inf P1—e(PyH | U=u> QVH)

ueC®:|\u|}=E

(244)
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where Pyp|y=, denotes the conditional probability distrib-
ution of the output of the channel (19) given the input, and
OvH = PvH|u=o. Substituting (244) into (243), and using the
lower bound [7, Eq. (102)], we obtain that for every 7 > 0,

log M*(E, €) < nloge
+

d Pyp u=u

—log
dQvu

(V. H) < nloge} -
(245)

inf Pypjy=u [log

Here, the infimum on the RHS of (245) is over all
u € C™ that satisfy ||u||2 E. Under Pyy|y=u, the

random variable log%(\/, H) in (245) has the same
distribution as
1/2
) Z) (246)
where Z ~ N(0, 1).

my 00
IOge(ZZ |ui Hy.i|* +(
r=1i=1

Let now € £ € + civE 'logE, where ¢; > 0 is an
arbitrary constant. Since, by assumption, 0 < € < 1/2,
and since we are interested in the asymptotic behavior of
logM*(E,€) as E — oo, we can assume without loss of
generality that ez < 1/2. Set

n=mE —2mE Q*I(eE).

Then, we can rewrite the minimization problem on the RHS
of (245) using (246) and (247) as follows

>3 e

r=1i=1

(247)

d Py | U=u i|
inf lo V,H) < nloge
it Py v= u[ & ovm (V,H) < nlog
lul3=E

ZZIW rt| —mE +2mEQ™ (GE)
=infE|Q|Z= li=

(2 Z Z lui Hi |2)

r=1i=

(248)

£ q(E). (249)
where the infimum on the RHS of (248) is over all u € C*
that satisfy ||ul5 = E

We next show that g(E) admits the following large-E
expansion:

q(E>=,,géfw:P[‘/2mr(ZZIuHnl m)
Hu\l%:l r=1i=1
<Z- Q—l(eg)} + O(,/R’%E). (250)

my 1/2
The key step is to replace the term (2 > z lu; H;| ) in
r=1i=1

the denominator on the RHS of (248) by +/2mE. To this
end, consider the function # — Q((r — 5)/~/2t) with 5 given
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in 247). If t < n —2/m:Elog E, we have

1> Q(%) (251)
> Q( tz;r”E) (252)
—1- O(E—l). (254)

Here, (252) follows because Q(-) is monotonically decreasing.
The inequality (254) implies that, if + < n — 2/m;ElogE,

then
2m:E )| '

Proceeding 51m11ar1y as in (251)—(254), we can show that (255)
holds also if ¢ > 5 + 2/m:Elog E. Finally, if |t — 5| <
2/m;ETog E, by the mean-value theorem [37, p. 107] there
exists an ag € [(t — n)/~/2t, (t — )/~/2m:E] such that

(255)

t—n t—n
Q(@) Q( sz)’
= 10/ (ao)| ‘—t\/__” - ji (256)
I 2 t— log E
= ——e %/ N 257
%ﬂﬁ 0 o ( ) (257)
_ 1 e (Atlm E (1+O(1/ IogE)) r — n O IOgE
NG V2m.E V E
<const
(258)
_ log E
= O(,/ E ) (259)
Here, (257) and (258) follow because
t—n t—n t—n
— 260
O JamE| = V2  imE 260
|t log E
7—2mrE (’)(,/ E ) (261)

Combining (255) and (259), we conclude that for every
t € (0, 00)

t—n t—n log E
o) = o(G) ro(/5F) e
where the O(,/(log E)/E) term is uniform in ¢. This means
that replacing the denominator in (249) with +/2m.E affects
the value of (249) only by (9(,/ (log E)/ E) Finally, we
establish (250) by using (262) in (249) and by normalizing u
in (249) with respect to E.
Lemma 17 below characterizes the solution of the optimiza-
tion problem in (250).

Lemma 17: Fix an arbitrary a > 0, b > 0, and m; € N. Let
{H,;} be iid. CN(0, 1)-distributed and let Z ~ N(0, 1) be
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independent of {H,;}. Then, we have

my o0
u;gg;@[a(zz Jui Hril> — m) <Z- b} = 0(b).
lul3=1 r=li=l1
(263)
Proof: See Appendix IV-A. ]
Using Lemma 17 in (250), we obtain
g(E) = ex + O(,/loiE). (264)

Finally, substituting (264) and (247) into (245), we conclude
that

logM < m:Eloge — \/ZmrEQfl(eE)loge

[log E
—1 — @

_ log E
mrEloge — /2m:EQ €+ 3 loge

(265)

log E log E
—1 \/ \/ 2
og(c1 z + (’)( z )) (266)
< miEloge —/2m:EQ ™' (¢)loge
1
+ = logE + O(/log E). (267)

2

Here, the last step follows by Taylor-expanding Q~!(-)
around ¢, and by taking c¢1 so that

log E log E log E
Cl4/ o8 +0 \/og Z\/Og .
E E E

This concludes the proof.

(268)

A. Proof of Lemma 17
First, consider the following sequence of vectors indexed
by N:

1
N) &
w'V=—[1,...,1,0,...|.
il ]
Evaluating the probability on the LHS of (263) for this
sequence of vectors, we establish the following upper bound

my OO
uggiﬁ[a ;;m,ﬂmz —mr) <Z- b}

lul3=1
1 m
lim P|:a (—
N—oo N

r N
Z Z |[-Ir,i|2 - mr) <Z- b:| (270)
= Q(b).

r=1i=1
Here, the last step follows by the law of large numbers.
Next, we prove the reverse inequality. Suppose that for every
m € N and every u € C™ that satisfies ||u||% = 1, the following
equality holds:

iggp[a(gluﬂilz - 1) < Z—b} = 0(b).

(269)

IA

271)

(272)
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Then,

inf P[a( Zml H,;|? —mr)§Z—b] (273)

ueC>®:|lu|3=1
o
- i%fP[mra(Z lui H;|? — 1) <Z- b}
o0
P|:mra(z lui H;)? — 1) <Z- b} (275)

i=1

o
inf P[a(zm,-H,-lz—l) 52—4

(274)

> inf
ueC>®:|u|}=1

>

azO,ueC“:HuH%=1 i=1
(276)

m
_ inf P .H.2_1 <Z-—-b 277
mgnooazotge(cmi |:a(2|ul ! )_ :| ( )

lul3=1 =
= Q(b). e

Here, the infimum on the RHS of (274) is over all vectors
u € C* that satisfy ||u||2 = 1and ujpy1 = -+ =
u(j+ym.> vj € N. The equality (274) follows because {H,,}
are independent and identically distributed. This allows us to
merge the double summation in (273) into one summation,
provided that we account for the fact that each u; must now
multiply m; successive {H;} (see the additional constraint
on (274)). The inequality (275) follows by enlarging the feasi-
ble region of the minimization problem on the RHS of (274).
We next prove (272). Through standard algebraic manipu-
lations, it can be verified that (272) holds when m = 1. Fix
now an arbitrary m > 2 and an arbitrary u € C™ that satisfies
||u||% = 1. Assume without loss of generality that all entries
of u are positive (otherwise just set m to be the number of
positive entries in u). Let B = > | |u; H;|?, and let

=E[Q(aB —a+Db)]. (279

Since g(0) = Q(b), it suffices to show that g(a) is nonde-
creasing on [0, 00), i.e., g’(a) > 0 for all a € [0, 0©). The
derivative g’(a) is given by

gla) & P[a(B -H=<Z- b]

, d
§'@ = —(EslQ@B —a+0)]) (280)
o0 atz at. 2
=—/ T (i, (281)
—1 /27

Here, in (281) we used the Lelbmz s integration rule [38] and
the identity Q’(x) = —e ¢=*/2. The RHS of (281) is equal

to zero when a = 0 because, by definition, E[B — 1] = 0.
When a > 0, we have
eihz/z at
"(a) > — 1()dt (282)
g (a) N fB (1)
b2 (@n?
=— e 2 fp_(0)dt (283)
2w J-1
b2
/7
= —7f3+z/a(1)o (284)

Here, (282) follows because e~ < ¢ for every t € R;
in (283) we used integration by parts and that fp_1(—1) = 0.
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It remains to show that fj 7 /a(l) < 0 for every
a > 0. Since Z ~ N(0,1), by the central limit theorem
for densities (see [39, Th. VIL2.7]), the pdf of Z can be
approximated to an arbitrary precision by the pdf of a sum
of i.i.d. Exp(1)-distributed random variables. Moreover, B is
the convolution of finitely many exponential distributions and
E[B + Z/a] = 1. Hence, to prove fl;+Z/a(1) < 0, it suffices
to show that the derivative of the convolution of finitely many
exponential pdfs computed at the mean value of the resulting
distribution is nonpositive. This follows from Lemma 15
(see Appendix II).

APPENDIX V
PROOF OF THEOREM 11

Let # > 0 be an arbitrary constant and let the function g, (-)
be defined as follows:

x) & (u) x>0 285
gn(x) = Q Nrs (285)
It follows from (245), (246), and (249) that every

(E,M,¢)-code for the MIMO Rayleigh block-fading
channel (12) for the case of perfect CSIR satisfies

logM < nloge
+

. (286)

my 00
al DD uwiHn P )| —e

r=1i=1

— log inf E

ueC:||u|3=E

Suppose that the function g,(-) defined in (86) is convex on
[0, 00), and that

gy(x) = gy(x), forall x € [0, 00). (287)

In other words, suppose that g,(-) is a convex lower bound
on g,(x). Then, (87) follows because, for every u € C* with
lul3 = E,

my o0
Elg\ DD luiHyil?
r=1i=1
my o0
> E| g\ DD luiHyil? (288)
r=1i=1
my OO
> g\ E| DD luiHril? (289)
r=1i=l1
= gy(m.E). (290)

Here, (289) follows from Jensen’s inequality.

It remains to prove that g,(x) is indeed a convex lower
bound on g,(x). Observe the following properties of g,(-),
which can be verified through standard algebraic manipula-
tions:

 gy(-) is monotonically decreasing;

e limg,(x) =1, lim g,(x)=0;

X—> X—> 00

o gy =1/2;

o if # > m, then q,;(n) =—-1/Qynm) < —1/2n);

o if # > 6, there exists an 0 < xo < # such that g,(-) is

concave on (0, xg) and convex on (xg, 00).
Assume that # > 6. Then, the above properties of g;(-) imply
that there exists a unique x; such that the line connecting (0, 1)
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(21‘1, (In(xl))

T

Fig. 2. A geometric illustration of gy, (-) in (285) (black curve), of the tangent
line of g, (-) (blue curve), and of g;(-) in (86) (red curve).

and (x1, g,(x1)) lies below the graph of g, (x) and is tangent
to g,(-) at (x1, g;(x1)) (see Fig. 2). Since the slope of the line
connecting (0, 1) and (x1, g,(x1)) is

! Q(”_xl) (291)
X1 2]
and since the derivative of g,(x) at x = x| is given by
1 1 2 n
__ —(x1—=m)7/(4x1) 292
o 4ﬁe (\/x_l—i-«/)ﬂ) (292)

it follows that x; is the solution of (85). Furthermore, since
q,(n) < —1/(2n), and since —1/(2n) is the slope of the line
connecting (0, 1) and (7, 1/2), we have that x; > 7. Observe
now that g,(x) coincides with the line connecting (0, 1) and
(x1, g4(x1)) for x < x1, and that it coincides with g, (x) if
x > x1. This proves that g, (x) is indeed a convex lower bound
on g,(x).
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