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This first lecture will be about f-divergences and their applications in classical statistics. We
introduce different definitions for f-divergences, from the most restrictive to the most general.

Definition 1 : let f : Ry — R be a convex function such that f(1) = 0. For two p.m.f. P,Q,
we define the f-divergence between P and () by:

Ds(FIQ) = 2. Q) (@8)

Definition 2 : in the case where P << @ i.e. VE,Q(E) =0 — P(FE) = 0, we may define the
f-divergence between P and @) by:

D(P|Q) = /de< Q)

where we denote by 42 the Radon-Nikodym derivative of P relative to Q.

Definition 3 : let pu be any positive measure on 2" and suppose dP = p(x) du, dQ = q(x) dpu.
Then, we may define the f-divergence between P and () by:

DAPIQ) = [ duato)f (45) 4 reorla=0

Remark 1 - Gelfand-Yaglom-Perez theorem ([GI59], [Per59]) states that:

Ds(P|Q) = sup Ds(Pc|Qe)

= Slip,i: P (Ey)log g Eg:;

where the supremum is taken over all finite measurable partitions m = {Fy,..., E,} (m > 1) of

Z.

In this lecture, we will work with the Definition 1.

Examples:
— The total variation distance, denoted by TV (P, Q) is a f-divergence with:

1
Sl =1

fla) =3

As pointed out by its name, the total variation distance is a distance.

— The Kullback-Leibler divergence, denoted by D(P]|Q), is a f-divergence with:

f(z) =xlogx



The Kullback-Leibler divergence is not a distance ; it does not satisfy the symmetry con-
dition.

— The chi-square divergence, denoted by x?(P||Q), is a f-divergence with:
fla) = (z = 1)
We also remind that x*(P||Q) may be written as:

dpP?
X’(PlQ) = 0 1

The chi-square divergence is not a distance ; it does not satisfy the symmetry condition.
— The Hellinger-squared divergence, denoted by H?(P,Q),is a f-divergence with:
f(z) = (V& —1)?

We remind that H?(P, Q) may be written as:

H(P,Q) = / <\/d_P— \/@)2

The Hellinger-squared divergence can be written as the square of a distance.

— The Symmetric Kullback-Leibler divergence, defined by D (P||@Q) = D(P|Q)+D(Q||P),
is a f-divergence with:

f(z) =xlogx — logx
Note that even if Dggy, is symmetric, it still is not a distance.
— We have that:
o V2(PIE) +x2(QII559) 5
o VD(PI%?) + D@I5)

both define a distance.

Theorem 1 (Main inequality). With the same hypothesis on f, P,Q as in Definition 1, we have:
Dy(P||Q) = 0

Proof.

D/(PIQ) = X Qs (P<‘”>)

Q(x)



Remark 2 - WLOG, we may suppose f'(1) = 0.

Theorem 2 (Monotonicity). Denoting by A, B two real random variables and with the same
hypothesis on f, P, Q) as in Definition 1, we have:

Dy(Papll@as) = Dp(PallQa)

Proof.

Dy(PasllQan) =Y Qaplad)f (PA,B(a, b))
a,b

Qa,B(a,b)
Ppja(bla)Pa(a) )
@pja(bla)Qa(a)

=> Quala) Zb: @pa(bla) f (

= pew(5)

This drawing gives intuition about the following theorem:

Qx = = Qy = Pyjx o Qx
Py x
Py = = Py SZPy|XOPX

Theorem 3 (Data Processing Inequality, DPI). Denoting by X,Y two real random variables
and with the same hypothesis on f, P,Q as in Definition 1, we have:

Di(Px||Qx) = Dy (Py[|Qy)

Proof.

Dy(Pxy|@xy) = ZQX,Y(x,y)f <P)(Y($7?/)>

QX,Y (l’, y)
Since :

Pxy(z,y) Px(z)Pyix(y|lr) Px(z)

Qxy(r,y)  Qx(x)Prx(ylr) Qx(z)




Therefore, this last ratio does not depend on y. It leads to:

PX@))

Dy(Pxyl|@xy) = > Qx(x)f (Qx(f)

= Ds(Px||@Qx)

Using that D;(Pxy||Qx,y) > Ds(Py||/@y) concludes the proof.

Simple applications:

We fix P, (@ as stated in Definition 1, A a subset of 2" and we define Y (w) = 1a(w).

1. [P(A)—Q(A)| < TV(P,Q). Indeed, |[P(A)—Q(A)| can be seen as TV [Ber(P(A)), Ber(Q(A))],
where Ber(p) designates a Bernouilli of parameter p.

2. [P(A) — Q(A)| <\ \2(PIQ)Q(A) ;
3. [\/P(4) —/Q(A)] < \JH(P,Q) ;

4. P(A)log ﬁ < D(P||Q) + log2. This last point may give results of the following form,

where (P,), (Q,) denote sequences of distributions satisfying the usual assumptions, and
(A,,) denotes a sequence of subsets of 2", such that P,(A4,) — 1.

1
Qul(An) > 5 exp [=D(PIQu)(1 +o(1)
Theorem 4 (Convexity of Dy). With the same hypothesis on f as in Definition 1, the application
(P,Q) — D¢(P||Q) is convex.

Proof. let A € (0,1) and B ~ Ber(A). We denote by Pxp=o = P, Pxjp=1 = P1,Qx|p=0 =
Qo, Qx|p=1 = Q1. We have P(B=0) =1—X:=Xand P(B =1) = A. We have:

Dy(PxsQx.5) = ¥ Qxs(,0)f (Sﬁi)
z,b ’

— AD;(P[[Q1) + XDy (P Qo)

monotonicity/DPI

> D;(Px||Qx) = D(AP, + AP||AQ1 + AQo)

which concludes the proof. O]
Remark 3 - Monotonicity is equivalent to DPI, which therefore implies convexity.

Corollary 1. We fix ). Then, with the same hypothesis as in Definition 1, the application
P D¢(P|Q) is convex.



We would like to introduce an analog of functions’ convex conjugate for distributions.

remind of the definition of convex conjugate for functions:
Jea(y) = sup [zy — fext(x)]

zeR

where fo is a convex extension of a convex function f to all R. It is possible to consider:
V*(g) = sup E,(9) = Dr..(Pl|Q)

where the supremum is taken over all signed measures.

g) = Sgpg P(2)g(x) — Q) fext (@)

Re-parametrizing P(z) = y(z)Q(z):

WV (g) = S Z Q) [y(x)g(x) — fext [y(2)]]

y(z)
= ZQ z) sup [yg(x) = fext(y)]
—EQfext[ (X)]

We

Theorem 5. With the same hypothesis as in Definition 1, the following holds for any fe. such

that fem = f(x) for all x > 0:
Dy(P|Q) = sup {Ep [g(2)] — Bq [ [9(x)]] }

where the supremum is taken over the set {g : R — dom(f%,)}.

flx) >0

Observation: e.g. fo —{ oo <0

Proof. "Almost rigorous proof":

D/(PIQ) = ¥ Qs supgggg—f;t(g)

=sup ) g(z)P(z) — fou l9(2)] Q(x)

9(@) =

Examples:



1. Kullback-Leibler:

+00 z <0
foaly) = e’

zlogx >0
fext(x>:{ &

Then:
D(P||Q) = sup {]EP lg(2)] — Eq [eg(x)_l} }

= supsu {EP (g + o) (x)] — Eq [eg(m)%_l] }

g C

= sgp {]EP [9] — log Eq [¢”] }

This last expression is the Donsker-Varadhan representation of the Kullback-Leibler diver-

gence ([DV83]).

2. For the chi-square divergence:

fexi(x) = (z — 1)2
N &
fext(y) =Y + Z

Then:

To conclude:

(Epg — Eqg)?

X’(PllQ) = SUp -y

The chi-square divergence is special because most f-divergence are "locally chi-square". The

following theorem precises what this last statement means:

Theorem 6. Let f be a twice continuously differentiable convex function such that limsup,_,, o f"(\) <
+o0. Then:

1. if X3(P||Q) < +o0o then for any 0 < A < 1:

Di(AP +2Q|Q) < +



2. We have
1 — 1
lim 5 Dy (AP +2QIIQ) = 5 /" (Dx*(P[Q) (1)

where the right-hand side is infinite if X*(P||Q) = oo and f"(1) > 0).

Remark 4 - a way to remember this last theorem : when \ goes to 0, we have that AP + \Q
goes to (. For P — (), we obtain the quadratic approximation:

D;(PQ) = /(D (PIQ)(1 +o(1)
Proof. 1. We have:
F+u) = Q) +uf () 4 [ (1= 0)f"(1+ uo) do

WLOG we assume f(1)=f"(1)=0. Then:
_ dP —d
Ds(P+3QIIQ) = [ a@s (1 + )\dQQ>

—/d@( dp - dQ) / do(1 — o) f" <1+ Adpd_QdQ>

Since f” > 0 (f convex) and since 1 + aAdeQdQ > 1 — A, we obtain:

Dy(AP +2Q||Q) < ;CAA2X2(P||Q)

2. The last inequality implies that if x*(P||Q) < +oo, the dominated convergence theorem
applies:

1 4P —dQ\’ ,, dP — dQ 1
S DIOP+2Q)Q) = /dQ (dQ) f <1+0AdQ> x/o (1-0)do
—f(1) =1/

SX(PIR)F(1), A= 0

We proved the case x*(P||Q) < +oo. The case x?(P||Q) = +oc follows immediately (7).
0



I Application: Empirical distribution and y*-information

Consider an arbitrary channel Py x and some input distribution Px. Suppose that we have

Xi%PXforizl,...,n. Let

P, = Ox,

n
0

1
Hi 1
denote the empirical distribution corresponding to this sample. Let Py = Py|x o Px be the
output distribution corresponding to Py and Py |x o P, be the output distribution corresponding
to P, (a random distribution). Note that when Pyx—,(-) = ¢(- — 2), where ¢ is a fixed density,
we can think of Pyx o P, as a kernel density estimator (KDE), whose density is p,(z) = (¢ *
pn)(x)% Yy ¢(X; — x). Furthermore, using the fact that E[D(Pyx o P,] = Py, we have

E[D(Py|x o P||Px)] = D(Py | Px) + E[D(Pyjx o P, || Py)]

where the first term represents the bias of the KDE due to convolution and increases with
bandwidth of ¢, while the second term represents the variability of the KDE and decreases with
the bandwidth of ¢. Surprisingly, the second term is is sharply (within a factor of two) given by
the I,2 information. More exactly, we prove the following result.

Proposition 1. We have
. I
EID(Pyix o Pall A)] < log (14 Ta(X3Y) 2)

where L2(X;Y) = x*(Pxy||[PxPy). Furthermore,

log e

lim inf nE[D(Py|x o P,||Py)] >

n—00 2

[o(X:;Y). (3)

In particular, E[D(Pyx o P,|Py)] = O0(/n) if [,2(X;Y) < 00 and w(1/n) otherwise.

Proof. First, a simple calculation shows that
“ 1
E*(Pyix o Bl Py)] = ﬁfx'é’(X; Y).

Then from (?7?) and Jensen’s inequality we get (2).

To get the lower bound in (3), let X be drawn uniformly at random from the sample
{X1,...,X,} and let Y be the output of the Py|x channel with input X. With this defini-
tion we have: A

E[D(Py|x o P,||Py)] = I(X™;Y).
Next, apply (??) to get

I V) 2 S (X V) = nI(X,: ).



Finally, notice that

— 1 1
I(Xl,Y):D(nPXpy+ PXY

Px Py)

and apply the local expansion of KL divergence (1) to get (3). O

In the discrete case, by taking Py|x to be the identity (Y = X) we obtain the following
guarantee on the closeness between the empirical and the population distribution. This fact can
be used to test whether the sample was truly generated by the distribution Py.

Corollary 2. Suppose Px is discrete with support Z , If Z is infinite, then

i nE[D(P,]|Px)] = 0. ()
Otherwise, we have
A log
E[D(F[|Px)] < (Ie%l —-1). (5)
Proof. Simply notice that I,2(X; X) = |27 — 1. O

Application to KDE:
Let ¢. = A7(0,¢) and choose

Prixee =Mz 2)
Pn,a::PY|XOPn:Pn*¢e

We have:
E |D(Pyc|| P ¢2)| = TllJXQ (X, X 4+ Ve2)
Since:
E[D(Pocl|P)| = E [D(Pc| P # ¢c] + D(P % || P)
Under smoothness assumption:

Lo(X: X +EZ) ~ 1/e
D(Px¢.||P) = (e 4 0(e))[p(P) ~ ¢

E[D(P,.]| P)] = 18+5

Which implies:

infE [D(P,|P)] <

Bl



Theorem 7 (Hammersley-Chapman-Robbins bound [Ham50], [CR*51)). For all 6,6y, 6, in R:

E” [0 - 61)%] >

[E% (6) - E#(9)]
X2(PP|[Po)

Proof. This last statement is simply the application of an earlier result:

]

Theorem 8 (f-divergences are locally Fisher info). Under regularity condition on { P’} we have
X (PPIP?) = (01 = 02)*Tp (62) + o((61 — 02)°)
1
Dy(P™||P*) = 5/ (W0 — 02)°Ir(02) + o((01 — 02)°)

Here, we suppose that E?(f) = 0 i.e. that 0 is unbiased.

Corollary 3 (Cramer-Rao). Supposing that 0 is unbiased:

0 [/ (62 — 6,)?
E” |(6 - 61)°] > Jim. 2P
1

Ir(6,)

Corollary 4 (Biased Cramer-Rao). Denoting by b(0) = E?(§) — 6:

1+ b(6,)?
IF(QI)

Theorem 9 (Van Trees [Tre68]). Let m be a density on ©. Then:

E” (6 — 01)] > b(61)* +

R 1
E NTI':[EG i.4.d. 0 - 9 ? >
0 xnt&tpo {< ) } - _[F(’ﬂ') + EGNW [IF(Q)]

where Ip(m) := f”?m
Corollary 5. Under reqularity assumptions:

1+ 0(1)

Ri=
n ninfae@ IF(Q)

"Nice" proof of Van Trees’ inequality. Let Rs be the distance m(- — 9).

10



Pg’X:{XNgg_(s QQ,X3{XN£0

Note that Py = (Qx. From variational characterization we get:

5o (Balt—0] - E, [0 -0])°

Vo(l —
o C(Prx Qo)

v

under both Q and P, f has the exactly the same distribution. The last inequality yields:

N 52
Vol —8) >
o0 =9) 2 i 1 Gex)

, 0 =0, p — 0 — pb

We simply apply Taylor-Young:

P 2
2 (Po.x||Qox) = X*(Pl|Qp) +Epr <9> X2(Po—s|| Py)
—_— Qg —_—

x2(Rs||Ro) loc. Fisher information

= 521}7(71') + (52E91F<9) + 0(52>, 0—0
O

This is the translation of Van Trees’ inequality into "information-theoretic vocabulary". The
advantage of the latter is that it can be applied also in cases where Fisher information does not
exist or non-regular, and thus obtain rates other than %

11
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